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ON THE WAVE SURFACE. 

By J. E. Prescott. 

come of the following propositions, although not new, may 
appear in a form interesting to a portion of your readers. 
Others are, I think, not known. 

1. If Z, w, n, ol & 7, be a direction cosines of the normal 
to a wave front ana of the direction of vibration respectively, 
we have Fresnel's well-known condition 

and since the vibration is in the plane front 

_. . + 0. + -V=o. 

Eliminating, 

I m 

If v be the velocity of propagation, t^—aV+ 8^8" +<?•/; 
and these equations assume the form 

I m n p 

a{tT-</)~ fi(f-V)~ V[*-J)~ 
P 



+ " 
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2 On the Wave Surface. 

and, the denominator being zero, we have also 

7?- a» + t; 8 -^ + ^-c 8 "~° W * 

2. Now let 0, ff be the angles between the wave axes 
and the normal to the front; the direction cosines of the 



wave cones are 



V(£5)WG3)- ^ 



.'. (a' - c*) sin'0 = P(i* - c*) + »»' (a* - c") + »V - J 1 ) 

±2foV{(a 1 -&")(& , -c")}, 
and similarly for ff ; 

.-. (a'-c*)* sin"0 sin*©' = {?(*"- t?) H-roV-^ +n 1 (a , -6 ,, )} , 

-4W(rf-P)(y-^ 

- {J* (6" + c*) + «* (a 1 + c") + rf(rf + P)}» 

where v t , t> 8 are the roots of (I) ; 

••• ± (a* - c 8 ) sin0 sin*? = t^ 1 - 1> 8 *. 
Also ±(a 8 -c B )cos«cose'=r r (« 8 -J 8 )-n JI (i 2 -c") 

= a > + c"-(t> l * + 0. 

3. If X, /Lt. v be the direction cosines of any radius (r) of 
the wave surface, we have, from Mr. A. Smith's method of 
determining its equation, the relations 

8 evidently being the angle between the ray and the normal 
to the corresponding front ; and 

P , m* n* 1 

Now by (1) P= {pr^ji + („»_&»)» + ( v *_ c »)«} » 

... p= ! 
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On the Wave Surface. 3 

And combining equations (P) and (Q) 

The equations (P), (Q), (5) connect respectively the normal 
and vibration, the normal and raj, the ray and vibration. 

4. The equation to the wave surface may be put in the 
form 

7^7+7^7 + tV° (n) - 

r a a* r 2 b* r« c* 

Now if 0. £' be the angles between the ray and the ray 
axes, r tJ r 9 tne roots of this equation, by pursuing precisely 
the same expedient with regard to (II) that we dia in (2), 
with regard to (I) we can prove that 

± t"*c 5 J 8m * 8in * = ^"< i - 

This law was discovered experimentally by Biot and Brewster, 
stated by the former in the language of the theory of emis- 
sion. It was afterwards proved analytically by Fresnel. 
fj, r 9 measuring the velocities of the two waves in the di- 
rections of the luminous rays themselves. 

5. From (B) we have 

cos (angle between ray and direction of vibration) 

= lv(^-t? 8 ) = sin5; 

hence, the angle between the ray and the direction of vibra- 
tion is the complement of the angle between the ray and 
the normal to the front. Now the directions of vibration 
are perpendicular to the normal and to one another; there- 
fore, the plane, containing the rav and its corresponding 
direction of vibration, passes througn the normal to the front. 
Through the two directions of vibration there will be two 
planes, at right angles, passing one through each of the two 
rays determined by (II) and intersecting in the normal to 
the front. Hence, to find the direction of vibration corre- 
sponding to any ray, we have only to project the ray on 

B2 
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4 On the Wave Surface. 

the tangent plane^ at the point where the ray meets the 
surface. This projection will be the direction of vibration. 
Also, the planes containing either ray and the directions of 
vibration will evidently be at right angles. 

6. It is easily shewn (Griffin's Tract, 31) that the equa- 
tion to the tangent cone at a singular point of the wave 
surface is 

Now the luminous cone, alone the generating lines of which 
the rays, producing externa? corneal refraction, pass, will 
be formed by drawing: normals to all the tangent planes at 
the singular point. To find its equation put, for brevity, 
the above in the form 

{Aax + Ccz) (Acx + Cae) = B*jf, 

Aax+Ccz^XBy, Acx+Caz^-By, 

X being an arbitrary constant. 

Eliminating between these two equations 

Ax __ By Cz 

- c "" €? — <? ~~ a 

Hence the equation to a tangent plane of the cone required is 

differentiating this equation with regard to X 

and substituting in it 

therefore, the equation to the cone is 

V 1 # • *\ . (<*& cz\ (ex az\ _ 
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On the Wave Surface. 5 

or giving -4, 2?, C their values 

+ (a ,, -c 8 )y , = E. 

7. To obtain the circular sections of this cone. The 
projections on the plane of xy of the sections of the cone 
and of a sphere 

o i +y , + «"+ = 0, 

by a plane Ix + my + nts = », must coincide. 

Substituting for z in the two equations, and comparing 
the coefficients of aw, we see that m must be zero; and 
the ratio of the coefficients of a?, y* gives 

The roots of this equation determine the planes which 

give the required circular sections. One root is - A /( -= — - 9 ] . 

a //a"-ft f \ . a V Va f -cV ' 

the other -./( ,,« ) . Hence the circular sections are 

parallel to the tangent of the ellipse or circle, in the plane 
of xzj at the point of their intersection. 

8. The directions of vibration, corresponding to the gene- 
rators of the luminous cone (E), will be determined by pro- 
jecting the ray axis upon the tangent planes at the singular 
point (5). We may therefore consider them as all passing 
through the point where the ray axis meets the wave sur- 
face and each point of the curve determined by the inter- 
section of a sphere described on the ray axis (b\ as diameter, 
and the cone (E) moved parallel to itself, so as to have 
the center of the wave surface for the origin. The equation 
to the sphere is 

and that to the cone 



ac 
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6 On the Wave Surface. 

subtracting 

= 0; 

ex /{ a*-b* \ az // gj^j| N 

which is the equation to a plane, perpendicular to the plane 
of a?s, and passing through the tangent to the ellipse, in the 
plane of scs, at the angular point. Hence the curve sought 
is the circle in which the sphere is cut by this plane. The 
direction will be determined by joining each point of this 
circle, whose plane is perpendicular to that of aas, to the point 
where the ray axis meets it. And we may consider the cor- 
responding planes of polarization as perpendicular to the 
plane of this circle, and joining the corresponding points to 
that of the circle, which is opposite to the point in which the 
ray axis meets it, as was originally determined by Sir 
William Hamilton. 

9. Let a, be the angles which the ray axis and the tan- 
gent to the ellipse at the singular point made with the axis 
of x ; x\ z' coordinates of the singular point. Then 

therefore tan(«+ft) = - v{(< f _^ ( y_ c)} • 

Hence tangent of angle of tangent cone in the plane of xz 

ac 
tangent of angle of luminous cone in the plane of xz 

..^„.HM=BJ£=£L, 

diameter of circle of vibrations 

10. By putting - , 7 , - for a, 6, c in (i£), we get the 

a o c 

equation to the luminous cone producing internal conical 
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On the Wave Surface. 7 

refraction, 

+ (a«-c»)^=0 (tf)^ 

It is shewn easily (Griffin's Tract, 34) that a section of this 
cone, hj a plane perpendicular to tfce wave axis, is a circle ; 
the section at a distance (ft) from the vertex, being the circle 
of contact ; the other circular sections of the cone will evi- 
dently be the subcontrary sections, made by a plane perpen- 
dicular to the other generator in the plane of xz. 

11. The directions of vibration, corresponding to the 
generators of this luminous cone [F) } will be determined by 
projecting these rays on the corresponding tangent plane to 
the wave surface, i.e. on the plane of the circle of contact, 
which is perpendicular to the plane of xz. We may therefore 
consider them as joining each point of this circle to the point 
where the wave axis meets it, and the planes of polarization, 
as perpendicular to the plane of this circle and joining the 
corresponding points to that point of the circle, which is 
opposite to the point in which the wave axis meets it, 

12. Let a', ft be the angles formed with the axis of x 
by the radii joining the centre of 'the wave-surface to the 
points of contact of the tangent, common to the circle and 
ellipse, in the plane of xz, 

A „ a*sina' ft a* , , . , /(b*-<?\ 

*"* 6--cW = ? tana > ***"«/&=?)' 

Hence tangent of angle of luminous cone on the plane of xz 

Diameter of circle of vibrations 

-^-.■i-^-y-^'. 

13. By turning the coordinate axes ? so that the axis of x 
coincides first witn the ray and then with the wave axis, the 
equations to the cones ((E) and (F) assume the simple forms, 

V{(a*-ft J W-c')} A 
V 1 ■+ z* + ex ^ J -± & a 0. 

9 ac 1 

and ^ + * f -«B2LLi d± U =o. 
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8 The Planetary Theory. 

From the second we obtain at once, putting » = &, the 
equation to the circle of contact, radius ~ oi "" • 

14. Professor Lloyd, in performing the experiment of 
conical refraction, observed the luminous circle with a tour- 
maline; he then perceived that only one ray disappeared at 
a time, and that on turning the tourmaline through any 
angle, another ray disappeared, at a point such that the 
intervening arc of the circle subtended, at the centre of the 
circle, an angle double of the angle through which the 
tourmaline had been turned. Whence he deduced the law, 
u The angle between the planes of polarization of any two 
rays of the cone, is half the angle between the planes through 
the rays and the axis of the cone." Now from (7) and (11) 
we see that in both cases this law is true: for in either 
circle the arc, cut off by two planes of polarization, sub- 
tends, at the centre of the circle, an angle which is double 
that oetween the planes of polarization. 



THE tj^NETARY THEORY. 
By Rev. Percival F&ost. 

1. THE exact paths described by more than two bodies 
acting mutually upon one another with forces vary- 
ing according to the Law of Gravitation, and projected in 
any manner m space, have never been determined. Mathe- 
matical Analysis, in its present state, has been unable to 
supply a solution of the complications of the problem pre- 
sentea to it. 

Hence, having failed in their attempts to solve the general 
problem of the motion of three bodies, mathematicians have 
Deen compelled to examine whether any circumstances, which 
belong peculiarly to the Solar System, would enable them 
to take such a view of any portions of it, that, by limitations 
introduced into the more general problem, they might be 
able to apply the lever of their analysis with advantage 
sufficient to obtain the position of the planets and their 
secondaries, at anjr given time, if not with rigid exactness, 
at least with sufficient accuracy to compete with the delicacy 
which is introduced into astronomical observations in the 
present advanced state of Practical Astronomy. 
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The Planetary Theory. 9 

This has been done, and the peculiar circumstances of 
which they have availed themselves may be stated as follows : 

(1) The Sun, which is the largest body of the system, 
has a mass which is a thousand times greater than that of 
the largest of the accompanying bodies whose motion is 
required, and hundreds of thousands of times greater than 
that of the smaller ones. 

This preponderance would imply that the attraction of 
the Sun upon any planet must be greater in those propor- 
tions than that of the accompanying bodies on the same 
planet, unless in any case it should happen that this pre- 

Sonderance of mass were compensated for by a greater 
e^ree of proximity: but the favourable conditions, under 
which the bodies of the Solar System are at present moving, 
prevent any compensation of the kind; for, even when the 
Sun is at its greatest distance from the planet acted upon, 
and any of the disturbing planets at their least distance, it 
is easily shewn that the action of the disturbing planet can 
only bear a very small ratio, the greatest being less than 
1 : 100, to that of the Sun in its most unfavourable position. 

(2) The planets, though not the planetoids and comets, 
are observed to describe paths which differ by extremely 
small quantities from the ellipses which they would each de- 
scribe about the Sun, if at any instant the other planets were 
to cease to exist. In fact, the deviations from such ellipses 
are so slight that they are only perceptible under the hand- 
ling of the most delicate methods of measurement, and in 
many cases even such treatment fails to detect the deviations, 
except by allowing them to accumulate by the action of the 
disturbances during a long period. 

(3) The eccentricities of the ellipses, which so nearly re- 
present the paths of the planets, are extremely small ; so that, 
if these paths were represented on paper on a large scale, 
the fact that they are not circles could only be established 
by very exact measurements of the breadths in different 
directions. 

(4) The inclinations of the planes of these ellipses to one 
another are very small. 

(5) The planets are very nearly, though not exactly, of 
a spherical form, so that their attractions may be considered 
the same as if they were collected at their centers of gravity, 
as far «fe their actions upon one another are concerned, 
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The Planetary Theory. 



although the deviation from perfect sphericity is sufficient to 
affect the motion of their satellites and of themselves about 
their centers. 

Definition of the Instantaneous Ellipse. 

2. The ellipse, which would be described by a planet 
about the Sun's center, supposed fixed, as one of the foci, 
if the disturbing forces exerted by the other planets were 
supposed to cease to act, is called the Instantaneous Ellipse. 

The elements of the Instantaneous Ellipse are the mean 
distance and eccentricity, which determine the magnitude and 
form of the ellipse; the longitude of perihelion, which deter- 
mines the position of the major axis; the longitude of the 
node, and the inclination of the plane of the ellipse to a fixed 
plane of reference, which determine the position of the ellipse 
m space ; and the mean longitude of the epoch, or the mean 
longitude of the position at which the planet would have 
been at the fixed epoch from which the time is measured, 
if it had been moving during that time in the undisturbed 
orbit j this last element serves according to the ordinary 
elliptic theory to determine the position of the planet in the 
instantaneous ellipse at the time under consideration, which 
position by construction coincides with the actual position of 
the planet at that time. 

3. We shall commence by determining the law of the 
disturbing forces in the case of one disturbing planet, and 
afterwards extend the investigation to the case of any num- 
ber of planets : we shall then investigate the rate of change 
of the elements of the instantaneous ellipse, and thence 
obtain formulae for calculating the elements themselves at 
any fixed time. 

To calculate the disturbing forces exerted by a planet upon 
another in motion about the Sun. 

4. Let 8, m, m' be the positions of the Sun, the disturbed 
and the disturbing planets at any time ; 
r, r' the distances of m and m' from S; 

6 that of m from m. And let 8^ m, m* 
e the measures of the accelerations of 
these bodies at an unit of distance. 

The forces on 8 are -j in 8m, 

and -fz in Sm'. 
r* 
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The forces on m are 



p in mS, 



m 



and -=• in mm\ 
P 

The relative motiotos will not be disturbed if we apply to 
every part of the system the forces on the Sun in a contrary 
direction, in which case the Sun may be considered as at 
rest, and m as acted on by the forces 

S+m ji . a 

— s — = ~ in mo, 

<r it 7 

m' 



and 



-75 parallel to m'S, 

m . , 

-s m mm. 
P 



Of these forces ~ is that under the action of which the In- 
ir 

stantaneous Ellipse would be described if the action of m 

ceased, and the disturbing force on m is the resultant of 

-75 and -J acting in the directions determined above. 

To investigate an expression for the component of the dis- 
turbing forces estimated %n any direction. 

5. If r, r' be the distances of the planets m 1 m from 
the Sun a, a> the angle between 
them, p the distances of m from m\ 

Let Su be any given direction. 

The disturbing forces of m on m 

are -jj in the direction parallel to 



m'Sj and -j in the direction parallel 

to mm. 

The resolved parts of these forces in the direction Su are 

— 75 coswi Su + -= costtimP, 

r" p* 7 

where mP = du is a displacement of m in the direction Su. 
Then du.cosmSu = d(r cosco), 

and du . cos m'mP = — dp\ 
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therefore, the component in the direction Su 

Tfi d(r cosco) __ vi dp 

du 



r* 


du 




P % 


dR 








du' 1 










rrir cos<» 




rri 


2 = — 


* 


+ 


"~"™ • 



if 

r " p 

This function is called the disturbing function. 

To obtain measures of the Radial, Transversal, and Ortho- 
gonal disturbing forces. 

6. The position of a point in space may be determined 
by the polar coordinates, r, 6 of its projection upon the plane 
of the instantaneous ellipse constructed for any time t and 
the distance f from that plane. 

If the planet m be supposed to receive successively the 
geometrical displacements Ar, rA0, and Af, while rri remains 
stationary R undergoes a corresponding change, and the 

limits of corresponding ratios — , -— ^ , —^ , are the com- 
ponents of the disturbing forces in those directions ; 

dR 
therefore, the radial disturbing force = -j- 1 

the transversal . 



the orthogonal , 



rdd J 
dR 



where each derivative of R is taken with respect to r, 0, £ 
as if they were the only variables. 

To express R in a form prepared for development. 

7. Let m ., m[ be the projections of m and m' on the 
fixed plane oi reference. 
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Sm l = Vtf Sm J =s r t \ 
tntn l = z tnm l = s , 
t , 0/ the longitude of m and ?»' ; 
or Lm l 8m t ' = t '-0 l , 

p^^m^ + T^Jtf 

= ^-2^' cos(0/-0) H-r^*'-*)*, 
r ooso> = projection of 8m on 8m 

= sum of the projections of £3f, Jfm,, and m x m on /&»' 
(where w^ M is perpendicular to /801/) 

therefor JB — -'If,' «*'/-'.> + «'} 



m 



+ {r 1 »-.2r/cos^ 1 ^ 1 )+r 1 '- + (^-0)-}*- 

7b eayrm R in ferww of *Ae elements of the instantaneous 
orbits ofm and m' at the time t. 

8. Let £\, t t , «r t , a l9 e t , n t , 8, be the longitude of the node, 
the inclination, the longitude of perihelion measured on the 
plane of reference up to the node and thence on the plane 
of m'S instantaneous ellipse, the mean distance, the eccen- 
tricity of the ellipse, the mean angular velocity, and the 
mean longitude at the commencement of the epoch, supposing 
the motion of m undisturbed* 

the longitude of m on its instantaneous plane. Therefore 

be 
0= n t t + s t + 2e t sin (n t t + ^ - «r t ) + -^ * sin2 (n t t + e,- «r t ) + &c., 

(e* e* \ 

1 +^- c i<^(^+ B i- w i)-^ CM2 ( w t e+B i- tsr i)+ &c -j- 

Let Qm be the plane of nfs instantaneous orbit, 8m l the 
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projection of Sm 9 Sv drawn towards the first point of Aries, 
SSI the line of nodes. 

tan (0 t - 12 t ) = cosi t tan (0 - 12,) ; 

., r , , a a, (l-cosi^tan^-fi,) 
therefore tan(0-0)=- \- x .* - % } a — ^ 

V l ' I + 0081^^(0 — 12,) 

_ (1 -cos*;) tan (0-12,) 

sec 2 (0- 12,) - (1 - cosi,) tan 2 (0 - 12,) 

= -sin 2 ^ sin2(0-12,), 
neglecting squares of sin* ^ ; 

therefore X - = - tan" 1 (sin* | sin2 (0- 12,)) 

4 

= — sin 8 -± sin 2(0 — X2,) to the same order ; 

therefore 0, = - sin 2 i sin 2 (0-12,), 

and r, = r coswfiWi 1 = r (I — J tan'tit/SttiJ nearly 

=r (1 - £ tan\ sin 2 ^, - 12,)) 

= r - 2i tanV, + ^ tan 2 t, cos2 (0 t - 12,), 

z = r, tannfifoi, = r x tan^ sin(0 1 — 12,), 

whence, with similar expressions for r\ 0*, and a', 5 can be 
expressed as a function of the elements of the orbits, and the 
time. 

In order to adapt this expression for R to the purposes 
of numerical calculation, it is necessary to develope it accord- 
ing to ascending powers of the small quantities, the eccen- 
tricities of the instantaneous ellipse, and the inclinations of 
the orbits to the fixed plane of reference. 

This is a development accompanied by considerable diffi- 
culties; and at present we shall suppose that the develop- 
ment has been effected, and proceed to the explanation of 
methods of obtaining the values of the elements of the in- 
stantaneous ellipse at any time. 
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To calculate the disturbing forces in the case of more 
planets than one* 

9. If we neglect the squares of the disturbing forces, i.e. 
if we consider the disturbance of a disturbance as too small to 
be considered, the disturbance of the motion of the disturbed 
planet from exact elliptical motion in any direction will be 
the algebraical sum of the disturbances, which would be 
caused in the direction by the action of each planet, if sup- 
posed to be the only disturbing cause. 

Hence, if i?, ii", be the disturbing functions corre- 
sponding to the planets ra', m"^ B the disturbing function 

corresponding to combined action of all the disturbing planets, 

R = K + X'+ 

and -j- is the component, in the direction Su, of the resultant 

of all the disturbing forces. 

General description of the method of determining the rate of 
change of the elements of the instantaneous ellipse. 

10. The elements of the instantaneous ellipse depend 
upon the velocity and direction of motion of the planet at 
the observed time: this dependence is expressed by means 
of equations. 

These equations are of the same form in the case of two 
instantaneous ellipses constructed for any two different in- 
stants. 

If therefore the equations be prepared, corresponding to 
the two ellipses constructed for the times t and t+ht sepa- 
rated by a very small interval 8t, by taking the differences, 
a new system of equations is found which connect the small 
changes of the elements with the changes of the velocity and 
direction of motion of the planet during the interval St. 

The changes of the velocity and direction of motion are 
due to the action of the principal force and of the disturbing 

forces, whose accelerating effects are measured by ^, and 

the differential coefficients of the disturbing function R ; they 
can therefore be expressed in terms of these measures and the 
time it of their action. 

Hence, by substitution of these expressions in the new 
system of equations, the changes of each element can be ex- 
pressed in the form uSt, where Uis a function of the elements 
at the time and of t ; and U the rate of change is determined. 
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16 The Planetary Theory. 

To calculate the rate of change of the mean distance of the 
instantaneous ellipse. 

11. Let a t , a x + Sa t be the mean distances in the instan- 
taneous ellipses constructed for the times t, t+8t from a 
fixed epoch. 

r, r+Sr the radii vectores of the planet, 

v*, v* + $v* the squares of the velocities. 

Then *-&-£, 

r a l 1 



r + Br a x + 8^ * 

Hence if St be very small, neglecting the squares of the 
small changes, 

w- _5e* + e&s (1) . 

r a* w 

Now, Sif is the change of the square of the velocities due 

to the action of the forces whose measures are — ~ + -^- in 

r dr 

the direction Sm, —^ in the direction perpendicular to 8m 

and tending to increase 0, and -^ in the direction perpen- 
dicular to the plane of the ellipse for the time t 

Hence if v tJ v 2 , v s be the velocities in those directions, 
considering the forces constant during the time &, 

W-fo/ + &>,■ + to/ 

-»(-5 + f)* + »S-» + »f* 

therefore, substituting in equation (1), we obtain 

and since, at the time I, m has no velocity perpendicular to 
the plane of the instantaneous ellipse, Sf is entirely due to 

the action of the disturbing force and is of the order -gp &*, 

and may therefore be neglected. 
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Therefore, dividing by Bt and proceeding to the limit, 

f^dc^^^fdSdr^ dR d0\ 
<■ dt ~ 2 \lfrdt + dO dt) 

. -3? w. 

where ~- - denotes the differential coefficient of R with re- 
ap 

spect to t only so far as R is a function of r and 0. 

If now we refer to the values of r and 0, we shall see 

that in the differentiation R must be considered as a function 

of £, only so far as t is involved explicitly in the expression 

nj + e,, and implicitly in the elements a tJ e tJ e f , n l5 and «r, : 

and since the differential coefficients of these elements depend 

upon the disturbing forces, the squares of which are neglected, 

these elements may be treated as constants ; therefore 

d(R) n v dR dR 9 

dt "dfat + tj"* 1 ^' 

therefore, by (2), the rate of change = -^ = — LJ - -r- . 

To calculate the rate of change of the eccentricity of the 
instantaneous ellipse. 

12. Let e t , e x + 8e t and h^ h t + Bh x be the eccentricities 
and double sectional areas at the times £, and t+St. 

Then since - -j (r* -^ J = -^ by the equations of motion 

of fit, 



* dh x dR 




dt ~ dO J 




and 8 = n x t + e 1 +f{n x t + e, - vr x ) , 




r = ^(V+e 1 -w 1 ); 




t „ dR dR dr dRdO 
therefore _=_.^ + -^, 




e?J2 _dRdr_dRdO 
dur x dr dtsr l dO dvr x * 




Also -j- + -7— = 1, 
de x oV t 




rfr dr 




VOL. II. 


C 
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., . dR dR dR 

therefore ^ + ^ = ^ ; 

therefore ^ = s; +_, 

and V = / A «i( 1 "-0; 
therefore, differentiating the logarithms, 

rife, 
2<Z6 t = da x ' ~dt . 

h x dt a x dt 1-e* ' 



efe 1= l-«f <Bj 1-^' da, 
e^ eft + 1 

and /it = n^* ; 



therefore V = - — A ^ + -tt— -y- f 
<ft e x h x dt 2e x a x dt J 



therefore 

de 1== nftW-e?) /dR dR\ | n^l-Q cffi 

which is the rate of change of the eccentricity. 

Lemma I. To find the change of the longitude of the 
epoch and perihelion due to a change of the position of the line 
of nodes. 

13. The longitude of a point m in the orbit Q, U= <r 12+Hm. 
If now the plane of the orbit 
be changed, so as to arrive at 
the position Umfi^ m changes 
to m x1 such that Urn = Dm,, 
and longitude of 




m x = v^+ityw,. 

Draw 12 N perpendicular r < 
to UNO.. Tne increase of the 
longitude of m equals Q,Q X — X2JV= AQ, X (1— cosii) , ultimately ; 
therefore, if As x and A«r, be the changes of e 1 and «r t due to 
the change AQ, X 

As A'cr 

ao; = a^ = * ~ co ">' dtimatel y- 

Lemma IT. To find the values of -*- and t- , r and 

J de t de, ' 

being expanded in terms of the mean anomaly. 
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14. Since r may be expressed in terms of the mean 
anomaly by eliminating u from the equations 

r = ^(1-^ cost*), 

n^+Sj — w^tt — ^ sin it; 



therefore 



therefore 



therefore 



dr . du 

=a (1 - 6, cost*) t — sinw ; 
1 dr e.wfu 

— -r- = r— 1 COSW 

Ajflfej 1 — e,cost4 

__ ^ — cosm _ 1 1— ^cosm- (l-e t *) 
~" 1 — e x cost* "~ e x " 1 — e t cost* 

= i| 1 _o i (l-^| s _ oo8(e _ Wi); 



Similarly, may be obtained from the equation 

or logftan^e-tsrj} = ilog(l+^)- ilog^-^) +log(taniw); 

+u . 1 rffl 1/ 1 . 1 \ . 1 <**. 

therefore . /n x -s- = - 1 — — + : + - — -y ; 

am (0- wj de x 2\l+e, 1 - V smu de x 7 

therefore ^ - (j^i + 7 1 ) sin (0- w i)- 

7b calculate the rate of change of the longitude of perihelion 
of the instantaneous ellipse. 

15. When a body is moving in an undisturbed elliptic 
orbit, the velocity is the resultant of two constant velocities, 

viz. ~ perpendicular to the major axis, and t perpendicular 

to the radius vector. 

c2 
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Let A Sxj A'Sx* be the positions of the major axes of the 
instantaneous ellipses at 
the times t and t + ht, 
wi, m,, the positions of 
the planet at those times, 
ASA = &sr , mSm K = 80, 
supposing the motion of 
the plane of the instan- 
taneous orbit not to be 
taken into account. 

At the time t+St, the velocity of m is the resultant of 

two velocities ^--f 8^-* perpendicular to A'Sx' and £ + 8^ 
h x h x h x h 

perpendicular to Sm t . Hence, the velocity of «i f estimated 

paraUel to A&i = tg + h(£\ tmA'Sm^ 

But this velocity is the component of the velocity in that 
direction in the orbit constructed for the time ^ corresponding 
to the vectorial angle + 80- «r., together with the velocity 
due to the action of the disturbing force in that direction 

which is -rr] therefore 

therefore, neglecting terms of the second order of small quan- 
tities depending upon 8f, 

. e.fi Snr x dR u dR . ta . 

therefore ^ _^ = _ + ■»(«-.,). 



But resolving the forces in the direction &?, 

dR dR ( tA N i . dM . /ZJ x 
_ = _ { -co 8 (<9- W ,)} + ^8m(d-«r 1 ); 

therefore 
e.ii&GT. dR /Z j x , dR (1 1 ) • /a \ 

f -tf — y O0B ^— * )+ ^ {r + ^or^?)J 9m( '- •■> 

_M<*K <fr dBd0)l_dB t 

~ a t \dr ' de t dd dej ~ a, de l ' 

, , Stir. t(l-e*\dR 

therefore — -^(-^j— , 
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which Is ultimately the rate of change required, as far as the 
motion of the perihelion on the orbit is concerned. It re- 
mains to determine the term which must be added in con- 
sequence of the motion of the plane of the orbit itself. 

Now the change of the longitude of the perihelion which 
is due to the change of the position of the line of nodes is 
(1 — costj AX2 X ; 

therefore **■ = limit *r.+(*-«»*,W. 

therefore the rate of change, taking this motion into account, 

- " AV(1 "^ g + aa^ . g (See Art. 16). 

/*«i *t ^V(i-V) *i 

7b calculate the rate of change of the longitude of the 
node of the plane of the instantaneous ellipse. 

16. LetH l9 X2. + &Q 1 be the longitudes of the node at the 
times tj t+ &t y 6 tne longi- 
tude of the planet at the 
time t measured as usual 
on the plane of the orbit 
Om found for the time r ^ 
t] m, the position of the 
planet at tne time t + $t, 
SMihe projection of Sm l on the plane Qmt. 

Let m x SM= ^, z' the distance from the plane. 

The velocity at the time t+ St perpendicular to the plane 

m x SM= -j- = -} ultimately, and the velocity perpendicular 

to the plane X2m = -rr St. If therefore x be the inclination 
of the plane of the instantaneous orbit at the time t + St 

tO&ftl, 

r dB - 

tan «-j;a? k 

Let a sphere cut the directions of 8m, SM, &c. 

Then sin8a, gigx 

sin(0— 12J sinij 
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i being the inclination to the fixed plane TO of reference ; 
therefore, neglecting quantities of the second order in &, 

m sin [0 -OJ . r sin [9 - XI) dR . 

o£2 = — \ . lJ tanv = — r - . A -y-r ft. 
suit, * A, sun, da 

Now, if we consider X2, constant while t, alone varies, 
a displacement As' may be considered as due to a change 
At. of t 4 alone, in which case m x Q.M = At t , and from the 
right-angled triangle w 1 X2if, 

tan<^ = sm(^-I2 l ) tan At, 
and A*' = r tan<£ ultimately, 
= rsin(0-X2,) At,; 
therefore proceeding to the limit 

dR 1 dR 

dz' "^rsin^-G,) rft, > 
(Q l being considered constant in the differentiation) ; 
dQ< 1 dR 



therefore 



dt A, sint, rft, 



WjO^ dB 



"" fi ^1 — e* sint^ di t ' 
which is the rate of change of the longitude of the node. 

To calculate the rate of change of the inclination of the 
plane of the instantaneous orbit. 

17. Let tj, i x + hi x be the inclinations to the fixed plane of 




reference of the planes of the instantaneous orbits constructed 
for the times t and t + St. 

Then employing the same method as before, 

cos(tj + 8tJ = cos# cost, — sinx flint, cos(0 — fit,) ; 
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therefore, neglecting terms of a higher order than the first, 

— sin *,$«, = — x a * n *i c 08 (0 — ^i) 5 
therefore ^ g r co 8 (g-fl t ) g ^ 

Consider now t t constant, while Sl t only varies, a dis- 
placement As may be considered as due to a change AI2, 
of 12 t alone, which is the same thing as letting the plane 
Q.M revolve about SU perpendicular to SO, to the position 
UmJ?. 

For, by the quadrantal triangle NUQ,^ 

cos UNO, = cos % cosNUQ ; 

therefore UNQ,=i to the first order, or the inclination is 
unaltered, and by the right-angled triangle m l UM i 

tanm 1 if=tan(7ii 1 KJf) cos(0— X2 t ), 

and &m(m t UM) = — A^ sin« t , since NSL X = — Ail, ; 

therefore A«'=r tanm, M =— AH, .r cos (0— G,) sin^, ultimately ; 

•i * e?22 1 ,. ., A-R 

therefore -tt = m — r» \ • .limit -7^-, 

as r cos(0 — 12,) smt t Aty 7 

where A-B denotes the change of It due to the change of & t 
whether as involved explicitly, or implicitly in e, and «r, ; 

therefore A 5 = _ A% + ^- Ae, + ^ . A«r„ 



"1 *~t ww I 



e, and «r t being the only elements affected by a change in Q t , 
j As, , • Aw. 

therefore -rr= - , . . ^377- 4- 1 -3- + -5— (1- cost.) V 
dt A, sun (cK^ We, dor,/ v "J 

n x a x f 1 rfiZ »,/^.^M 

" " /*V(l-0 Umt, rfG, +tan 2 Vefe, + Asrj J ' 
which is the rate of change required. 

Note. That the plane Qm may revolve about a line 8U perpendicular 
to <SO, so as to change the position of the line of nodes without 
altering the inclination, is obvious from the fact that this effect is 
produced by making the plane revolve about a normal to r <SU, to which 
it may be supposed rigidly attached; and this is equivalent to two 
rotations, one about a normal to itself, and the other about SU, and 
the former produces no alteration in either the position of the line 
of nodes, or the inclination. 
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ON A GENERALISATION GIVEN BY LAPLACE OF 
LAGRANGE'S THEOREM. 

By Dr. Schlaefli, Professor of Mathematics at the University of Bern. 

1. 'THE theorem which we are about to explain may be 

enunciated as follows : 
"Let F{x X ) x %1 ...#J denote any given function of the n 
" variables x x) x % , ... x nJ which by means of the n equations 

*.-*. + a d>m ( x n x * - x Jy i m = h 2 > 3 > — "l—W* 

"depend on the 2n variables *„ < a , ... t uJ a., a t , ... a,, consider 
"these as the independent variables ana assume that the 
"functions F y ^, <j>v ••• 4> n j ' m ^ e ^ r explicit form, contain no 
"other variables than the dependent ones x x1 ...x n . Then 
" a n a t , ... a n being positive integers, we have 

da l a *d* % a *...da n a * ~ dt^dt^ 1 ...dtp* [da l da i ...da n \ ' 

" where the brackets may indicate that, after having trans- 
" formed the included derivative into a rational and integral 
"expression comprising only derivations with regard to 
"$,, tj ... t n , the quantities ^, £ 8 , ... <f> n are to be replaced 
"by ^^...^V' 

Laplace £ives this theorem (see MSc. cSL t. I. p. 175, of 
the first edition) for the purpose of expanding F(x l} sc t , ... xj 
in ascending powers and products of the n independent 
variables a„ a , ... a ; and therefore it is only for the case 
of their vanishing that he wants to know the corresponding 
derivatives of F } which can then be explicitly expressed in 
terms of t tJ t %y ... * n , and require no more regard to the implicit 
connexion between all the variables of the system. Accord- 
ingly, Laplace's proof of this theorem holas only with the 
restriction that a„ a 8 , ... a^ all vanish. But the theorem is 
generally true: and that is what I presently endeavour to 
show, though I have not succeeded in effecting the proof 
in so simple a manner as Laplace does for the special case 
mentioned. 

/?* J? 
2. To show briefly that -7—7 -y— can be expanded 

into a series of terms composed of <£., <£ 2 , ... </> and the 
derivatives of these functions and of F, all taken with respect 
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to fa f 2l ... t n alone, we may content ourselves with the first 
steps of the successive transformation. In the first equation 
«,«<, + a.^, of the system (1) and in F, if we conceive 
the dependent variables se a , <r 8 , ... x ;, by means of the re- 
maining equations, to be expressed in terms of *,, £ g , ... t n , 
a^ o^, ... a n and x a we shall easily find that 

dF _ dF 

n x - *» A, ' 

This result, depending in no manner upon the substitutions 
made use of, but solely on t l9 1^ ... t nJ a„ a,, ... a n being re- 
garded as tne independent vanables, may be extended to 
every function of x xJ a? 2 , ... sc tt alone and to each index. We 
then have 

#F _d<f>, dF AfM^^A QidF+rk iLltk H\ 
da.da," da, dtj " *' dt^daj '" ** dt % dt x + *' dt.V* dtj 

_ d^dF d<f>,dF d?F 

and so on. Now let the symbol ( . . , ) denote the ex- 

I"*" ° f da.da^.da^ eX P lained ' "*** (*■-, *VA S ) 
instead of it, when therein throughout </>„ <£ a , ... <^ w have been 
replaced by <f>*\ 4>f*y <f>" H - xhe theorem to be proved 
may then be expressed as follows : 

da;*a\\..da n a * " dt^ 1 dt**~\..dt n a «- 1 U/\ fcV.^V"^ 

3. The proof depends chiefly on the combinatory character 
of the new symbolical expression and can only be effected 
under the supposition that all the combinatory formulae we are 
concerned with are already admitted as true, for a system 
of less than n equations. As the given system (1) will be 
the one and only subject of our consideration, always keeping 
its n equations, it may be proper to add a remark tending 
to illustrate how we can nevertheless speak of less than n 
equations. The expansion of a derivative of F with regard 
to a„ Oj, ...a^ (where m < »), for instance, has the very 
same form as for a system of only m equations with 2m in- 
dependent variables; for it is obvious that in the m first 
equations of the system (1), by the help of the n - m remain- 
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ing ones, we may substitute the values of the dependent 
variables x^x^^.x in terms of V,,*^,...* , a mH ,a^ r ..a m 
and x l9 x t) ...x m , and that then the same roles apply as to 
a genuine system of m equations. 

Whenever one or more pairs of corresponding variables t y 
a are not be permuted with the remaining pairs, we shall, for 
distinctness, write them by other letters, such as u, /?, or v, 7, 
and the corresponding functions by %, yfr, and the exponents 
by i, c. Again, sets of powers of the several <f> y & in the sym- 
bols may be shortly indicated at by 4>, 4>', 4>", ..., with the 
meaning that the sets 4>, <!>', ..., employed in a single product 
of such symbols, shall always exhaust the whole of those of 
the powers <f> a which are admitted into permutation. After 
this preparation, the combinatory character of the symbol 
in question is defined by the equation 

ta *s *s ... *„"") = s (•) a (*') (3) ' 

where the sum extends to all partitions into two sets *j 4> r 
of the powers ^ rt ", <£ a " 8 , ... <f>^\ inclusively of those partitions 
where all the powers fall witnin one set, and the other set 
disappears. It 4>', for instance, denote the set which dis- 
appears, then ( , ] will be = F; and if the set <I> at first 

disappears and at last comprehends all the powers <£", then 
the sum in (3) begins with 

*L( F \ 



and ends with 






Now, it may first be shown that the symbolical expression 
defined by (3) has in fact a symmetrical form. By writing 
v. 7, *^r, c instead of $„ 0^, <f> %1 a 9 the above equation becomes 
changed into 

\X 1 +°i *) = * W * U°, *7 + * U°> *7 S U") ' 

where each sum extends to all partitions of the given set 
$, that is <f> 9 a \ <f>°S — 4>*% into two sets <!>' and <1>". But 
since the symbols on the right-hand refer at most to n — 1 
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equations, we assume for them the formula (3) as granted; 
we thus obtain 

2 Uv ~du {+% *") * * U'J U") d^dv U"7 

2 ty , <*>') ^ U") = S U") ' ^ U'J # 3k U"7 ' 

and by adding the two expressions and collecting under one 
sign of derivation the terms which can be so collected, and 
applying again the formula (3), 

= 2 (*")s;(x',*') + 2 (xT,*")^ U') 5 

that is to say, that an exchange of t l} <f>*\ for J a , ^ does 
not affect the symbolical expression ; and as the same reason 
holds for every other index than 2, the asserted symmetry 
in fact exists. 

It is proper to remark that f . J , as containing in general 

only derivatives of F with respect to the variables L must 
vanish whenever J 7 is a constant, and that it reduces itself then 
only to this constant F, when tne set <3> disappears. Conse- 

Suently, i£ for instance, the exponent a, «= b is equal to zero, 
tie formula (3) becomes 

(^•)"sW (4) ' 

4. Theorem. If a function, containing explicitly no variables 
but the dependent ones a?, oe a product FG, we shall have 
the equation 

(to *,% ... to) = s (*) W (5) * 
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Dem. Admit this formula as true for systems of less than 
n equations. Then, putting w, v, b instead of t l7 £„ a x9 by 
the help of (3) and (5) we shall obtain 

\x\ to, to, - to/ \+)d»\#) 

= s (*) (*') Tu (*") + 2 (♦) U") Tu (*') 

If, therefore, the formula (5) holds for less than n equa- 
tions, it must continue to hold for a system of n equations. 

Now f . a ) is = j? -j-\ consequently 

that is, the formula (5) is true for a single equation, and 
therefore it is generally so. Hence and from (3) follows 
the corollary 

U**, to to, ... to) = s (*) (*v ^ (*") 

-CO (/*•>; «* 

5. TheprtwctpaZ subsidiary theorem, upon which the proof 
of the formula (2) depends, may thus be expressed: 

W \x\ to to, . ; . to) = « (**", to, to, .- to)"* (7) '* 

but, when i = 0, it is to be written thus : 

d$ (to, to, - to) = U to, to - to) *" (8) * 

Z?em. We have, in virtue of (3), 

W \X% */ * S W W ' ^ U" J + 2 Uv 5^9 U") * 
But, if the truth of (8) be granted for less than n equations, 
we here shall have 

dp U) = U */ S \*7 rfS U'7 ' 
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and likewise when F is replaced by x°. Thus we obtain 

and, according to (6), 

This is the general formula (7) for n equations, and it still 
remains to prove the particular formula (8). We have 

d_( F \_i. s /fVf^ 

dfi \+% <f>»\ */S - *.V ~ d/3 * \* ) dv U7 

" 2 U) dTdfi (•') + S ^8 (*) • 2? (•') » 

and, by employing the formula (8) itself, if granted for less 
than n equations, 

" S ( * ) Jv ( X , •') + S ( X , •) £ U'j 

"ta* *.%*/S -ft.*/' 
Lastly, if we consider that for one equation x = t + a<f> 

the formula (8) -j- = ^ -j- = f , J is true, we shall find that 

the proof of the general theorem is now complete. 

6. If the symbolical expression in (3) be only expanded 
in respect to the several derivatives of F t it will assume the 
following form: 

(9). 

The sum here extends to all the possible partitions into two 
sets, of all the indices 1, 2, 3, ... n. Though the first set (here 
1, 2, 3, ... w) employed in the lower row of the symbolical 
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expression on the right-hand may disappear, yet the second 
set (here m + 1, m + 2, ... n) employed in the product at the 
upper place of the symbol, must contain at least one index. 
The firet term of the sum is therefore 

^""^ •••*•'■ *, ^ ... <u n > 

and the row of the n last terms begins with 






the number of all the terms is of course 2" — 1. 

The proof of (9), if granted for an inferior system, is easy, 
but irksome to be written ; it is only based upon the formulae 
(3) and (5). 

7. If we want again to expand the expression (9) in respect 
to the functions <£„ $ 8 , ... tf> n and their derivatives, so that there 
shall be no more symbols but the usual ones of differentiation, 
then we must in every possible way distribute all the indices 
1, 2, 3, ...n into any number of sets (of course at least one set, 
at most n sets). Within one and the same set, it matters not 
how the indices may be arranged j but each permutation of the 
same sets (one set with another) is to be counted as a distinct 
arrangement. For any such arrangement of the indices, take 
the products of those among the given powers £,* 1 , ^ i a *, ... ^ w **, 
which correspond to the single sets of indices, and put them 
in the same order in a horizontal line. Then take likewise 

the products of the symbols of derivation ^-, ^*> ,# 'T"> 

corresponding to the same sets of indices in the same order 
as before, and prefix the compounded symbols of opera- 
tion thus obtained to the above products of powers, so that 
the first remains unoperated on, but that each of the follow- 
ing products of powers is operated on by the immediately 
foregoing symboL and that the last symbol operates on F. 
Now multiply all these results. Then the aggregate of all 
such products will be the complete expansion of the ex- 
pression (9). 

By way of illustration let us assume n = 10, and as one 
of the many possible partitions of the indices, take 

3,4; 2,5,6; 1, 10; 7,8,9. 
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To this arrangement then will correspond the following term 
of the expansion, viz. 

98 9i • dt z dt A - dt 9 dt B dt e # dt,dt i0 *dt 7 dt^ 

The number of terms in such complete expansion of the 
expression (9) is equal to the coefficient of x n + 1.2.3... n in the 
expansion of 1 -r- (2 — e*) developed in ascending powers of x. 
If we denote it by -4 n , it may be calculated from the recurrent 
formula 

^ n(n-l)...(n-X + l) 

• xt 1.2... X M 



which gives us A = 1, A x = 1, A t = 3, -4 a = 13, -4 4 = 75, 
A 5 = 541, etc, 

Bern, Jan. 1866. 



ON THE A POSTERIORI DEMONSTRATION OF THE 

PORISM OF THE IN-AND-CIRCUMSCRIBED 

TRIANGLE. 

By A. Caylet. 




orisms 

*...«* . * / ----- hed h 

priori^ i.e. by means of an investigation of the order of the 
curve enveloped by the third side of the triangle. I propose 
in the present paper to give the h posteriori demonstration 
of these two porisms; first according to Poncelet and then 
in a form not involving (as do his demonstrations) the prin- 
ciple of projections. My objection to the employment of the 
Srmciple may be stated as follows : viz. that in a systematic 
evelopment of the subject, the theorems relating to a par- 
ticular case and which are by the principle in question ex- 
tended to the general case, are not in anywise more simple 
or easier to demonstrate than are the theorems for the general 
case; and, consequently that the circuity of the method can 
and ought to be avoided. 

The porism (homographic) of the in-and-circumscribed 
triangle, viz. — 

If a triangle be inscribed in a conic, and two of the sides 
envelope conies having double contact with the circumscribed 



Digitized by LjOOQ 1C 



32 A Posteriori Demonstration of the Porism 

conic, then will the third side envelope a conic having doable 
contact with the circumscribed conic. 

The following is Poncelet's demonstration, the numbers 
are those of the Traits des Proprieties Prqjectives: 

No. 431. If a triangle be inscribed in a circle and two 
of the sides are parallel to given lines, then the third side 
envelopes a concentric circle. 

This is evident, for the angle in the segment subtended 
by the third side being constant, the length of the third side 
is constant ; hence, the length of the perpendicular from the 
centre upon the third side is also constant and the third side 
envelopes a concentric circle. 

Hence, by the principle of projections — 

If a triangle be inscribed in a conic and two of the sides 
pass through given points, the remaining side envelopes a 
conic having double contact with the circumscribed conic, the 
line through the two points being the chord of contact. 

No. 434. Conversely^ if there be a triangle inscribed in 
a conic and the first side envelope a conic having double 
contact with the circumscribed conic, and the second side 
pass through a fixed point in the chord of contact, then will 
the third side also pass through a fixed point in the chord 
of contact. 

No. 437. In particular, if there be a triangle inscribed 
in a conic and two of the sides pass through fixed points, 
then will the third side pass through a fixed point, viz. the 
point forming with the other two points a conjugate system. 

No. 439. It follows that— 

If there be a triangle inscribed in a conic and the first 
side passes through a fixed point, and the second side en- 
velopes a conic having double contact with the circumscribed 
conic, then will the third side envelope a conic having double 
contact with the circumscribed conic. 

For the chord of contact meets the polar of the fixed 
point with respect to the circumscribed conic in a point; 
the line joining this point with the third angle (i.e. the angle 
opposite the third side) of the triangle meets the conic in 
a variable point; and joining this variable point with the 
first and second angles of the triangle we have a new 
triangle; two of the sides of this new triangle (by Nos. 
434 and 437) pass through fixed points; hence the remain- 
ing side, i.e. the third side of the original triangle, touches 
a conic having double contact with the circumscribed conic. 

We have thus passed from the case of the two sides 
passing through fixed points to that of one of the two sides 
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enveloping a conic having doable contact with the given 
conic and the other of them passing through a fixed point; 
and, by a repetition of the reasoning, Poncelet passes to the 
general case, viz. 

If there be a triangle inscribed in a conic, and two of 
the sides envelope comes having double contact with the 
circumscribed conic, then will the third side envelope a conic 
having double contact with the circumscribed conic. 

But it is somewhat more simple to omit the intermediate 
case of a conic and point, and pass directly, by the reasoning 
of No. 439., from the case of two points to that of two conios. 

In fact, considering the point of intersection of the two 
chords of contact, the line joining this point with the third 
angle of the triangle meets the conic in a variable point, and 
joining this variable point with the first and second angles 
of the triangle we have a new triangle: two of the sides 
of this new triangle (by No. 434.) pass through fixed points: 
hence the remaining side, i.e. the third side of the original 
triangle, envelopes a conic having double contact with the 
circumscribed conic ; and the general case is thus established. 

The porism (allographic) of the in-and-circumscribed tri- 
angle, viz. — 

If a triangle be inscribed in a conic and two of the sides 
envelope conies meeting the circumscribed conic in the same 
four points, then the third side will touch a conic meeting 
the circumscribed conic in the four points. 

The following is Poncelet's demonstration: 

No. 433. In the particular case of the nomographic 
porism, viz. — that in which two of the sides of the triangle 
pass through fixed points and the remaining side envelopes 
a conic having double contact with the circumscribed conic — 
it is easy to see that the lines joining' the angles of the 
triangle with the two fixed points and with the point of 
contact on the third side, meet in a point; this follows at 
once by the principle of projection from the case in No. 431., 
viz. the case of a triangle inscribed in a circle when two 
of the sides are parallel to given lines and the third side 
touches a concentric circle. Hence, 

No. 531. If there be a triangle inscribed in a conic, and 
two of the sides envelope fixed curves, and the third side 
envelopes a certain curve; the lines joining the angles of 
the triangle with the points of contact meet in a point. 

In fact, attending only to the infinitesimal variation of 
the position of the triangle, the curves enveloped by the 
first and second sides may be replaced by the points of con- 
TOL. II. D 
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tact on these sides, and the curve enveloped by the third 
side may be replaced by a conic having doable contact with 
the circumscribed conic, and the general case thus follows 
at once from the particular one. 

Nos. 162 and 163. Lemma.* If, on the sides of a triangle 
ABO, there are taken any three points L, M, N in the same 
line, and the harmonics A', B', C of these points (i.e. the 
harmonic of each point with respect to the two vertices on 
the same side of the triangle), then the lines AA, BB\ CO' 
will meet in a point; and, moreover, if A'L, B'M, C'N 
are bisected in F, G, H (or, w hat is the same thing, if 
FA' 9 = FB.FC, GB"=GC.GA, #C" = #^. JIB), then will 
the three points F, G, H lie in a line. This is, in fact ? the 
theorem No. 164. — In any complete quadrilateral the middle 
points of the three diagonals lie in a line. 

It is now easy to prove a particular case of the allographic 
porism, viz. 

No. 531. If there be a triangle inscribed in a circle, such 
that two of the sides envelope circles having a common secant 
(real or ideal) with the circumscribed circle; then will the 
third side envelope a circle having the same common secant 
with the circumscribed circle. 

For if the triangle be ABO, and the points of contact of 
the sides OB, OA with the enveloped circles and the point 
of contact of the side AB with the enveloped curve, be 
A 1 , B', O '; if moreover the points of intersection of the 
circumscribed circle and the two enveloped circles be M, N, 
and the common secant MN meet the sides of the triangle 
in F, G, H; then F, GJS and A' B', 0' are points on the 
sides of the triangle ABO, such that F, G, J? lie in a line, 
and AA', BB\ CO' meet in a point. And by a property 
of the circle 

FA" _ FM.FN = FB.FO, 

GB" = GM.GN=GC.GA. 

Whence by the lemma (or rather its converse) HC*=HA.HB 
and by a pro perty of the circle HA. KB = HM.HN; and 
therefore, HO™ = HM.HN, a property which can only belong 
to a circle having, with the otner circles, the common secant 
MN: the particular case is thus demonstrated. And the 



• I have not thought it necessary to give the figures; they can be 
supplied without difficulty. 
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principle of projections leads at once to the general case of 
the allographic porism. 

To exhibit the demonstrations in a form independent of 
the principle of projections, it will be convenient to enunciate 
the following three lemmas : the first of them being, in fact, 
the theorem contained in No. 434, as generalised by No. 531 ; 
the second of them a theorem connected with and including 
the properties of the circle assumed in Poncelet's demon- 
stration of the allographic porism: and the third of them 
a theorem derivable by the principle of projections from the 
theorem in Nos. 162 and 163. 

Lemma L If there be a triangle inscribed in a conic, 
such that two of the sides envelope given curves and the 
third side envelopes a curve; then the lines joining the 
angles of the triangle with the points of contact of the 
opposite sides meet in a point. 

Lemma II. If there be three conies meeting in the same 
four points, then any line meets the conic m six points 
forming a system in involution. 

Coroll. 1. If the line be a tangent to one of the conies, 
then the point of contact is the double or sibi-conjugate point 
of the involution formed by the points of intersection with the 
other two conies. And conversely if the curve enveloped 
by the line is not given, but the preceding property holds 
for all positions of the tangent line ; then the curve enveloped 
by sucn line is a conic passing through the points of inter- 
section of the two given conies. 

Coroll. 2. If one of the conies be a pair of coincident 
lines, then the other two conies are conies having double 
contact, with the line in question for their chord of contact ; 
any line meets the chord of contact in a point which is a 
double or sibi-conjugate point of the involution formed by 
the points of intersection with the other two conies; and 
if the line be a tangent to one of the conies, then the point 
of contact and the point of intersection with the chord of 
contact are harmonics with respect to the points of inter- 
section with the other conic. And conversely if every 
tangent of a curve intersect a line and conic in such manner 
that the point of contact and the point of intersection with 
the line are harmonics with respect to the points of inter- 
section with the conic; then the curve is a conic having 

D 2 
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double contact with the given conic, and the line in question 
is the chord of contact. 

The third lemma is a theorem (first explicitly stated, so 
far as I am aware, by Steiner, Lehrsatze 24 ana 25, Crelle T 
t. XIII. p. 212, and demonstrated by Bauer, t. XIX. p. 227) 
which, in a note in the Phil. Mag., Augt 1853, 1 have called 
the Theorem of the harmonic relation of two lines with respect 
to a quadrilateral. 

Lemma III. If on each of the diagonals of a quadrilateral 
there be taken two points harmonically related with respect 
to the angles upon this diagonal : then if three of the points 
lie in a line, the other three points will also lie in a line: 
the two lines are said to be harmonically related with respect 
to the quadrilateral. 

The relation may be exhibited under a different form* 
The three diagonals of the quadrilateral form a triangle, the 
sides of which contain the six angles of the quadrilateral ; 
and considering only three of the six angles (one angle on 
each diagonal) these three angles are points which either 
lie in a line, or else are such that the lines joining them 
with the opposite angles of the triangle meet in a point. 
Each of the three points is, with respect to the involution 
formed by the two angles of the triangle and the two points 
harmonically related thereto, a double or sibi-conjugate point, 
and we have thus a theorem of the harmonic relation of two 
lines to a triangle and line, or else to a triangle and point, 
viz. Theorem. If on the sides of a triangle were be taken 
three points which either lie in a line or else are such that 
the lines joining them with the opposite angles of the triangle 
meet in a point; and if on each aide of the triangle there 
be taken two points forming with the two angles on the 
same side an involution having the first-mentioned point on 
the same side for a double or sibi-conjugate point; then if 
three of the six points lie in a line, the other three of the 
six points will also lie in a line; the two lines are said to 
be harmonically related to the triangle and line, or (as the 
case may be) to the triangle and point. 

The proof of the two porisms is by the preceding lemmas 
rendered very simple. 

Demonstration of the homographic porism. 

First, the particular case, where two of the sides pass 
through fixed points. Lemma I. gives the construction 
of the point of contact on the third side { and the figure 
shews that the point of contact and the point in which die 
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third side is intersected by the line through the two given 
points are harmonics with respect to the points of intersec- 
tion of the third side with the circumscribed conic. Hence, 
[Lemma II. Coroll. 2.) the curve touched by the third side 
is a conic having double contact with the circumscribed conic, 
and the chord of contact is the line joining the two given 
points; and conversely if one of the sides touch a conic 
having double contact with the circumscribed conic and 
another of the sides passes through a fixed point on the 
chord of contact, then the third side will also pass through 
a fixed point on the chord of contact. The general case is 
deduced from the particular one precisely as before, viz. 
where two of the sides touch conies having double contact 
with the circumscribed conic, then considering the point of 
intersection of the two chords of contact, the line joining 
this point with the third angle of the triangle meets the 
circumscribed conic in a variable point, and joining this 
variable point with the first and second angles of the tri- 
angle, we have a new triangle two of the sides of which 
(by tne converse of the particular case) pass through fixed 
points: hence the remaining side, i.e. the third side of the 
original triangle, touches a conic having double contact with 
the circumscribed conic. 

Demonstration of the allographic porism. 

Let ABC be the triangle, A, B\ 0' the points of contact 
on the three sides, then by Lemma I. the lines AA\ BB\ CO' 
meet in a point. Take a pair of lines passing through the 
points of intersection of the circumscribed conic with the two 
given conies enveloped by the sides GA y GB^ and let one 
of these lines meet the sides of the, triangle in the points 
jPj Oy Hj and the other of them meet the sides of the 
triangle m the points F*, Q\ JSP. Then considering the 
following three conies, viz. the last-mentioned pair of lines, 
the circumscribed conic, and the conic enveloped by the side 
GA ; these are conies passing through the same four points, 
and the side GA is a tangent to one of them; hence by 
Lemma II. Coroll. 1., ff, Q\ (7, A will be an involution 
having the point B* for a double or sibi-conjugate point, and 
similarly -P, F % G, B are an involution having the point 
A' for a double or sibi-conjugate point. It follows from 
Lemma III. that H, 2T, A, B will oe an involution having 
G' for a double or sibi-conjugate point. Hence by Lemma II. 
Coroll. 1. (the two given conies being the before-mentioned 
pair of lines and the circumscribed conic) the curve enveloped 
t>y the side AB will be a conic passing through the points 
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of intersection of the pair of lines and the circumscribed 
conic, or, what is the same thing, the points of intersection 
of the circumscribed conic and the comes enveloped by the 
other two sides. 

2, Stone Buildings, Oct. 2, 1866. 



GEOMETRICAL THEOREM, 

By Rev. Hamnet Holditch. 

TF a chord of a closed curve, of constant length c + c', be 
divided into two parts of lengths c, c' respectively, the 
difference between the areas of the closed curve, and of the 
locus of the dividing point, will be wcc\ 

Solution. Let AB be the chord in any /^* ^\#r 
position ; P the dividing point, so that ^/l^--- — -^\ 

AP=c, J3P=c'j let Q be the point in J « \ 

which the chord intersects its consecutive / \ 

position ; let [A] be the area of the riven 1 J 

curve, [P], [Q] 9 those of the loci of P, Q> \ J 

respectively; AQ = r } BQ = c + c' — r. \. / 

Then M-ra-iffW «t 

J o 

but also [A-\-{Q\ = \r {c + c'-ryM', 

J 

therefore £| r*dO = ±\ {c + d-rfdO, 

Jo Jo 

or (c+c')r«W = ip(c + c')'<W; 

Jo Jo 

therefore j rrf0 = ir(c + c') (2), 

Also [F]-[Q]=if\c-rydO, 

therefore, by (1), [.4] - [P] = £ / (2cr - c») dO 

Jo 

^cl rdO — ir<? 

Jo 



= ire (c + c') - irc% by (2), 
= irec'. 
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NOTE ON THE SYMMETRICAL EXPRESSION OF THE 

CONSTANTS IN THE EQUATIONS OF 

ALGEBRAICAL CURVES. 

By Samuel Robebts, M.A. 

TF the right line x cosa' + y sina' — p' = be thrown into 
the form IL + mM + nN = Q (Salmon's Conies, p. 55), 
where 

L = x cosa, + y sina, - p l} 

M =s a; cosa, -t-ysina^ ^ t , 

N=*x cosa, + y sina, — p $J 

the coefficient I must be of the form 

• sinA 

"" Det. (cosa', sina', — p) ^ ' 

A being the angle between M = and JV= 0. and Oj being 
the perpendicular from the intersection of tnose lines on 
the fine 

a = a; cosa' + y sina' — p' = (a). 

Similarly, 

sinjg 

~" Zte.(cosa', sina', -p') ^ 

where 2? is the angle between L = and -RT= 0, and a, 
is the perpendicular from LN on (a). 
In like manner 

sin (7 

~" Det. (cosa', sina', — jp 1 ) °™ 

where O is the angle between L = and if = 0, and a 8 
is the perpendicular from XJf on (a). 

Consequently, if we treat in the same manner the lines 

= x cosa" + y sina" - /' = 0, 

7 = a? cosa"' + y sina'" - p'" =* 0, 

and Z., m,, n,, J t , m^ n s be the corresponding coefficients of the 
transformed equations, we shall have (7, L ? 9 ) , (m, wi., m s ), 
(n, »»,,»,) proportional, respectively to the trilinear coordinates 
of J£w, LIT, LMj with regard to the lines a, £, 7. 
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If then we transform the equation <f> (x\ y\ z') = into 

^(« k *4i I y + c lJ ajc + hrf + Cv ajc + b % y + c % ) = 0, 

the quantities [a x a % a^ (b t bj>\ (c^cj will respectively be the 
trilinear coordinates of (ys), (a*), (xy) with respect to x y y\ z\ 
By the aid of Taylor's theorem the transformed equation is 
easily developed. Thus, using the notation 

dU h , dU h , dU s 

where U h = </> (J,J 8 & 8 ), 

one of the numerous symmetrical forms, which the develop- 
ment assumes, will be 

U a x n + Zfy* + 0>* > 

+ Axy"- 1 + AyaT 1 + Aa*"" 1 + A^"" 1 + Ay**"* + A*/" 1 

oi da ao ea be cb 

*•" ob ba ae ta be cb 

+ AAa*y""" -f A Axyz*"* + AAysa?*"* 4 

oftflfr tuft* «»6a / 

(>), 

A being a symbol of operation and the corresponding subjects 
U a} U„ U being suppressed. It is immediately seen that the 
form of the development may be varied by the use of the 
identity 

— * &*U=* - z;-a-*0; 

1.2.*. ft m* 1.2. ..ft — fC nm 

and a corresponding identity for A*. A""*. 

ab cb 

The development (b) shews that if LM y MN* NL are on 
the curve, the terms containing a variable in tie n tt degree 
vanish; for 

U a = U s = U e = 0. 

And if each of the lines of reference is the polar of 
the intersection of the other two, the terms containing a 
variable in the n - 1 th degree vanish, and so on. 

It evidently enables us to treat the general equations of 
curves expressed in trilinear coordinates in a manner ana- 
logous to that in which their Cartesian equations are usually 
dealt with, namely, by transformation of coordinates j and 
although many of the conclusions thus derived can quite as 
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easily be deduced from other considerations, the above method 
appears leas chargeable with artifice. 

Applied to the general equation of the second degree, the 
transformation above given becomes 

U a a? + Utf + U/f + Aay + Axz + Ay* = 0...(1). 

ab ae be 

Take U a = U h = U = 0, and we have 

Aay + Axe + Ay* = (2), 

ab ae be 

representing conies circumscribing the triangle of reference* 
Take U k = U e - 0, A m A « 0, and we have 

0& O0 

^ + Ay* a (3). 

be 

Take A = A = A = 0, and we have 

ab ae be 

U a a? + Utf + U/? = (4), 

the triangle of reference being self-conjugate. 
In the case of conies, we ooviously nave 

A = A = tin A sinB.JFp^ = sin A %mB.R'p M 

ab to 

A a A a ginil sinCJT^ = sin J. sinCiFp^ 

me ea 

A = A = tunB sinC.-B"^ = sin-B zinO.R'p aj 

be eb 

A now meaning the result of the operation 

*> di x + ** di t + *» <*z g » 



-41?(7 being as before the angles of the transformed triangle 
of reference, and p u " '" 
to the polar of (?,?/•)- 



of reference, and p u denoting the perpendicular from {kjeje^j 



Again, for TJ a we may put ^ or * ^ ao , 

forD; fqr ^y>» , 

htV. | or 8in'g.JT> ftf 
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And since A* = A. A = tan* A m^B.ER'p^p^. 

ab at ka 

And there are similar values for A* and A 1 , we may write 
(1) in the form - *• 

mfABpjf + sin'BR'pdf + sin'OB"^ 

+ 2 {sin^l anB^{EB"p, k pJay + sin^l sin ^{EB"p„p J 

+ sin.B waG^{E'B"p u p^y»} = 0. 

Bat if the polars of A and B intersect on the line AB, we 
shall have 

P*>-Pu °=P*-Pt.' 

Therefore this is a condition that AB may touch the conic, 
and substituting this and two similar conditions for AG, BC, 
we have the general equation of a conic inscribed in the 
triangle of reference. 

The general equation of a circle inscribed in the triangle 
is readily obtained, for we have 

A BO 

p„ = r l coaj, Pu = r 1 coBj, i»« = r t cos-, 

ABO 
i? ta = r 1 cos-, i> <rf = r I cos- t p« = r, cos-, 

ABO 
p„ = r t cos-, p ct = r t cos-, p k = r t cos-, 

. B . G 

A r » 8m 2 B r « 8m 2 O 

K-£*xL-p* 

And substituting and dividing by cosf — J and p* } we get 
the general form which may be written 

a* cos — + y* cos — + «* cos — = 0. 

M A u 

Again, (2) may be written 

sin -4 p * sin-4 p^ 

BinC p et J BmB p u * } 
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A jp^ _ AB sin p^ _ AC &mff 

p ch ~~ AC sin£ * pk ~~ BG sin^' * 

where 0, ^ are the angles which j4J3, 02? make with the 
tangent at 2?, and 0*, 0' are the angles which A (7, BC make 
with the tangent at C\ (2) therefore becomes 

sin0 . sinfl' 

sin <£ * sin£ * 

Now, for ,a circle, the angle made by a chord with the 
tangent at its extremity is equal to the angle in the alter- 
nate segment j therefore, 

sin Cry 4 sinifcc* -f AnAyz = 0, 

is the equation of the circumscribed circle. It appears also 
that if AB* CB make equal angles with the tangent at B 
of the come, and -4(7, BC make equal angles with the 
tangent at C, then BA % CA make equal angles with the 
tangent at A. 

(3) may be written 

va?A.Rpj£ + 2 &inj4 &inB.E'p ei xy = 0, 

where . EE' are determinate functions of the coordinates of 
A and (7, the angles ABC and the constants of (1), but the 

ratio ™ =-£2* Jg illusory. 
So (4) may be written 

Bm'A.Ea? + mn*B.BY + sin 8 C.2?V - 0. 

And the like may be said of EB'E". 

We can express the general equation of the second degree 
in terms of the angles of the triangle of reference, and the 
tangential coordinates of their polars in various ways. For 
(1) may be written 

E sin A {ainApjx? + emBp^xy + miCp (a xz} 

+ E' sinJ5 {miBpdif + xmApjty 4 BinCp cl yz} 

+ E" sin C {amGpccS? + ainApjxz + sini^ys} =0, 

where K-P* K -£* *L =P± 

where B „- pJ jp-^, B ,- pJ 

**& P+'P*e'P<a " P*a-Pc*'Pac- 

The equation 

oof + Jy 8 + cz % - Gdxye = 0, 



Digitized by LjOOQ 1C 



44 On certain Farms of the Equation of a Conic 

represents the general equation of a cubic referred to three 
lines containing its nine points of inflexion. It appears also 
that it represents a cubic referred to a self-conjugate triangle 
with respect to it. Hence the nine points ot inflexion of a 
cubic lie on each of four self-conjugate triangles, and a cubic 
has four and no more than four self-conjugate triangles. 
Hence, also, all cubics having the same nine points of in- 
flexion have the same self-conjugate triangles. 

I think the above examples, although elementary, shew- 
that the method may be advantageously employed for the 
symmetrical and systematic demonstration of theorems com- 
monly proved by isolated transformations ; and it would seem 
to be also applicable in some degree to transcendental curves. 

Lincoln, October 1, 1866. 



ON CERTAIN FORMS OF THE EQUATION OF 
A CONIC. 

By A. Caylby. 

rro find the general equation of a conic which passes through 

two given points and touches a given line. 

Let the coordinates of the given points be (a, £, 7), (a', #, 7') 
and the equation of the given line be \x -f py + vz = 0. Then 
writing 



= 


*> y> * 


, V = 8 


*, y, * 


, w = 


a?, y, t 




<h fit 7 




<h fit 7 




«', fi, i 




0, ft, c 




«', P, i 




a, ft, c 



where a. ft, c, * are arbitrary coefficients, the general equation 
of a conic passing through the two given points will be 



= 0; 





uw - t?" = 0. 


We have identically 


8 


Xa> + /*y + w>, x, y, * 




Xa + W3 + ry, a, £, 7 




Xa' + /*# + vy\ a', £', 7' 




\a -f fib + vc y a, J, c 
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and hence putting 

V" «, ft 7 
«', *, 7' 
a, J, c 

-4 = (W + Zi^+ry')*, 

jB = - (\a + M& + vc), 

C = - (Xa + /*£ + vy) s. 
We have 

(Xa?+ py + v«) *v + 0*> + -4t* + ito = 0, 

and consequently the equation \x + fiy + vz = is equi- 
valent to 

Au + Bv + Gw = 0, 

and we have only to express that the line represented by 
this equation touches the conic uw — v* = 0. 

Combining the two equations, we find Au+ Cw+B*J(uw)=Qy 
i.e. (-4t* + (7t0)* — B*uw = 0, an equation which must have 
equal roots; and the condition for this is obviously 4-4 C-B*=0. 
Or putting the condition under the form — B + 2 V(-^ C7) = 
and substituting for -4, B 1 C their values, the condition becomes 
{t'a Vv — *) M ttsual} 

Xa + /kJ + vc + 2w V{(X« + /*i84-V7) (Xtf + /•# + r/)} = 0. 

We have consequently 

, {Xa + fib + vcf 

* A{\a + tifi+vy){\a' + tiP + vy')> 

and the equation of the conic is 



4(Xa + /*£ + vj) {Xa' + nP + vy') 



«, ft 7 
a, b } c 



x* 



y> 



a, J, c 



+ (\a + /45 + vc)" 



a, 



*> ft 7 



• = o. 



But the equation of the conic may be obtained in a different 
form as follows : we may first write jBV = \ACuw, and then 
substituting for - Bv the value (\x + fiy + vz) «v + Au + Cw, 
the equation becomes 

{Au + Cw + (Xx + fiy + vs) «v}* = 4-4 CW 
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or extracting the root of each ride and transposing 

W{Au) + *J[Cw)} % + (X* + /Ay+F*) *v - 0, 
and thence 

V(^«) + >J{Cw) + tV(«v) V(**+/*y + ye) = o, 

or substituting the values of -4, (7, v> «> «>, and omitting the 
common factor V(*) the equation becomes 



V(W+/t/9'+x7V( 



a?,y, • 
a, J, c 



) + «V(Xa+/iy8+i«y)V( 



a, J, c 



) 



a, J, c 

a form symmetrically related to the three lines 
Xa? + py + i* = 0, 

= 0. 



)«0, 



a?, y, z 


= 0, 


x, y, « 


«>0>7 




a'.^y 


a, ft, c 




a, ft, c 



Let it be required to find the conic passing through the two 
points (a, £, 7), (a', {?, 7'), and touching the three lines 

The constants a, J, c have to be determined in such 
manner that the equations obtained from the preceding, by 
writing successively (\, /*„ "1), (K, M„ ",), (\, /*,, ",) for 
(X, /i, v) may represent one and the same equation j the 
three equations so obtained will therefore subsist simul- 
taneously, and we may from the equations in question 
eliminate o, J, c ; the resulting equation 

V(V?+/*,y + vO, V(V?+/sy+v), V(V+/*8y+vO 

V(\«+/* l £+v 1 7), V(\a +/*,£+ v s7 ), V(X,a-|-/i 8 j3+v 8 7) 
V^a'+^+vy), VCVW'+'V/), V(V'+^+".7') 

is the equation of the conic in question ; this is in fact evident 

from other considerations. 

To find the condition in order that a conic passing through 

the points (a, /3, 7), (a', £', 7') may touch the four lines 

\ x + Ptf + y i z = °> \ x + /*Jf + V = °> 



Digitized by LjOOQ 1C 



On certain Forms of the Equation of a Conic. 47 

The relation first obtained between a, ft, c, $ gives four 
equations from which these quantities may be eliminated, the 
resulting equation 

\* /*!> *ii V{(V + Ml /3 + ivy) (V + pfi + v l7 ')} = o 

\i M„ v 2 , V{(X 2 a + /i^ + v s7 )(V + M t /3' + v s y)} 
\i #■* "* V{( V + /i^ + v, 7 ) (V + /s? + iyy')} 
\i Mil "41 V{(X 4 a + /i^ + v 47 )(V + ^' + v 4 y)} 

is the required relation. 

The preceding investigations apply directly to the circle 
which is a conic passing through two given points. Thus 
the equation of a circle touching the three lines 

Ax +By +C = 0, 
Ax + B'y + C - 0, 
A"x + B"y + C" = 0, 



18 



= 0. 



V(-4*+£y+C), V(^+£'y+C), V(^"*+5"y+tf") 
V(^ + A"), V(^ # + 5't) , V(^" + -B"t) 
V(4 - JW), V(^' - #'*), V(^" + B"%) 
Whence also the equation of a circle touching the three lines 
x cosa + y sina —p = 0, 
x cos£ + y sin£ — q = 0, 
05 COS7 4- y sin7 — r = 0, 
is sin£()9— 7) */(xcosa+y sina-p)+sinj(7— a) V(a>cos£+y sin£-j) 
+ sin£(a — £) V(# COS7 +y 8U17 — r) = 0. 

To rationalise the equation, I remark that an equation 
>J{A) + V(£) + V(tf) = gives in general 

(1,1,1,T,I,I)(^,5,C7)« = 0, 
and that 

(1, 1, 1, 1, 1, 1) [2p 8in«i(/9- 7 ), 2j Bb«i( 7 -a), 2r sii#(a-/9)'] 

or as it may also be written 

(1,1,1,1,1,1)^11-000(^-7)}, ?{l-cos(7-a)}, r{i-cos(a-/3)}]», 

is identically equal to 

[p (sin)9 - SU17) + q (sin7 — sina) + r (sina — sinyS)}* 
+ {P C 008 ^ — CO87) + q (COS7 — cosa) + r (cosa — cos/3)}* 
- [p sin(i8-7)+ jsin(7-a) + rcos(a-)8)}*. 
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Hence if we replace p } j, r by 

x cosa + y sina — p, x cos/3 -hy sin£ — q 1 x COS7 + y sin£ — r, 

the last mentioned expression equated to zero will give the 
equation of the circle, and we obtain 

{V* + p(tinfi — 8017) + q (sin7 — sina) + r(sina — sin£)}* 

+ { Vy —p (cos£ — CO87) — q (COB7 — cosa) — r (cosa — cos/8)}" 

- {^Bin08-7) + jsin(7-a) + rsin(a-/3)} , = O, 

where v = sin(/8 — 7) + sin(7 — a) + sin(a — £), 

and we have thus the equation of the circle in the usual 
form with the coordinates of the centre and the radius put 
in evidence. 

The condition that there may be a circle touching the 
four lines 

Ax + By +C = 0, 

Ax + B'y +C" =0, 

A"x + B"y + C" - 0, 

A'"x + B"'y + C" - 0, 

is by the general formula shown to be 

A, B, 0, V(^' + B) =0, 
A 1 , B' } G\ J (A* +B") 
A", B", G'\ >J{A tft + B"*) 
A"\ B"\ C'"> vU"" + £'"") 
which is in fact obvious from other considerations. 
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NOTE ON THE REDUCTION OF AN ELLIPTIC ORBIT 
TO A FIXED PLANE. 

By A. Caylet. 

THE principal object of the present note is to obtain an 
expression for the quantity e which I call the modified 
mean longitude at epoch, viz. taking as the elements the 
longitude of the node, inclination and any four elements 
which determine the motion in the plane of the orbit, then 
the longitude measured in the fixed plane or reduced longi- 
tude will be a function of the form 

nt + e + periodic terms, 

where e is a determinate function of the elements, and it 
is proposed to find the expression of this function. But as 
the corresponding formulae relating to the excentricity and 
longitude of the pericentre are not in general given as part 
of the theory of elliptic motion, but occur only, so far as 
I am aware, in works on the lunar theory, I have thought 
it desirable to include these formulae and take as the subject 
of this note the reduction of an elliptic orbit to a fixed 
plane. Write 

a, , the semiaxis-major, 

6, , the excentricity (= sin*,), 

«•„ the longitude of pericentre in orbit, 

e, , the mean longitude in orbit at epoch, 

6 , the longitude of node, 

<p , the inclination (= tan" 1 7), 

and moreover 

n , the mean motion j = a/(~^)[ • 

Where by longitude in orbit is to be understood as usual 
a longitude measured in the fixed plane as far as the node 
and from the node in the plane of the orbit : the meaning 
of e, is perhaps more clearly fixed by saying that 8j — «r, 
denotes the mean anomaly at epoch. 

VOL. II. e 
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The elements most nearly corresponding to the above, 
in the orbit reduced to the fixed plane, are 

a , the modified semiaxis-major, 
e , the modified excentricity, 
«r , the modified longitude of pericentre, 
e , the modified mean longitude at epoch, 
, the longitude of node, 
<p , the inclination (= tan" 1 ^), 
and moreover 

n , the mean motion -mot equal to a /(— i)f • 

Where 0, ^, n are the same as in the actual orbit, but 
a , e , w , e are defined as follows : viz. e , «r are functions 
of 6j, «■„ 0j ^ given by the equations 

tan («r - 0) = sec^ tan^ — 0), 

e °~ cos(«r o -0) ' 
a is determined by the condition 

And s is determined so that the reduced longitude may be 
equal to 

nt + e + periodic terms. 

It is easy to see that considering the orbit and the fixed 
plane as great circles of the sphere, and projecting the 
pericentre upon the fixed plane by an arc perpendicular to 
the orbit, then -bt denotes the longitude of such projection 
of the pericentre ; and e is eaual to e l into the secant of 
the projecting arc. In fact we nave a right angled spherical 
triangle, of which the projecting arc in question is the per- 
pendicular, and the hypothenuse and base of which are 
«r - and o-j — respectively, and the base angle is the 
inclination <p. It is to be remarked that w is not the 
reduced longitude of the pericentre, an expression that would 
signify the longitude of the projection or the pericentre by 
an arc perpendicular to the fixed plane; this is the reason 
why I have throughout used the word modified instead of 
what would at first sight have appeared the natural one, 
viz. the word reduced. The modified semiaxis-major is ob- 
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viously a semiaxis-major calculated from the latus rectum 
of the orbit by means of the modified excentricity e . 
The relations between e , «r , e x , «r, may be written 

tan(w — 0) = sec^ tan(«r, — 0), 

e = e x sec^ V{1 — si^V sin* («"i — 0)}> 
or again 

tan (tDTj — 0) = cos0 tan (w - 0), 

e,»« V{l-rin i *sb ,, (w -.*)}. 
Write now 

r„ the radius vector, 
v„ the longitude in orbit, 
X, the latitude (= tan -1 *). 
And in like manner 

r , the reduced radius vector, 
v , the reduced longitude, 
X, the latitude (= tan" 1 *). 

Then v x — and v — are the hypothenuse and base 
of a right angled spherical triangle, the perpendicular being 
X and the angle at the base being $. We have 

tanX = tan^ sin (v — 0), 

sinX = sin0 sin («? l — ^), 

tan(v — 0) = cos0 tan^ — 0), 

cos(« - 0) = secX 008(^ — 0). 

We have for the radius vector 

and the reduced radius vector is thence found as follows: 
viz. we have r = r x cosX, that is 

T = TT\ — 7*\ { 8e c* + *i **>c\ «»(«»-«i)J- 

But e t secX cos^ — wj 

= e t secX cos {{v t — 0) — («r t — 0)} 

= e, secX cos(t; 1 — 0) cos^ - 0) + e t secX sin (i^— 0) sin (-©■,— 0) 

= e,secX 008(^-0) cos^ — 0) {l+tan^- 0) tan^- 0)) 

-6 oos(r -tf)ooB(w -tf){l + tan(i? # -«)taii(« -tf)} 

= e cos (v - 0) cos («r - 0) + e sin (sr - 0) sin (w - 0) 

= e C08(t> -isrJ, 

£2 
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and by the definition of a we have a (I - e ") = a, (1 - « t *). 
Whence 

which, combined with the equation 

tanX = tan^ sin(t? — 0), 

determines the position of the body in terms of the modified 
elements and of the reduced longitude v . Introducing into 
the two equations *(= tanX) and 7(= tan^) in the place of 
X and 0, they become 

* = 7sin(t; o -0), 

which is the form in which the equations occur in the lunar 
theory. 

Proceeding now to the formulae which involve the time, 
it is to be remarked that the true anomaly and the quotient 
of the radius vector by the semiaxis-major are given func- 
tions of the excentricity and the mean anomaly, and calling 
for a moment the last mentioned quantities e, £, I repre- 
sent the functions in question by 

elta (e, £), elqr (e, £). 

Or more simply when the mean anomaly only is attended 
to by 

elta £ , elqr f . 

I have found this notation very convenient as a means of 
dispensing with the introduction of the excentric anomaly. 
The reduced longitude is found in terms of the time by 
means of the equations 

tan(t? — 0) = sec^ tan^- 0), 

v i ■"" *i = e ^ ta i nt + e i ~ ^i) » 

the former equation gives, as is well known, 

t, o _ « Vi - - tan'^ 8^(2^-20) + itan*£ sin (4^- 40) -&c, 

(where the successive coefficients are the reciprocals of the 
natural numbers) we have therefore 

v c = v t - tan^ sinj^ - 2^) + (2w t - 20)} + &c., 
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or, as it may be written, 

v = v t - tan'^0 {sin^t;, - 20-J C0B(2«- t - 20) 

+ 008(2^ - 2^) 8*111(2^ - 20)} 
+ £ tan 4 ^ {sin {iv t - 4*rJ cos (4*^ - 40) 

4- cos (4^ — 4*^) sin (4®-, — 40)} 

and for the present purpose it is only necessary to attend 
to the non-periodic part of the function on the right-hand 
side. Now 

v x — nr l = elta (nt + & t — o-J, 

the non-periodic part of which is nt + e t — *r,. And the 

cos 
non-periodic part of . /*(v t — -bjJ is given by the equation 

(62) of Hansen's Memoir " Entwickelung des Products" &c. 
Abhcmd. der K. Sticks Qe$elUchaft zu Lefpsig, t. n. (1853). 

In fact. Hansen's fi = ^ *r = tan4# t and the formula 

1+ V(l-« 1 ) 
gives for the non-periodic parts 

cos/* [v t - wj = (-)" tan"**, (1 + /* cos/rj, 

sin/it^ — o-J = 0. 

Hence, substituting these values and putting for the non- 
periodic part of v the assumed value nt + e , we find 

e = e t - tan 2 £0 tan 9 ^ (1 -I- 2 cos^) sin (2^ - 20) 

+ £ tan 4 £0 tan 4 ^*, (1 + 4 cosk x ) sin (4«r, - 20) 

— &c. 

The series on the right-hand side may be summed without 
difficulty, and we obtain 

- _+ -* 1 tan'^tanV 1 sin(2tsr 1 -20) ] 
e o- e i tan ji+tan^tan***, cos (2^-20)) 

tan^tan'K 8^(2^-20) 
£<*>*«t i + 2tan , '^tan s Kco8(2t ! r l -20)+tan 4 ^tanV, ' 
m which formula the values of tan^, tan£# t (in terms of 

7, «J "e 1 + ^ + y) » i + V(l- e ,r ^ that ° f "■* " 
V(l — O- We have thus the required expression for the 
modified mean longitude at epoch, and all the modified ele- 
ments are now expressed in terms of the original elements. 
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The following investigation leads to a theorem which it 
is, I think, worth while to notice. We have 

^§ = VK,(i-0}c<»*, 

and thence 

«„»(1-Q f <fo, 



<ft- 



V(<r) cos^ {sec\ + e cos [v — «r )}* 



q.V-O 1 *. 



V(«r) V(l + V) Ml + y «n , (». - «r )} + e cos(r - wjp ' 
or as it may be written 

But it is easy to see that if the mean longitude nt + e ft 
is expanded in terms of t? , the relation between these quan- 
tities must be of the form nt + s = v + periodic terms. It 
follows that in the preceding equation the non-periodic part 
of the function which multiplies dv Q (the expansion being in 

multiple cosines of vj must be equal to (1 — e t *)~* (1+7*)*. 
Hence, putting for e l its value, we find that the non-periodic 
part of 

1 

[V {1 + </ ain s ( Vo - 0)) + e cos(t> - mj]* 

expanded in multiple cosines of v is 

[l - e„« |l - ^ sin> - *)}]"* (1 + ?■)*, 

a theorem which might, it is probable, be verified without 
much difficulty. 

2, Stone Buildings, 
October, 1856. 
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AN ATTEMPT TO DETERMINE THE TWENTY-SEVEN 
LINES UPON A SURFACE OF THE THIRD ORDER, 
AND TO DIVIDE SUCH SURFACES INTO SPECIES 
IN REFERENCE TO THE REALITY OF THE LINES 
UPON THE SURFACE. 

By Dr. Schlafli, Professor of Mathematics at the University of Bern. 
Translated by A. Catley. 

Preliminary remarks. Contrary to the usual practice I 
* would, in the case of a curve, term singular those points 
only at which Taylor's theorem fails for point coordinates, 
and where in consequence the tangent ceases to be linearly 
determined ; and in like manner term singular those tangents 
for which the point of contact ceases to be linearly deter- 
mined. Thus a point of inflexion is not a singular point, 
but the tangent at such point is a singular tangent. Accord- 
ing to the same principle, in the case of a surface, I call 
singular points those only for which the tangent plane ceases 
to be linearly determined. I say further that a surface is 
general as regards order when it has no singular points, 
general as regards class when it has no singular tangent 
planes. By class I understand the number of tangent planes 
which pass through an arbitrary line; by singular tangent 
planes, the tangent planes for which the point of contact 
ceases to be linearly determined. By order of a curve in 
space, I mean the number of points m which the curve is 
intersected by an arbitrary plane, by class (as for surfaces) 
the number of tangent planes (planes containing a tangent 
of the curve) which pass through an arbitrary point. On 
account of their reciprocal relation to curves I guard myself 
from putting developable surfaces on a footing with proper 
curvea surfaces, and call them therefore simply developable* 
without the addition of the word surface, since they do not, 
like proper surfaces, arise from the double motion of a plane, 
but arise from the simple motion of a plane. I call indeed 
degree of a developable the number of points of intersection 
with an arbitrary line, but class the number of generating 
planes which pass through an arbitrary point. The repre- 
sentation of an algebraical curve in space requires at least 
two equations, that is, two surfaces passing through the curve. 
If these surfaces can be chosen so that their complete inter- 
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section is merely the curve in question, such curve may 
termed a complete-curve (Vollcurve). But when this is i 



be 
not 

possible, and the complete intersection of any two surfaces 

passing through the curve consists always of such carve 

accompanied Ey one or more other curves, the curve in 

question is termed a partial-curve (Theilcurve).* 

Suppose now that /(«?, a;, y, z\ = is the homogeneous 

equation of an algebraical surface of the n th order ; «?, a?, y, z the 

coordinates of a point P of the surface, which, as the surface 

originally given, I will call for shortness the basis. More- 

i.r\ i « » <* f d , d _. 

over letx? = w-j- + a;-^4-y^- + «^- represent a linear 

derivation symbol, in which the elements «/, #', y' z' denote 
the coordinates of a point in space, which may be designated 
by the same letter D: the derivation symbol may be called 
for shortness the symbol of the point to which it relates. 
The system /= 0, Pf= expresses that the point D is 
situate in the tangent plane to the surface at the point D. 
This plane cuts the basis in a curve v /= 0, Df = 0, 5>y= 0) 
which has the point of contact as a double point; I will 
call the curve simply the contact section (Berunrungschnitt). 
Since P is an arbitrary point upon the surface, there are in 
the contact section two aisposable elements ; when therefore 
we add the condition that the curve has a second double point, 
there remains but one disposable element ; and if we assume 
that there are three double points in all, the plane becomes 
determinate. In other words, to a general (as regards order) 
algebraical surface of an order higher than the second, there 
belongs a developable, the generating planes of which touch 
the surface in two points. Among these generating planes 
there are found a determinate number of planes touching the 
surface in three noints. The developable may be termed the 
doubly circumscribed developable,t the planes the triple tan- 
gent planes of the surface. The problem which next presents 
itself is to determine the curve along which the surface is 
touched by the doubly circumscribed developable. 

• The names Vollcurve and Theilcurve belong to Steiner. 

f (Note by the Translator). This is the developable which I have 
called the node-couple developable ; and further on, the osculation curve 
is that frequently called the parabolic curve and which I have termed 
the spinode curve; the osculating circumscribed developable is what I 
have termed the spinode developable, and the self-touching double points 
what I have termed tacnodes. See my paper " On the Singularities of 
Surfaces," Cambridge and Dublin Mathematical Journal, t. vn. p. 166. 
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♦Suppose as before that (to, x } y, z) are the coordinates 
of a point P of the basis /= and moreover that (io'j x\ y\ «'), 
(«?", x\ y", 0") are the coordinates of two points lying in the 
corresponding tangent plane, 27, 2>" their symbols in respect 
of P, so that 27/= 0, Iff = 0. If then fa Xi • a 1 * 6 tii ree 
new variables, and 'fyP+xH + o>2>" denotes a point common 
to the tangent plane and the basis (i.e. if <tyw + xv>' + <*v>\ 
yfrx + x x ' + a)a; "? & c « are th© coordinates of the point in 
question) then 

*•(*, 36 •) - **"-&# + •#*)?+ it"-(x^ + ^T/- 

is the equation of the contact section, where ^r, v, o> are to 
be considered as the coordinates of a point in a plane : F is 
a symbol for the polynome on the right-hand side considered 
as a function of ^r, %, to, the coordinates of P, 2>, U being 
treated as constant. If then the curve besides the double 
point P(at which point ^ = 0, a> = 0) has another double point 

<?, then putting for shortness -y-r- = 2fy, &c, the equations 

2fy = 0, P x = 0, Fm = must be satisfied without x an ^ ® 
vanishing. This gives an equation between the coordinates 
in space of the points P, 2>, D'\ and (as might be expected 
from the nature of the question) finally an equation contain- 
ing only Wj Xj y, s, and which combined with the equation 
f= represents the required curve of contact of the doubly 
circumscribed developable. But since by reason of the double 
point P the resultant of the polynomes Jfy, F X) Fm vanishes 
identically^ the system must be replaced by a system for 
which this does not happen; to effect this we may proceed 
as follows: 

The functions F x , F» may be brought under the forms 

F X = M X + N», F„ = Px+Qt», 

and the equations F x = 0, F* = give therefore 

A = MQ-NP=0 

and the function A for % = 0, a> = reduces itself to 

{{DfY [D'fY - [DUfY] +*>+>. 

• Remark. This section contains an attempt to apply Jacobi's 
method, given in Crelle's Journal, for the determination of the double 
tangents of a plane curve, to the doubly circumscribed developable of 
a surface. 
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Moreover in the development of 

a = ;r=~2 + F + ~ * F * ~ mFm = ^=-2 + F + ~ nF > 

the lowest term in respect to Xi w j i s 

-^W^ixV + vV'Yf- 

Considering now the resultant of the system 

2^ = 0, 2^ = 0, A-0, 

this must be in the first place divisible by the resultant K 
of the system 

2fy = 0, Jf=0, i^=0, 

and in the next place by 

r = (D'fy(D"fy-(i>irf)% 

since ^ = 0, <o = 0, T = are also a solution of the system 0. 
But since we have identically 

-?-; N+F+ = Na + (N X +Q»)F X - A X », 



and since for T = and considering v, a> as indefinitely small 
quantities of the first order, the polynomes F x , A are only 
of the first order, but O is of the third order, must lie 
divisible by r 8 .* As regards K there is nothing to shew that 
a higher power than the first enters as a factor into 0, and 
a further examination shews that is in fact divisible only 
by the first power of K. 

In relation to ^r, x> <*> we h ftve -^Vi ^x ***& of the degree 
n — 1, A of the degree 2(n — 2) ana if, N of the degree 
n — 2. The coefficient of a term ^yfto 1 in Jfy is in 
regard to the coordinates of the points i^-D, If respectively 
of the degrees a 4- 1, j3, 7, in F x of the degrees a, /8+ 1, 7, 
in Jf of the degrees a, £ + 2, 7, in -W of the degrees 
a, /3-h 1, 7 + 1, in P the same, and in Q of the degrees 

• (Note by the Translator). I do not quite understand the reason- 
ing: but if we write jF= Ay? -f 2B X w 4 Cftv 9 and take r the value of 
AC- IP corresponding to x = 0, «u = 0, then when Xt w are small 
d^A, d^B, d^C are proportional to A, B, C, and the system (O) may 
be written A X * + 2B X u> + GJ = 0, -4x + -B<*> = 0, r + ^x* j0,<w = O, the 
last two equations shew that (putting for shortness AB^~ A X B -T) 
Tx, To} are respectively equal to - 2?r, + A?, and substituting these 
values in the first equation, the left-hand side of the resulting equa- 
tion contains the factor (A& - 2BAB + CA 9 ) I*, which is equal to 
A (AC- IP)!*, i.e. the resultant contains the factor r». 
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a, £, 7 + 2, consequently in A of the degrees a, ft + 2, 7 + 2. 
Lastly, T is in regard to such coordinates of the degrees 
2 (n — 2), 2, 2. It follows that in reference to the coordinates 
of the tnree points respectively, 
is of the degrees 

2n (n - 1) (n - 2), 2 (n - l) 8 + 2 (n - 1 ) (n - 2), 2 (n - 1 )', 

and K of the degrees 

n(n-2) f , ( n -l)*(n-2)+2(w-l)(n-2), (n-l)*(n-2). 



Whence ==5 is of the degrees 

(n-2)(n*-6), n(n-l)*-6, n(n-l)*-6; 

this resultant will be denoted by 12 (12 = ==■= j . 
If we put 

^r = +' + X#' + /**>', X = «%' + £*>\ » = 7X' + &»'> 
then in the new system of coordinates (^r', ^', <»') ths funda- 
mental point P is the same as before, and only the two 
other points 2), 2? have assumed arbitrary new positions 
in the tangent plane of the basis at P. The polynome 
of the equation of the contact section, considered as ex- 
pressed in terms of ^r', %, m will have the same properties 
as the before mentioned polynome, it will have therefore a 
corresponding resultant 12 ; and since x\ x" are respectively 
replaced by \x + ax' + 7a?", fix + fix 9 + 8x" and similarly 
for the other coordinates, 12' will be in regard to each of 
the series of constants X, a, 7 and /*, )9, of the degree 
n (n — l) a — 6. But since ^r = 0, v = 0, o> = is a solution 
of the new system, which implies ao — £7 = without besides 
having the variable solution ^r' = 0, j^' = 0. a>' = as a 
necessary consequence, 12' must be divisible oy a power of 
a8 — £7. in such manner that the quotient may differ from 
42 only oy a trivial constant (that is a constant independent 
of a, p, 7, 8, X, /x), we must therefore have 

X2' = (aS-)97r^ ,H, 12, 

since for X = fi = fi = 7 = 0, a = 8 = 1, 12' and 12 must 
coincide. Suppose now df=pdw + qdx + rdy + 8dz, and 
consequently (since the equation /= is satisfied) 

pw + qx + ry -f m = 0, 

whence among other relations 

(|W0 + qx) [pw + ry) = qrxy — /wurc. 
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And writing 

the points U, IP will be on the tangent plane. Patting 
moreover 

^ ^ pw + qx ' * ^na + ja ' />u? + qx } 

we have 

=/(M^r' + rx', x^'-axo, pp-px, *1r+i m ')i 

and ff = fcta)" 1 ^ 

\pt0 + jay ' 

as before, under the supposition f=0. But since as well 
G! as & are integral functions of w, x,y } z : p, j« r ? •» v * z " 
in regard to the first set of the degree {n — 2) (n — 6), and 
in regard to the second set of the degree 2[n(n— 1)* — 6], 
it follows that putting for p, q, r, 8 the values of these quan- 
tities considered as derivatives of the polynome /, we must 
have identically 

{pw + qx) n W-*Q! - {pw 4 rtf^^D, = Vf, 

where V is a rational and integral function of w, a?, y, *. 
There is nothing from which it would appear that the system 
/ = 0, pw + qx as 0, ^n(7 + ry = 0, or what is the same thing 
^Mj = — qx = — ry = sz represents a curve and not a mere 
system of discrete points. But since the curve 

pw + qx = 0, ^na + ry = 

lies wholly in the surface T^ = 0, an( ^ no P* 1 * °^ ^ e carv ^ 
lies in the surface /= 0, the curve must lie wholly in the 
surface F= 0, and the form of the identical equation shews 
that the curve in question enters as an [n (n — 1)" — 6]-tuple 
curve of the surface V = 0. Now I believe that whenever 
a complete curve is represented by the equations h = 0, ? = 0, 
every surface passing through the curve may be represented 
by an equation kt + lu = 0. From such an axiom it follows 
that, for the present case, we must have identically 

T= {pw + qx)*W-r - {pw + ry)W^T, 

where T, 2* are rational and integral functions. And when 
this is once granted, it follows from known and strictly de- 
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monstrated theorems relating to the divisibility of rational 
functions, that we must have identically 

where R is a rational and integral function. 

The required curve of contact was at first contained in 
the system = 0, /= 0, then after the separation of ex- 
traneous curves in the system fi = 0, /= 0. This last 
system in virtue of the relation just obtained breaks up into 
the multiple system pw + gx = 0, /= 0, and the unique 
system R = 0, /= 0. The former on account of its aroi- 
trariness cannot contain the required curve, which must 
therefore be contained in the latter system. But R being 
obviously of the degree (n — 2) (n 8 — n + n — 12), the degree 
of the curve of contact is at most n(n — 2) (n 8 — n* + n — 12). 
We proceed to shew that the curve is actually of this degree ; 
from which it will follow that it is a complete curve, that is, 
that a surface R = passes through the curve of contact and 
intersects the basis only in this curve and in no other curve, 
if at least the axiom relied upon was not deceptive. 

Imagine a cone having tor its vertex a point 2), circum- 
scribed about the surface, and let it be required to find for 
this cone the degree g 7 the class &, the number of double 
sides d } of cuspidal (stationary) sides r, of double tangent 
planes t, and of stationary tangent planes w. It is clear 
that it is only necessary to know three of these six num- 
bers in order to determine the others by means of the same 
three relations which apply to plane curves, viz. 

n-r = 3(&-0), g(g-l)=k + 2d+3r, k(k-l)=g + 2t+Zw. 

(see Steiner's Memoir on the subject, Crelle, t. xlvii., and 
Liouville, t. xviii. p. 309 ; also Salmon's Treatise on the 
Higher Plane Curves, p. 91). The curve along which the 
cone touches the surface is defined by the system /=0, -Q/=0; 
the tangent (when A denotes the symbol of one of its points) 
by Af=* 0. DAf= 0. Comparing this with the system 
$/== 0, Sy= 0, which determines the two tangents at the 
double point of the contact section ; it is easy to see that 
the tangent PA of the curve of contact of the surface and 
circumscribed cone, and the generating line PD of the cone 
are harmonically related to the two tangents of the contact 
section at the double point.* Each generating line therefore 

• This also follows easily from the more general theorem : If three 
surfaces touch at the same point, the pairs of tangents of the three 
contact sections at the point in question form a pencil in involution. 
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of the cone which coincides with one of the two tangents at 
the double point of the contact section will be also a tangent 
to the curve of contact of the surface with the circumscribed 
cone, and in particular when the point of contact of the tangent 
plane is a cusp of the contact section, the tangent of the curve 
of contact of the surface with the circumscribed cone coincides 
with the cuspidal tangent of the contact section, so long as 
the generating line of the cone has any other direction what- 
ever. In the former case the cone has a cuspidal (stationary) 
generating line, in the latter a stationary tangent plane. For 
the cuspidal or stationary generating line the conditions are 
/=0, Jy=0, 2>*/=0, and we have therefore r= n(*i-l)(n— 2). 
For a cusp of the contact section of the basis it is necessary 
that the system A/^= 0, Ay= should have in reference to 
the elements of A two conicident solutions, which may be 
expressed by the evanescence of v/ (the Hessian functional 
determinant or Hessian). Consequently the stationary tan- 
gent planes of the cone are given by the system y= 0, 
2y= 0, A/= 0, and therefore w =n(n-l) x4(«-2). The 
order g of the cone is the class of the section of the basis 
by a plane through the vertex of the cone, so that g = w(n— 1) 
and the class k of the cone is the class of the basis, that is. 
k = n (n — 1)*. We have already four of the required 
numbers, more than enough therefore to determine the two 
others. We find 

rf=£n(n-l)(n-2)(n-3), 

* = $n (n- 1)(ii- 2) (n a -n f + n- 12). 

I stop to consider this last number t Since this represents 
the number of planes passing through a given point D and 
touching the basis in two distinct points, it is naturally the 
class oi the doubly circumscribed developable of the basis. 
But the curve of contact is intersected by the polar surface 
Df— 0, obviously only in the pairs of points of contact of 
the planes through V\ consequently the number of these 
points of intersection is 2t ana the degree of the curve of 
contact is 

-JL-««(,,-8) («•_»' + «-«), 

which was the number above obtained as the maximum limit 
of the degree of the curve. I am indebted to Dr. Steiner 
for this process for determining the class of the doubly cir- 
cumscribed developable. The determination of the order of 
the circumscribed developable appears to me a very inter- 
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eating problem. If it 'were solved, as to which I at present 
know nothing, we should be in a condition to derive, by 
means of it, tie number of the triple tangent planes of the 
surface, and generally an explanation of all the singularities 
which a general (as regards order) surface presents in respect 
to its class. 

The order in question would be determined if it could 
be found, how often, for example, the right line w = 0, x = 
is intersected by a generating line of the developable. If we 
retain the symbols 

jy _ jd d_ jy — HL — *L 

~~ ^ dw ™ dx } dy dz J 

the generating line in question will pass through the points 
P and If\ For the second double point (besides P) of the 
contact section we must have v «= 0. The former system, 
the resultant of which was £2, then easily reduces itself to 
the following: 



•-» % — 



<-» 1.2.3... i 

•-•-I 1 
,-i 1.2.3... i 






to which is to be added f= 0. From these four equations 
the four unknown quantities ^ : o>, w : x : y : z are to be 
determined and the extraneous solutions rejected. It is of 
course intended that ». j, r, *, which denote the first derived 
Amotions of/, shoula fee replaced by their values. In order 
to give an idea how numerous the extraneous solutions may 
be, I may mention that for n = 3 L the system reduces itself 
to /= 0, jyy = 0, jP"V= 0, and that all the 90 solutions 
are extraneous, inasmuch as 18 solutions belong to the system 
(to be taken six times over) w = 0, x = 0, f= 0, and 72 to 
the system (to be taken six times over) r = 0, 8 = 0, /= 0. 

In order to exhaust the singular tangent planes of a 
general (as regard order) surface, we must imagine the planes 
which touch the basis along the curve /= 0, v/= 0, conse- 
quently in curves having a cusp at the point of contact, such 
planes, considered in respect to class, have two coincident 
points of contact, and are therefore singular tangent planes. 
The system of the planes in question generate what I call the 
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osculating circumscribed developable, the curve in question 
may be called the osculation curve; it separates the region 
of the basis where the measure of curvature is negative 
(consequently where v/ is positive and the two tangents at 
the double point of the contact section are real) from the 
region where the measure of curvature is positive. There 
are certain determinate points of the basis where the oscu- 
lation curve and the curve of contact of the doubly cir- 
cumscribed developable, 1° simply intersect, 2° touch. A plane 
which touches the basis at a point of the former kind inter- 
sects the basis in a curve having a double point and also 
a cusp; a plane touching the basis at a point of the latter 
kind cuts the basis in a curve having at the point of contact 
a self-touching double point, that is, a double point where 
the two branches touch; the tangent at such double point 
coincides with that of the osculation curve; and if in the 
neighbourhood of such a point we follow the motion of the 
double tangent plane, we find that upon one side of the 
curve of osculation the two points of contact of the plane are 
real points indefinitely near to each other^ and on the other 
side the plane is still real but the two points of contact are 
imaginary and conjugate to each other. 

With respect to these singular developables and planes 
I assume the numerical relations following: 

1°. a = £n(n-l)(n-2)(n 8 -n a + n-12) the class of the 
doubly circumscribed developable, A the (still unknown) 
order. 

2°. b = 4n(n— 1) (n — 2) the class of the osculating cir- 
cumscribed developable B = 2n (n — 2) (3w — 4) its order. 

3°. k the (still unknown) number of the triple tangent 
planes. 

4°. X = 4n [n - 2) (n - 3) (n 8 -f 3n - 16) the number of planes 
touching the surface in a curve having a double point and 
also a cusp. 

5°. ii = 2n (n — 2) (lln — 24) the number of planes touching 
the surface in a curve having a self-touching double point. 

The class of the surface is k = n (n — 1)*. If the surface 
were general (as regards class) the order would be h (& — 1)*. 
The difference h (k - 1)* — n is to be accounted for by means 
of the singular developables and tangent planes. The doubly 
circumscribed developable in itself (abstracting the tangent 
planes of a higher singularity included in it) diminishes the 
class of the surface by ak + 2-4, the osculating circumscribed 
developable (with the like abstraction) diminishes the class 
by 2bk + 32?, each triple tangent plane (abstracting the three 
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sheets of the developable to which it is common) diminishes 
the class by 3, each tangent plane cutting the surface in 
a curve having a double point and cusp by 4, and lastly 
each tangent plane cutting the surface in a curve having 
a self-touching double point by 6. We have thus 

(a + 2b) k 4- 2A + 32? 4- 3* 4- 4\ + 6/a = k (&- l) 8 - n, 

which gives between the still unknown numbers A and x the 
following relation : 

2J[+3itf=in(w-2)(?i 7 -4n 6 +7n 6 -45n 4 4-118n 8 -115n ,, +508n-912). 

For n = 3 we have 

a = 27, b = 30, B = 24, \ = 0, /* = 54, * = 12. 

But as a curve of the third order cannot have two double 
points without breaking up into a conic and a right line, it 
is clear that the doubly circumscribed developable of a surface 
of the third degree can consist only of planes passing through 
fixed lines upon the basis, and that since the class is a = 27, 
there are upon the basis 27 such lines which play the part 
of the developable in question. But as these lines are not 
in general intersected by an arbitrary line, we must have 
A = for the degree of this degenerate developable and the 
formula gives * = 45 as the number of the triple tangent 
planes, which it is clear meet the basis in three right lines, 
a number which may be obtained by other considerations. 

Remark by the Translator. The investigations contained 
in the present portion of Prof. Schlafli's Memoir, with respect 
to the general theory of algebraical surfaces, are similar in 
character to those of Mr. Salmon, and several of the author's 
results have been already given in Mr. Salmon's Memoirs 
in the Journal) but the theory is here carried a few steps 
further than in the memoirs just referred to ; and the know- 
ledge which I have of Mr. Salmon's still unpublished Memoir 
on Reciprocal Surfaces, in which the whole subject is con- 
sidered in a more complete manner (and in particular formulae 
are given leading to the determination of the two numbers 
A and k\ was clearlv not a reason for delaying the publi- 
cation of Prof. Schlafli's interesting Memoir, which was 
kindly sent by him for insertion in the Journal. 

(To be Continued) 



VOL. 
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SOLUTION OF A MECHANICAL PROBLEM. 

A UNIFORM rod is constrained to slide with its extremities on 

a conic section, whose axis major is vertical, and whose 
latus-rectum is less than the length of the rod : find the posi- 
tion of stable equilibrium. 

This problem admits of a very simple solution, depending 
on the principle that for a position of stable equilibrium, the 
height of the centre of gravity must be a minimum. 

Let AB be the rod, O its middle point, 8 the lower focus 
of the conic section, draw BN, Am 
vertical, meeting the lower direction 
in Jf, N. Let e be the eccentricity 
of the conic section. 

Then the height of O above the 
direction 

= \{AM+BN) 

-^(AS+BS), 

and the height of O will therefore be 
least when AS + BS is least, that is, when A and B both 
lie in a straight line passing through &, or when the rod 
passes through the focus of the conic section. 

H.G. 




ON SIR W. R. HAMILTON'S METHOD FOR THE 
PROBLEM OF THREE OR MORE BODIES. 

By A. Catlbt. 

the problem of three or more bodies is considered by Sir 
W. R. Hamilton in his two well known memoirs on a 
general method in Dynamics, Phil. Trans. 1834 and 1835, 
and the differential equations for the relative motion with 
respect to the central body of all the other bodies are obtained 
in a form containing a single disturbing function only. 
Several methods of integration are given or indicated, among 
others, one which is in fact the method of the variation of 
the elements as applied to the particular form of the equa- 
tions of motion. l$ut the investigation shews (and Sir W. R. 
Hamilton notices this as a defect in his theory, as compared 



Digitized by LjOOQ 1C 



On Sir W. M. Hamilton's Method. 67 

with the ordinary theory of the variation of the elements), 
that in the method in question, the elements are not oscu- 
lating elements, i.e. that the positions only, and not the 
velocities of the bodies can be calculated, as if the elements 
remained constant during an element of time. The peculiar 
advantage of the method is of course the having a single 
disturbing function only, and this seems so important, that 
if I may venture to express an opinion, I cannot but think 
that the method will ultimately be employed for the purposes 
of Physical astronomy. But. however this may be, it has 
appeared to me that it may fee useful to present the method 
in a separate and distinct form, disengaged from the general 
theory as an illustration of which it was given by the author ; 
and this is what I propose now to do. 

Consider a central body M, and two other bodies M^ M 2J 
and let the coordinates of M referred to a fixed origin be 
a;, y, z 1 and the coordinates of M x , M 2 referred to the body 
M as origin be x l, y t , z % and x t} y a , z 2 respectively. Then 
the coordinates of M x , M 2 referred to the fixed origin, are 
x + x t , y+y t , z + z and x + x, y+y 2 , z-\-z respectively, 
and if as usual T denotes the Vis-viva or half sum of each 
mass into the square of its velocity, and U denote the force 
function, then we have 

r=p4>»+y*+0, 

+ *if 1 K^-f<) i +y+3f 1 r+(* i +oi 

MM 2 

and the equations of motion are as usual 

±dT_dT^dU 
dt dx' dx dx } 
&c. 

If we assume that the centre of gravity of the bodies is at 
rest, then we have 

Mx' + M i (x' + <) + M A X ' + <) = °> &c -> 

F2 
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and consequently 

M+M x +M t ,y ~ M+M^M,' M+M t +M,' 

Now the value of T is 

t= 4(jf + jif, + jg (*" +y + o 
+ *' (jr,< + i/,<) +y My,' + *#) + *' (■«>.' + K<) 
+W*,"+y 1 "+0 
+ PW+y,"+0, 

or putting for x\ y\ z' their values 
_i i x 

{(if,< + j/,o" + (j^/ + M^y + {M lZ ; + M t z t ru 

and with this new value of T the equations of motion still are 
dT_dT^dU &c 
dx x dx x dx x 

Suppose now that the differential coefficients of 21 with 
respect to a?/, y/, */ ; a? 8 ', y a ', «,', are respectively P t , 4, -B t J 
-P 9 , <? a , P 8 , i.e. write 

^ - P., &c, 

and imagine T expressed as a function of P x1 Q x1 B^ P %1 Q 9l B 9J 
and when this is done put H= T— V (so that & stands for 
a function of P i; Q X ,B X \ P^Q^^x^zy, a?„y t ,s,), then 
the equations of motion m Sir W. R. Hamilton's form are 

dt~~ dP x > dt ~ dx x } &C ' 
Now from the last given value of T 

and thence 
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and consequently 

and we have 

- 5 i,(jf+jf,+iO[(p 1 +pj , +(« 1 +ft) , +(A+^ l n l 

or reducing 

+i(pp,+ e I «,+J2A), 

and consequently 

+ i(P.P,+ <?,<?,+« 

JOf, 

MM. 



Vfo'+y.'+O 



V{(»,-^ , + (y,-y.) , +(«,-*.)T 
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70 On Sir W. R. Hamilton's Method far the 

and H having this value, the equations of motion are as 
before mentioned 

a\_dH M\__dH & 
dt" dP x ' dt " <v 

Instead of H write H+ T where 



and 



MM, 


Vfo'+y.'+O 

MM t 





»1 » 



V{(* 1 - a g"+(y l -y,)*+(* 1 -* i n 

and the function T is to be treated as a disturbing function. 
The equations of motion for the body M x become 

dx x _ M+M x p dT dl\ MM x x x dt 

dt~ MM X r * + dP x > dt' ,^,„,,^t <V 

^ _ Jtf+J^ ^ . rfr ^ _ _ ^y, _ rfr 

dt " jflf. Vl + rfft ' * " , . - , «t <*y, ' 
1 l (», +y, +*/) 

and there is of course a precisely similar system of equations 
of motion for the body M 9 . 

If we neglect T the left hand equations shew that 
P,, Qtf R x denote the velocities or differential coefficients 

~dt'~di>lit multi P Ued h ? the constant fcctw jgqr^, 

and substituting these values in the right hand equations, 
we obtain the ordinary equations for the elliptic motion of 
the bodv M x \ and similarly for the body M % . We may, 
if we please, complete the solution by the method of the 
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variation of the arbitrary constants. Suppose for this pur- 
pose that a,, Jj, c t , e„ fj g A are the elements for the elliptic 
motion of the body M t1 then treating these elements as 
variable we must have 

dx. da. dx, db t dx. dq A dT p 

da t dt^db l dt "• + a 7 ^ <fc "" dP, ' ' 

and it appears from these equations that as already noticed 
the disturbed values of the velocities are not (as they are 
in the ordinary theory) identical with the undisturbed values. 
The disturbing function T may be considered as a func- 
tion of the elements of the two orbits and of the time, and 
it is easy to obtain, as in the ordinary theory, the values of 

the differential coefficients -7- 1 , &c. in the form 

at 

Tt = l*» *■> W t + (a » Cj) ^ - + ( "» *> ?g x ' 

where K , *J = |-i^%) + |^^- + l^^r , 

if for shortness 

S (a t , i t ) _ da, d&j da l db^ 

* (* t , pj " s; 5^ " 2^ s; • 

It will be remembered that in the ordinary theory, if 12 
denote Lagrange's disturbing function (12 = — R if it is the 
disturbing function of the Mecanique Celeste) the correspond- 
ing formulas are 

da , „da . .dD. . .dO. 

It = ( *' h) a% + (a ' C) dc~ * * ' + (a ' 9) fy > 

where (a j) . iML + AM + !M 

where (a, 6) - g( ^ ^ + g ^ y) + g( ^ #) , 

if for shortness 

8{a 1 b) _^ da db da db 

8 (»', a) ~" aV <fc <fo db' * 
or, what is the same thing, where 

, 8(a,b) da db da db 

8 (a;, x) " dx dx dx' dx' 
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Now the values of the coefficients (a , b x ) } &c. depend merely 
on the form of the expressions for a t , b x1 &c. in terms 
of P l9 Q t1 B iy a?, y x} z x and £; hence comparing the two 
systems of formulae and observing P„ #„ K x (which in the 
formulas for the present theory correspond with x x \ y/, */ 
in the other system of formulae) are respectively equal to 
x ii Vii z \i eac " °f them multiplied by the constant factor 

•mm- l M , it is easy to see that the formulae for the variations 

of any given system of elements in the present theory are 
at once deduced from the formulae for the variations of the 
same system of elements in the ordinary theory by writing 
— T in the place of Q. and multiplying the values of the 

variations by the constant factor -^ — &. 

J Jf + M x 

Take then as elements Jacobi's canonical system,* viz. 
if we put 

a x the semiaxis major, 

e x the excentricity, 

«-, the longitude in orbit of pericentre, 

e, the mean longitude in orbit at epoch, 

8 X the longitude of node, 

4> x the inclination, 

and n x the mean motion j= ./( §— Mr 1 

then the canonical elements are 

9 X = n^VU-O cos ft, 

• I have for uniformity adopted Jacobi's canonical system, see his 
paper " Neues Theorem der analytischen Mechanik," Crelle, t xxx. pp. 
117-120 (1846); but it is proper to remark that Sir W. R. Hamilton, 
in his Memoirs above referred to, employs a slightly different but 
equally elegant system of canonical elements, and that the discovery 
of such a system belongs to Sir W. R. Hamilton and is part of his 
general theory. 
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(the sign of the two elements 9 , $, has been changed, bnt 
this makes no difference in the formulae) then the equations 
for the variations of the elements are 

(Wj M+M t dt 

dt ~ MM, dSC 

d», _ M+M, d? 
dt ~ MM, ««,» 

de 1 __M+M 1 rfT 

dt ~ MM, <#?,' 

d$,_ M+M, tfr 
dt _+ MM, <m i i 

dG M+M, dT 

dt + MM t </»,' 

dfc, . M+M, rfr 
dt ~ + MM, M^ 

and it is easy thence to deduce the formulae for the variations 
of any system of elements which it may be thought proper 
to make use of, for instance the system a,, e„ »j, e„ 0„ tf>,. 

It will be recollected that in the preceding system of 
formulae the value of the disturbing function T is 

M,M t 



Vtfo-ad'+to-yJ'+fa-or 



and that as a first approximation P„ Q^ R x are respectively 
equal to the velocities a?/, y/, */, each multiplied by the 

constant factor „ i, , and P 9 , Q 2J B 2 are respectively equal 

to the velocities x^ y^ s a ', each multiplied by ^ — ^ . 

2, Stone Buildings, 
18M Oct., 1866. 
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ON THE GEOMETRICAL INTERPRETATION OF THE 
EXPRESSION rt - f. 

By H. W. Elphinstone. 

TN Gregory's Solid Geometry the following remark is stated 
to be due to Mr. Cayley: viz. that the curve of inter- 
section of a surface with its tangent plane has generally a 
double point at the point of contact. This remark is more 
fertile of consequences than may at first sight be evident. 

Let *=/(*, y) (1) 

be the equation to a surface, and let 

f-«-i>,(f-*)+2.(i-y) ( 2 ) 

be the equation to the tangent plane at the point xyz on the 

surface in which p x1 q x are the particular values of -j- , -j- 
at the point in question. a & 

The curve of intersection of the tangent plane and its 
surface is obtained by combining equation (2) with the 
equation 

f-/(f, 1) (3). 

Let us find the values of -j- belonging to the curve of 

intersection at the point of contact. Differentiating (2) and 
(3), we have 

from (2) dS= Fl dg + qi d V (4), 

from (3) d£=p dg + qdy (5), 

where in (5) we must substitute p }1 £, for p and q respectively 
after differentiation. On attempting to find the value of 

-~ from equations (4) and (5) it appears under the form - . 
drj 

Differentiating again, we have 

from (4) (P^p^Z + q^v (6), 

from (5) d'S=pd t g+qcP V + rd? + 28d£d V + tdr? (7), 

where for p, q, r, *, t we must substitute their values at the 
point in question. Subtracting equation (6) from (7) we 
arrive at the equation 

'($■+-1+— =••••«. 
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at 

for determining the values of — at the double point in 
question. ur l 

The roots of (8) are real and unequal, real and equal, or 
imaginary, as 

^-r*> = <0 (9), 

a well known condition for determining the form of the 
surface at the point in question. 

1st. Let 8*-rt>0. 

The roots of equation (8) are real and unequal; con- 
sequently the tangent plane cuts the surface along two 
lines in the neighbourhood of the point of contact. The 4 
parts into which the tangent plane thus divides the surface 
will be alternately above and below the tangent plane 

above 
below x below. A saddle will afford a familiar example. 

above 

2nd. Let **-r*<0. 

Here the roots of (8) are imaginary; consequently the 
surface is not cut by its tangent plane m the neighbourhood 
of the point, it therefore lies wholly on one side of it, or 
is convex. 

3rd. Let s *-rt = 0. 

This may occur for three different reasons. 
1st. r, *, t may all vanish at the point in question. In 
this case we have to differentiate again in order to find the 

values of -~ , the point on the curve of intersection becomes 

a triple point at least, and the point on the surface becomes 
a singular point. 

2nd. 8* — rt may be rendered = by the existence of some 
factor in both p and q which vanishes at the point on con- 
tact. This indicates a ridge on the surface, ana is treated of 
in all the elementary works on the Differential Calculus. 

3rd. ** — rt may equal zero without satisfying either of the 
above mentioned conditions. The interpretation (which is 
generally slurred over in works on Geometry) may be ob- 
tained without much trouble from the expression for the 
radius of curvature of a normal section to a surface 

7. 



rm* + 28m + 1 ' 
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76 On Lagrange* 8 Solution of the 

In this case, since the two values of -^ are equal, the 

two branches of the curve of intersection touch at the point. 
And since the denominator of It becomes =0, when the 
normal section is taken along the common tangent^ it follows 
that that section has a point of inflection at that point. Con- 
sequently the form of the surface in the neighbourhood of the 
point may be represented as follows : take any plane curve 
with a point of inflection in it, and let two plane curves, 
having a common tangent, move with their point of contact 
on the first mentioned curve, so that their common tangent 
may coincide with the tangent to the other curve at the 
point of inflection. It may however happen that the normal 
section, instead of having a point of inflection, becomes a 
straight line. This is aline along which the surface may 
be bent; and if such a line occurs at every point of the 
surface, the surface may be bent along such lines in succes- 
sion, till every element is in the same plane as the succeeding 
one; or, in other words, till the surface is plane. Such 
surfaces are known under the name " developable," and at 
every point satisfy the condition * a — rt = 0. 



ON LAGRANGE'S SOLUTION OF THE PROBLEM 
OF TWO FIXED CENTRES. 

By A. Catley. 

t*he following variation of Lagrange's Solution of the Pro- 
blem of Two Fixed Centres,* is, I think, interesting, as 
showing more distinctly the connection between the diffe- 
rential equations and the integrals. The problem referred 
to is as follows: viz. to determine the motion of a particle 
acted upon by forces tending to two fixed centres, such that 
r, q being the distances of the particle from the two centres 
respectively, and a, £, y being constants, the forces are 

a , 3 

T •+ 2yr and -, + 2yq. 

Take the first centre as origin and the line joining the 
two centres as axis of x ; and let h be the distance between 
the two centres, then writing for symmetry 

x = x x = x % + A, 

• Lagrange's Solution was first published in the Ancisns Mem. de 
Turin, t IV. and is reproduced in the Mecanique Analytique. 
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(so that x 1 is the coordinate corresponding to the first centre 
as origin, and x % the coordinate corresponding to the second 
centre as origin) the distances are given by the equations 

and the equations of motion are 

<Fx ax. Bx 9 rt , x 

dt f <? * W ' 

d*z aus <iz 

and we obtain at once the integral of Vis-viva, viz. mul- 
tiplying the three equations by -j , -j- , -j- , adding and 

/ , . , dx dx dx \ , 
integrating (observing that -,-= -^ = -jf) we have 

*{(S)' + (i)' + e)i-M-c^> + ^-M, 

and with equal facility, the equation of areas round the line 
joining the two centres, viz. multiplying the second and third 
equations by — z 1 y, adding and integrating, we have 

»£-*-*•• <>>">• 

So far Lagrange: to obtain a third integral I form the 
equation 

[-2(^ + ^)1 + ^ + ^)^1 + 4)] X 

{d*x ax. 8x. ^ f A 

+ [(*,+*,)?§- *w§ ]x 

[, x dx dz ~\ 

fa+*l"3i- 2x > x >dt J x 

(d*z az &z , ) 
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78 On Lagrange's Solution of the 

The terms, independent of the forces, are 

^ / « »\ dx d*x r \ I dy dz\ d*x 

+ K +a Vdt\?de + 'df) 2x > x * \dt df + dt dt)' 



which are equal to 

d 
dt 



[.^ ( l)- +( ^,,|(/| + ,|)-,,«,0 + (|)}], 

and the terms depending on the forces are readily reduced 
to the form 

in fact, considering first the terms multiplied by a, these are 
which is equal to 

^{(«.-».)y + o| + -,K-«j( y | + 4)} 

- A dt r » 
and similarly the term multiplied bj /9 is 

A- -* 
11 dt s > 
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lastly, the term multiplied by 7 is 

-4(*,4W + ^ + 2(* 1 W(*t + 4) 
+ 4fc + -0V + *)$- 8*,*, (,f + .£) 

The preceding combination of the differential equations gives 
therefore an equation integrable per se, and effecting the 
integration we nave 

-<^(t)V. + ^(4 + 4)-»4i)' + @l 

- 5 ? + ^ +AW-M1 -K (*,«), 

which is the third integral equation. It may be convenient 
to mention here (what appears by the comparison of the 
formulae obtained in the sequel with the corresponding for- 
mulae of Lagrange) that the value of Lagrange's constant 
of integration G is 

C=K-2HK A -B' + iyh\ 

Making use of the ordinary transformation 

<M(iW§)HS+4H4-D" 

the integral equations may be written under the forms 
, (dx\* , 1 ( dy dz\* 

= _%l_ 7( ^ +3 . )+2 ^__^_ (M) , 
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-</^(f)W«j( y f+4)S-7&(4+«$)' 
_^ + *|i +JW+ ,. )=K+ ps (s , 6 ), 

and observing that v 8 + s*, a?„ # 2 are in fact functions of r, g, 
it is clear that the determination of r, g in terms of t depends 
upon the first and third equations alone. Moreover the form 
of the equations shews that we can at once eliminate dt and 
thus obtain a differential equation between r, q alone. It 
would be difficult to discover a priori before actually obtain- 
ing the differential equation in question, that it would be 
possible to effect the separation of the variables, but we 
know that this can be done by taking instead of r, q the 
new variables w = r -f- g, « = r — g. In order to complete the 
solution the first step is to introduce the variables r, q into 
the first and third equations : for this purpose we have 

y + r^-g 8 A'-r' + g* __r 2 -Y 
X > 2h ' ~ X *~ 2h ' ^ + a? * h ' 

if for shortness 

and consequently 

dx _ 1 / dr dq\ 

di~h\ r di~ q di)> 

Substituting these values in the two equations, we find 
V{rdr- q dqy + {(h*~S+tf)rdr+{h* + S-q')qdqy 

= 2tfj^ + ^-<y(r* + q*)v + 2Hv-2h*B*\de ... (l,c), 

— v*[rdr- qdq)* 

+ 2v(rdr-qdq)(i J, -q*){{h , -r> + q*)rdr+(h* + T>-q')qdq} 

+ {** ~ (f - ?)*} {(A 1 - r" + 2") rdr + (h* + r» - q*) qdq}* 

= h^-f(h*W-q*)+ 2 -f-(K'-r> + <f)-vv> 

+ AK^-4:B 1 {h*-{r'-q t ) a ]\de (2,c). 
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The first equation is easily reduced to 
4A* {»Y (rfr» + dq>) + (A» - r» - q*) rqdrdq) 

the second equation gives 

A* {(A* - r* + 2 s ) rrfr + (A» + r* - g*) j<fy}» 

- A* {(A 8 - r» - 32*) rdr- (A* - Zr* + q*) qdq} t 

= h^(h' + S-q*) + 2 -f(V-r' + q*)-vv> 

+ 4KV - 45* {A 4 - (r* - j*)*}"] eft", 
and the function on the left-hand side is 

8A 4 (A* -r* - q*)q , t>{dr , +dq*) + 4A* {(h*-i'-q*f+Aq t T^rqdrdq. 
Hence putting for a moment 

M = ^ + & - TV (t> + f) + 2Sv - 2A'J?«, 

+ 2Kv-25 f {A*-(r■-2 t )•}, 
we have 

2r'q*[dr*+dq*) + (h*-r'-q*)2rqdrdq=ifde, 

2(* '-r"-^ 2r , j t ( < fr , +d 2 «)+ {(A , -^- 2 J ) , +4 2 »r ,, }2rjrfrd2= 2Vrf<», 

and thence recollecting that 

_( A «_ r »_j»)» + 4 2 »r' = v, 
we find 

V2rqdrdq - {(A* - r» - /) 2Jf- if} df, 

and substituting for Jf, N their values, the functions on the 
right-hand side contain v aa * factor, and dividing by v> 
we obtain 

-i7(3r 4 + 3j 4 + 10^-2AV-2AV- A4 ) 

+ 4 J ff( 2 " + r , -A") + 2K-2^1^ (l,d), 

vol. ii. a 
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82 Lagrange's Solution of the Problem of Two Fixed Centres. 
2r , 2 B (rfr» + d^ ^ ,, ) = [2ar(r'+32 B ~A a )-^-2)8^(3r'+ 2 »-A ,, ) 

+ 2iT{r 4 + ? 4 + 6ry-2AV + 2*)+^} 

+ 2 K(r' + ^-A 8 )-2(r* + ? »)5 2 ]^ (2, <Z), 

and by comparing the first of these formulae with the corre- 
sponding formulas of Lagrange, we find, as already observed, 
that the relation between the constant K and Lagrange's 
constant C is K=C+2Hh* + B*-±yh\ And substituting 
this value of K, the two equations become identical with those 
of Lagrange* 

The equation y -57 - z -J£ = 1?, (putting y = V(y* + **) cos£, 

z = s/{if -f z*) sin<£) gives at once (y* + z*) dj> = Bdt 7 and 

substituting for y* + « 9 its value = jtj , we find 

rf * = 4 ? V-(A a -r»-. ? -)»* M 

which is the third of Lagrange's equations. 

To complete the solution, the combination of the first and 
second equations gives 

S?{dr±d q y=[a{{r±q)*-h*(r ±q )} ± P{{r ±q y-h\r ± <i)} 

-{y{(r±qY-h*(r ± qy-h*(r±q)*+h*} 

+ JT{(r± 2 r-2A>± 2 )» + A*} 

+ 2K{(r± ? )--A»}-25 8 (r ±? )»]^, 

and thence putting r + j = *, r — y = t* and writing for 
shortness 

fiH<x + /9)(*'-* a A) 

+ 5> 4 -2AV + A 4 ) 
+ 2K(^-A 9 )-25V, 

* The formulae referred to are the formulae (&), (c), Jfae. Anal. U n. 
page 112 of the second edition and page 97 of the third edition, but 
there is an inaccuracy in the formulae (c), B % ought to be changed into 
B % h % 'y the error is continued in the subsequent formulae and besides 
the constant term - Ch* is omitted on the right-hand side of the formulae 
(e) and in the subsequent formulae, i. e. in the functions of «. u 9 the term 
- B* should be - BVi % - Ch\ 
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and U={a-B)(u*-u*h) 

+ 2K(m*-A»)-25V, 

we have & {s* - it*)' ds* = Self (l,e), 

dsif-uydu^Udt* (2,«), 

d * = ~(s'-h*){u t -h*) dt ^ 

and thence finally 

ds du . 

W) = WJ) (I ' /} ' 

, , [8*da u*du) . ~ 

^-(^-A»)V(5) (^~A a )V(£0 l '^ 

bo that the problem is reduced to quadratures, the functions 
to be integrated involving the square roots of two rational 
and integral functions of the sixth degree. 

2, Stone Buildings, 
101A Nov., 1856. 



NOTE ON CERTAIN SYSTEMS OF CIRCLES. 

By A. Cayley. 

TT will be convenient to remark at the outset that two 

concentric circles, the radii of which are in the ratio of 

1 : % {% being as usual the imaginary unit), are orthotomic,* 

• Two concentric circles are, it is well known, conies having a 
double contact at infinity, and it appears at first sight difficult to recon- 
cile with this, the idea of two particular concentric circles being ortho- 
tomic. The explanation is that any two lines through a circular point 
at infinity may be considered as being at right angles to each other, and 
therefore any line through a circular point at infinity may be con- 
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and that the most convenient quasi representation of a circle, 
the centre of which is real and the radius a pure imaginary 
quantity, is by means of the concentric orthotomic circle. 
This being premised consider a circle and a point C. The 
points of contact of the tangents through C to the circle 
may be termed the taction points; the points where the 
chord through C perpendicular to the line joining C with 
the centre meets the circle, may be termed the section 
points. It is clear that, for an exterior point, the taction 
points are real and the section points imaginary, while, for 
an interior point, the section points are real and the taction 
points imaginary. A circle having C for its centre and 
passing through the taction points (in fact the orthotomic 
circle naving C for its centre) is said to be the taction 
circle. A circle having C for its centre and passing through 
the section points is said to be the section circle. Of course 
for an exterior point the taction circle is real and the section 
circle imaginary; while for an interior point the taction 
circle is imaginary and the section circle is real. It is 
proper also to remark that the taction circle and the section 
circle are concentric orthotomic circles. 

Passing now to the case of two systems of orthotomic 
circles, let MM\ NN' be lines at right angles to each other 
intersecting in R y and let if, M ' be real or pure imaginary 
points on the line ifif ', eauidistant from Jt. Imagine a 
system of circles, each of tnem having its centre on the 
line NN' and passing through the points if, M' (so that' 
MM 1 is the radical axis of these circles). There are always 
on the line NN' two pure imaginary or real points JV, N 
equidistant from B 9 such that the circles, each of them 
having its centre on MM' and passing through the points 
JV, N' (NN' being therefore the radical axis of these circles), 
are orthotomic to the first mentioned system of circles. 
Moreover if R be made the centre of a circle passing through 
if, if', then the concentric orthotomic circle passes through 

sidered as being at right angles to itself. The two concentric circles 
in question have, in fact, at each circular point at infinity a common 
tangent, but this common tangent must be considered as being at right 
angles to itself. The paradox disappears entirely upon a nomographic 
deformation of the figure ; two lines KL t KM are then defined to be 
at right angles when joining K with the fixed points 7, J, the four 
lines KL, KM, KI, KJ are a harmonic pencil; but when K coincides 
with 7, then KI is indeterminate and may be taken to be the fourth 
harmonic of the pencil, i.e. any two lines lL y IM through the point 7 
may be considered as being at right angles. 
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N, N ; this is in fact only a particular case of the general 
property. 

Suppose now that M, M being given as the points of 
intersection of two circles having their centres on NN\ it 
is required to find a circle having for its centre a given point 
C on NN' and passing through the points if, M\ In the 
case of Mj M being real, the required circle is obviously 
given and is always real. But if if, M' are imaginary; 
then if about any point of MM as centre a circle be de- 
scribed orthotomic to one of the circles, it will be orthotomic 
to the other circle, and will meet NN' in the real points 
N, N. Now if p be the radius of the required circle (i.e. 
of the circle having C for its centre and passing through 
the points M, M), then/ - {RCf 4 (EM)* = (RCy - (BN)\ 
Hence if RC>RN or if C lies outside the space NN, p* is 
positive or the required circle is real, and the radius is at 
once constructed from the preceding expression 

But if RC<RN or C lies within the space NN', then the 
required circle is imaginary, but the concentric orthotomic 
circle is at once constructed from the formula 

pV^RN'-RC*. 

Suppose now the point C is a centre of similitude of the 
two circles. The circle having C for its centre and passing 
through the points if, if' is a taction circle of all the taction 
circles of the two circles, it may be termed the tactaction 
circle. The concentric orthotomic of the circle having C 
for its centre and passing through the points M, M is a 
section circle of all the taction circles of the two circles, 
it may be termed the sectaction circle. Consider first the 
case where the circles intersect in a pair of real points ; here 
the two centres of similitude are on opposite sides of R ; the 
tactaction circles are both real, the sectaction circles both 
imaginary. Secondly, the case where the two circles are 
wholly exterior each to the other, the two centres of simi- 
litude lie on the same side of R, viz. the centre of inverse 
similitude between R and N, the centre of direct similitude 
beyond N. Hence the tactaction circle corresponding to 
the centre of direct similitude and the sectaction circle 
corresponding to the centre of inverse similitude are real, 
the other tactaction circle and sectaction circle are ima- 
ginary. Thirdly, the case where one of the circles is 
wholly interior to the other ; here the two centres of simi- 
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litude are still on the same side of i£, but the centre of 
direct similitude lies between R and N and the centre of 
inverse similitude lies beyond N. Hence the sectaction 
circle corresponding to the centre of direct similitude and 
the tactaction circle corresponding to the centre of inverse 
similitude are real, the other sectaction circle and tactac- 
tion circle are imaginary. 

To obtain a distinct idea of the methods made use of in 
Gaultier's " Memoire sur les moyens g£n£raux de construire 
graphiquement un cercle ddtermin^ par trois conditions," 
(Journ. Polyt. t. IX. p. 124), and in Steiner's " Geometrische 
Betrachtungen," Crelle y t. I. p. 161 ; it should be remarked 
that both of these geometers, confining as they do their at- 
tention to real circles, do not consider the section circle of 
an exterior point, or the taction circle of an interior point. 
The taction circle of an exterior point, or the section circle 
of an interior point is Gaultier s "Cercle radical," and 
Steiner's " Potenzkreis," and Steiner also speaks of the 
radius of this circle as the " Potenz" of its centre in relation 
to the given circle. The nature of the Cercle radical or 
Potenzkreis, (i.e. whether it is a taction circle or a section 
circle) is of course determined as soon as it is known whether 
the centre is an exterior or an interior point, and Gaultier 
distinguishes the two cases as the "radical reciproque" and 
the "radical simple," and in like manner Steiner speaks of 
the Potenz as being " atiszerlich" or " innerlich." Again, 
for two circles and for a given centre of similitude Gaultier 
and Steiner employ the tactaction circle or the sectaction 
circle, whichever of them is real, Gaultier without giving 
any distinctive appellation to the circle in question, Steiner 
calling it the Potenzkreis of the two circles, and in parti- 
cular the " atiszere Potenzkreis" or the " innere Potenzkreis," 
according as it has for centre the centre of direct similitude 
or the centre of inverse similitude. 

The preceding properties of circles are of course at once 
extended to conies passing each of them through the same 
two points; it is I think worth while to notice what the 
analogue is of a pair of concentric orthotomic circles. If the 
fixed points are i, J and if the point corresponding to the 
centre is K, then the conies are of course conies touching 1 
the lines KI, KJ in the points i, eT", and one of the conies 
being given the other is to be determined. It is easily seen 
that if an arbitrary line through / meets the conies in P, P* 
and the line KJ in M, then the points i, Jf, P, P are a 
harmonic range, and this condition gives the construction of 
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the second conic ; it of course follows that an arbitrary line 
through J meets the conies in points <?, Q and the line KI 
in a point JV such that the points J, JV, Q, Q are also a 
harmonic range. The two conies in question may be termed 
" inscribed harmonics" each of the other. 



Addition. The equation of the tactaction circle, corre- 
sponding to the centre of direct (or inverse) similitude, of 
two given circles, may be found as follows: 

Let the equations of the given circles be • 

(*-ay+(y-j8)»-«\ 
(*-«')* + (y-/8T = C«, 
then the coordinates of the centre of direct similitude are 
ac'-tt'c fM^Pc 

which are therefore the coordinates of the centre of the 
tactaction circle; and the equation of this circle is of the 
form 

or expanding and reducing 

+ X(tf + i8 , -cP) + (l-X)(a" + iS"-O = 0. 
We must therefore have 

aX + a (1 - X) = — -, , 

c "■ c 

/3x+y8 ' ( i_x) = ^^£, 

which are consistent with each other and give 

x= ' i_x=-- c 



c —c 
We have then 

X (a'+ /8» - O + (I -*)(«" + /9" - O 

. * [ c '(a« + /30-c(a'* + y8' J ) + cc'(c'- C )]; 

c ~ ~ c 
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and the equation of the tactaction circle is 

1 



c — c 
which may also be written 



[c' (a 1 + ff) - c (a" + F) + cc' (c' - c)], 



cc 



We have thus the equation of the tactaction circle corre- 
sponding to the centre of direct similitude, and that of the 
tactaction circle corresponding to the centre of inverse simili- 
tude is at once obtained from it by changing the sign of 
one of the two radii c, c\ 

Consider any three circles and combining them in pairs, 
by what has preceded the equations of the tactaction circles 
corresponding to the centres of direct similitude will be 

(c" - c') {a? + y*) - 2 (a'c" - a"c') x - 2 (/8V - £"c') y 

+ c" (a* + £") - c' (a"* + £"») + c'c" (c" - c') = 0, 

(c - c") [a? + y*) - 2 (a"c - ac") a - 2 (/9"c - /3c") y 

+ c (a" 8 + £"*)-*>" -f F)+c"c(c -c")=0, 

(c' - c)(x* + y*)-2(ac' - a'c) a? - 2 (£c' - jffcjy 

+ c'(a* + 0V <>(«" + /8")+ cc'(c' - c) = 0, 

and representing these equations by Z7= 0, V f = 0, ?7" = 0, 
we have identically cU+c'U' + c"U" = 0, hence the three 
tactaction circles pass through the same two points, or what 
is the same thing, nave a common radical axis. 
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THE PLANETARY THEORY, 

(Continued from P. 23). 

By Rev. Pebciyal Fbost. 

To calculate the rate of change of the mean longitude of 
the disturbed planet. • 

18. The disturbing function R is a function of r and 0, 
so far as it depends upon the position of m alone ; therefore 
the change of R due only to the change of the position 
of m may be found by considering R only as a function 
of n x t + »,, a t} e x7 m xJ i x and Q, x . 

Hence «*(*)-«" «*(V+Q dR da dR de x 
mnoe dt - (h, dt + da x dt + de x dt 

dRdm^ dRd^ dR d£L t 
+ dm x dt + di x dt+da x dt' 

, d{R) dR 

therefore « ife^-^ «. «5tf «« 
as, <w ' as, /* oe t da t 

^ t i e, vn Mi^^ M V(l-«, , )^ l *k 
«.a. f 1 dB,. ,./iB, c£fi\) dS 



...gfega), v-lSa j§ + VHfo-fl { W(1-Q) «» 
afc x p da t yve x l * l " dl^ 

j^a, tanfrj, iff 

which ia the rate of change of the mean longitude* 

19. In the foregoing articles equations have been found 
which are sufficient for the determination of the elements 
of the Instantaneous .Ellipse at any time, reckoned from a, 

YOL. II. K 
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fixed epoch at which the values of these elements are known r 
and, from these elements, the position of the planet can 
be completely determined. 

It will be seen that the elements of the instantaneous 
orbit of the disturbed planet are subject to two distinct species 
of variation, which are called Secular Variation* and Periodic 
Variations. 

The Secular Variations do not depend upon the con- 
figuration of the different bodies of the system, but on the 
relative positions and magnitudes of the orbits themselves. 
They may either increase indefinitely with the time, or they 
may be subject to periods of long duration, yet having no 
reference to the positions of the bodies in their orbits. 

The Periodic Variations depend only on the positions of 
the bodies, relatively to each other, or to their nodes or 
perihelia, and receive the same values whenever the general 
disposition of the system recurs. Some of these variations 
are of short period, i.e. pass through all their values in one 
or two revolutions of some of the planets, others are of long 
duration and depend on the number of revolutions which two 
or more planets must perform before they again assume the 
same configuration. 

Of these Periodic Variations, some have been distinguished 
by the name of Long Inequalities, and these are not to be 
confounded with the Periodic Secular Variations which are 
also of long period, but depend, not on the configuration 
of the planets, out ol the orbits. 

20. The equations obtained above are capable of solution 
by successive approximation, in consequence of the smallness 
of the eccentricities and relative inclinations of the orbits, 
as exactly as is necessary for comparison of theory with 
observation; and we should then be in a position to de- 
termine the perturbations of the radiuej vector, longitude 
and latitude of a disturbed planet, due to the action of the 
disturbing bodies. But, if it be required to determine only 
the Periodic Variations of these coordinates of a planet, it 
is a more simple method to have recourse at once to the 
equations of motion. 

Before completing the account of the solution of the 
problem under the former aspect, we shall obtain the equa- 
tions, by means of which the Periodic Variations of the radius 
vector, and of the longitude and latitude are more directly 
determined: and, as before, we shall neglect the squares of 
the disturbing forces. 
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Equations of motion of the Disturbed Planet. 

21. The position of the planet m can be determined by 
its distance r, the longitude on the orbit, and the latitude, 
or the angular distance from the fixed plane of reference. 

Now, if the fixed plane of reference be taken to coincide 
with the original position of the plane of m's orbit, since the 
departure from that plane is due to the disturbing forces^ the 
inclination of the plane of the instantaneous orbit is of 
that 6rder of smallness, and r and may be used for the 
projections on the fixed plane, since they differ by quan- 
tities depending on the squares of the inclinations. 

Hence for the equation of the radial acceleration, 

Again, by Vis Viva, 

©■+-©■+ SM-** + S*) 

in which ( -^ J being the square of the velocity perpendicular 

to the plane is of the order of the square of the disturbing 

force: also -*- ds is the change of R due to the change 

of position of m alone in the time dt, and since it depends 
upon «i's position only in consequence of being a function 
of quantities which involve t in the form nt + e ; 

therefore, *«*_ j^_ r <(* + .)_»^, 

*«*•> (S)V(5)" -***/s *+« «• 

The remaining equation for determining the latitude X is 

d*z uz dR . . 

w* + v-fc - w > 

where s = r sln\. 

These three equations are the equations of motion which 
we shall employ, 

H2 
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To investigate the differential equation for ike perturbation 
of the radius vector. 

22. From the equations of motion of the planet m 

d*r [d0\* ft dR . . 

d?- r \dt) —?~w Wl 

- (a)"- ©■-*♦*£*+« «• 

Multiplying (1) by r, and adding to (2), 

<P(r») 2/i a dR , CdR , ± „_ 

K we neglect the terms involving £ we have an equation 
for determining r in the orbit of m when undisturbed by the 
action of the disturbing forces, and we can obtain the effect 
of the disturbing forces by writing r + Sr for r r Sr being 
the part due to the disturbances, and since the squares of 
the disturbing forces are to be neglected, we may omit all 

terms but those of the first order in Sr, -=- and leave the 

terms involving R unaltered in form. 

„- d*(r+$r)* '„ 2p , ft dR A CdR - 

, dV ft ~ 2/a 

therefore, — ^r 2 + ^.r&r^r -j- + 2n ij-dt y 
which is the equation for determining Sr. 
7b investigate the perturbation in longitude. 

23. Writing r 4- Sr and 6+ SO for r and in the equation 
of Vis Viva, 

(£)'+•'©•-*♦*£*♦« 

and neglecting the squares of the disturbing force, 

dr dSr , s /d0\» .d0 d86 u - [dR A 
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and observing that in the undisturbed orbit r 8 -y- = A, 

,d&e d (dr -\ 2d* (r&r) a dB a [dB -. 

whence 50 can be found when Sr has been calculated. 

7b investigate the differential equation for the perturbation 
in latitude. 

24. In the equation 

d*a fiz _ dB 
dl> + ~? "^P 

if we take for the fixed plane the plane of oti's orbit at 
the commencement of the epoch, and write for s, r (X + 8X), 
we obtain the equation 

cPtrSX) a ^ dB 

whence if fi\ be calculated, the latitude may be found relative 
to any fixed plane inclined at a small angle to the former 
by adding this value of 8X to the latitude of m found on 
supposition that it does not change its plane of motion. 

On the devefopement ofUL. 

25. The first step towards the solution of the equations 
found above, is the expansion of the disturbing function in 
ascending powers of the small quantities, the eccentricities 
and inclinations of the orbits. Now, although it is not 
possible, within the limits within which it is desirable to 
confine ourselves, to enter upon the expansion to high orders 
of the small quantities, still it is necessary, in order to obtain 
a clear idea of the nature of the approximations, to enter upon 
some of the points which arise in the developement of B. 
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methods adopted as shortly as possible. 



We shall therefore endeavour to give some idea of the 
4 rf possib__ 

Recurring to the expression for B obtained in Art. 7, and 
the developements of the coordinates of the planets given in 
Art. 8, we observe that 

J= W for/ cos (0/-*,)+**'} 



w+o 1 



771 



+ {r?-2r x r; cob ft'-*,) + ,•/■+« -«)*}*' 
in which expression r t and r/ differ from a t and a/ by quan- 



tities depending upon the small numbers e 1? e/ 9 tarn', tant,', 
and 0^ — 1 from a '*+e' — w/— e by quantities of tne same 
order, and that 2,2 are themselves of the order of the in- 
clinations. 

The first term can readily be put in the form 

- 55 {001(4'- 0J + taaX tanX'-fWV +...}, 

if « = r t tanX, and *' = r/ tanX/. 
The second term may be written 

m' m , (r/tanV^r 1 tanX) , 

|r 1 --«r 1 r I 'oo. W -# l ) + r 1 T ^.^^.^^i* 

K therefore we write ^ = ^(1+1*) and r/ = a/ (1 + w'), 

and ^=»-^{cos(4'-.4) + tanXtanX'-ttta s X'+...} 

W m'(a 1 'tanV-a 1 tanX) , 

{(a;-2a 1 <co 8 (^ 1 ) + a lT " ^.^^-0^ ' 
we obtain J2 by Taylor's theorem in the form 

Expansion of (a*- 2aa' cos£ + a")"* in a series of simple 
cosines. 

26. Let 

(a"-2oa'co8^ + a' 8 )"*«iC + C7 1 cos^ + (7 i cos2^+...(l). 
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(1) To calculate the values of C o1 C x . 

Since a*- 2aa' cos£ + a" «= (a + a') 8 - 2aa' (1 - cos£). 

4aa' 
^^ c * == 7 — ; — r&i **& for 6 write tt — 2^r; therefore 

[a + ay 1 ^ T ' 

therefore, integrating from ^»0 to ^r = - , 

4^~a + a'J V(l-<5"sin»* 

Again multiplying both sides by cos2^r and integrating as 
before 

it 
_ w r _ 1 rj (1 - 2 sin'^r) <fy 

These definite integrals are included in the form 



/. 



V(l-c-sin» ' 



which is numerically calculated by reducing it to another 
integral of the same form in which c is less, and so on by 
successive reductions until the c becomes insensible. This 
may be effected as follows : 

If sin (2^r — ^rj = c, sin ^r„ 

C08(2^p — ^) (2rf^r — rf^rj = c x COS^rf^r, J 

therefore — rrp — r-r = — ^r-? 1-^- r- . 

cos (2y — ^rj cos (2y — yj + c, cos^ 

Now cos^ ^sin^ 1 

cos 2-^r + c t sin 2-^ V(* + 2c, cos 2^ + c t *) 

_ COS (2^r — ^rj + C f COS ^ 

"" 1+2^0082^ + 0," ' 
therefore 

Vty, 2<ty 2dyfr 

VU-Vrin"^" V(l+2c, 0082^+c,") " (1+cJ V(l-^ s^) ' 

4c 
if r a — « 



Digitized by LjOOQ 1C 



96 The Planetary Theory. 

and 8b , ^=i(l-cP»2^)-${l-cos(2^-ih + ^ 1 )} 
= i{l+c t rin^-ooB^ V(l- c t » rin'^J}, 
and if ^-=0, *, = <), 

therefore 

J. Vd-c-rin^)-]. -2- A V(l-c, ' B !nVr 8 C °^ , r^ 

where a, = a+ 3 and J^—i, 

and l-V(l-c^ , 

therefore J = __±__, 

and c<l; therefore c t <c, 

whence, if c/,... be obtained successively as c t from c, c r at 
length becomes insensible, and therefore 6 r , 

it 
, f? a r + &r sin '^, , ir 

therefore 
therefore 

^•r ^( 1+c J( 1+c .)( 1+c .)- 

^ — s | 3 (i+-oa+«t)(i+-o.»{i-i-S -¥•••} 

whence (7 and (7, can be calculated to any degree of accuracy. 
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The numerical calculation is rendered very simple by 
c = sina, 
Cjsstan*- = since', 

c t = tan "— = eina , 



Or * t" t<* 

C 1 =C Q (±&ina'+ ^sina' sina"+...J. 

(2) To calculate <7 f , <7 t , .... 
Differentiating the equation (1) with respect to <f> y 
ad sin ft 



(c?-2aa' coa<f> + a?) 1 



=C X sin ft + 2 G % sin2ft +. 



therefore, multiplying by a* — 2aa' cosft + a", 

aa' sinft (^C^+C^ cosft + <7 t cos2ft+...) 
« (a*- 2aa' cosft + a*) (<7 4 sinft + 2tf f sin2ft +...) ; 
therefore aa r {C7 sm^4-C7 1 sin2ft + (7 f (sin3ft-sinft)+...} 
- 2 (a 1 + a") (G l sinft + 2 <7 f sin2ft +...) 
-2aa' {C, sin2ft + 2 C 8 (sin3ft + sinft) +...}, 
and equating the coefficients of sin&ft 
^(^-^ = 2(a» + a^*0,-2aa'{(A-l)^ 1 4(ft+l)^; 

therefore (i*+l)fl!i ll + (a)fc-i)0 JM -sft.2L±£- <7,=0, 

whence the complete series can be determined. 

Expansion cf (a 1 - 2aa' cosft + a*) . 

27. Let (^-2aa r cos^+a^"*=ii) +i) 1 cos^+2> i cos2^+...(2) ; 
therefore JCo + Cj cosft+0, cos2ft+... 

■■ (a* + a" - 2aa' cosft) (fD + 2^ cosft + 2> f cos2ft +...) 

= (a* + a") (£D + D v cosft + 2> f cos2ft +. . .) 

-aa' {D cosft + 2?, (1 + cos2ft) + JO, (cos3ft + cosft) +...} ; 
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therefore equating coefficients of cosfe^, 

and proceeding as in the last article, 

(2*- 1)2)^ + (2ft+ 1) 2V,-2ft ^^jr- 2>, = j 

therefore (2ft - 1) G t « (2* - 1) {(a" + a") D k - aa'D^,} 

+ aa (2ft + 1) 2)*., - 2ft (a* + a*) 2>, 
— (a* + a") D k + 2aa'D M ; 
therefore (2ft + 1) (7^, = - (a* + a") 2> tH + 2aa'2>, ; 

therefore (4ft 1 - 1) tf»„ = (aN-a*) j (2ft +1) D„_ x - 2k-^-J)X 

+ 2aa'(2ft-l)2> t 

= -| 2 ft.^^-(2ft-l)2aaJA 

+ (2ft + l)(a» +<*'*) 2?^ } 
therefore (4ft 1 - 1) \{a*+ a")*?, - 2«a'C i+l } 

= {4ft (a* + a* 1 )' - (2ft - 1) 4aV* - (2ft + 1) (a* + a- 1 )'} 2?, 
= (2ft -1) (a* -a")' 2),; 

therefore ^J^^K^G^aa'C^} 

* (a 1 — ay ' 

whence 2> , 2> l9 &c. can be completely determined. 

To calculate the differential coefficients of G k and D A with 
respect to a, a'. 

28* Differentiating equation (1), of Art. 26, with respect 
to a 

a — dcoB(f> * dC n dG. t 

/ » « i a . *\i da da r 
(a*-2aa' cos^ + a'y 

_ J^ a*-2qq' cosft + a' % + a % -a* 
2a (a f -2aa'cos$ + <*")* 
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«. c dC k I n a*-a" n 

therefore -3- = — ^- ft - — D t 

da 2a 2a 

_ (2&+ !){(«'+«") ft- 2««'(U 

~ 2a(a'-a") '"W 

_(&+lK + fca" _ (2fc + l)a' ~ 

Also 0< being a homogeneous function in a and a* of the 
order - 1, 

d*Ct 

—j. can be determined by differentiating (2), 

, , d*C t , d*C t _ rf(7* 

a ,drc t i a d*c t ^ 2 ac> 

da™ da' da da! 

Thus the differential coefficients can all be determined. 

29. The differential coefficients of O k can be found in 
a very simple form in terms of D^ &c. 
Differentiating (1) with respect to a 

4 dC n . dC. . . a-a'cosA 

* aa aa ^ /««.# * . »\1 

(a?'--2aa'co8$ + a") , 

^-.(a-a' cos£) (i^ + i^ cos<£ + ) 

— o(J2) + 2^008$ + ...) + ^ (2> o cos0 +2^(1+0082$)+...}; 

therefore *^ = - a D k + \ (D^ + UJ, 

and ^.-flUfc + J (2)^ + 2)^), 

da*' U ' a da + 2\da + da) m 
Differentiating (2), of Art. 27, with respect to a and </>, 

^-^ o +-^cos0+ =-3(a*-2oa'cos£+a' 9 )"*(a+a'cos£), 

2>, sin <f> + 22), cos 2 <fi + = 3 (a* - 2am*' cos + a") aa' sin ; 
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( dD dD \ , , 

therefore a U -^* + -r- cos* + J (a -a cob*) 

-a'(J3 l Bin^ + 22> t Bin2^ + ) sin* 

= - 8a (a f - 2aa' cob* + a* 1 )"* {(a - a cob*) 1 + a* Bin 1 *} 

= -8a(a , -2aa'coB* + a' s ) J = -3a(ii> + 2) 1 <5OB*+ ); 

-KK* + i)A«-<*-i>JU 

= -3aZ> 4 ; 

therefore ^» = -A~ {(* + 1) 2^, - (* - 1) 2U + 32?* 

-a»,-^{(*+l)2) ta -(*-l)2)^. 

And -r-* being a homogeneous function of a and a' of 
degree — 2, 

a ~3Z r+a d^M J lZ'> 

therefore a' ^ = 2aZ>,- a' (2> M + D^) 

+ K {(*+ 1) 2V,-(A- 1) ZU -2a2>,; 

therefore ^g, = \{k- 1) 2^,- «*+ 1) 2>^, 

results which will be useful hereafter. 

We have now shewn how to obtain E in the form 

* , [K.+ (O i +^)ooiW-^ + O i ooi«W-tf l ) + 



- \ (tanX to X' - ftan f X'+ , 



-(a/tanX'-^tanX^iJj-i)^^ 

and -_ &c can be determined immediately, 

i „ tv , dS , dR , , , rf* i? a 8 
and * = #+^« + ^«."+i^«>' + 
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In order to expand R in a series of simple cosines the above 
arguments are put into the form pnt — qnt + a, we observe 

*»t ej-O-nl + ^-nf-^ + l-Vt 

tan\ = tanij 8in(0 1 - OJ, 

and tanV = tani/ sin (0/ - fl/) ; 

where t?' — v = 2e/ sin(n 1 '*+ e/ - «■/) — 2e sin(n^+ 8 X - wj 

+ ^8^2(^ + 8/ -<<}--£- on 2 (*!< + »!-«,) 

• # • 

- sin* ^. sin 2 (n,'« + a,' -fl,') + on* J sin 2 («,< + 8,-0.) 

+ 

whence cob & (0/ — 0,) = cosfc (n,'< + «,' — n,* — e,) 

— & sin£(n,' + e,' — n,« — b,) . (»' — t>) 

-J^cobA («,'*+ e,' - «,* - e,) (v'-v)*+ 

and the expansion can be effected by the ordinary trigono- 
metrical formula for transforming powers and products of 
sines and cosines into series of simple cosines. 

To calculate the constant part of R when expanded in a 
aeries of simple cosines. 

30. The expansion of B as tar as the second order of 
small quantities is 

*»' {* 0.+ ( C i-^) cos* + tf,cos2£ + I 

+ i*&f + fe-<j co8 ^ + ^; co82 * + h* 

+ 

- i (i-0. + A °° 8 £ + ) K t" 1 ^ ~ «i tanX )* 

- -^r (tanX tanV - ftan'V), 
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where u = — e x coa[n l t + B l *r l ) + ■£- {1 — cos2(n/+e 1 — «•)} +... 

- i tan'tj {1 - cos2 (n x t + 8,-12,)} + 

^an/f + e/ — njt- e + t/ — i?, 

5c* 

t? = 2e, sin^ + e, — «r,) + -j- sin 2 (n,< + e, — «rj + 

and tanX = tant, sin (njt + 8, —12,), 

and similar expressions for u\ v, and tanX'. 

We must now examine the terms in order, which give 
rise to terms independent of the time, to the second degree 
of small quantities; and, for the sake of shortness, we will 
write I for n x t + s/ — n x t — e,, 

(1) cos£ » cos(J+t>'- v) « cos J{1 - ${v - «)"} - sin/(v - 1>), 
t/t> gives rise to the term 

4ee sin (n/$ + §/ — w/) sin (n,« + e x — «rj, 
and therefore to 26,6,' cos (J— «•/ + «-,) ; 
.". cos£ gives rise to the term 26,6,' cos/ cos (J— «•/ + «-,), 
and therefore contains a constant term 6,6,' cos(«r/ — «-,). 

(2) u contains the constant term \t x — \ tan* t„ 
and t*' K*- itan*t/. 

(3) u coB<f> contains — uv sin 7, 

ttv contains — 2e,6/ sin (w/< + e/ — «■/) cos (n,tf + e, — «-,), 
and therefore 6,6,' sin (/— «•/ -f «■,) ; 
therefore u cos£ contains a constant part — \t x e x cos («•/ — «-,), 
w' cos£ — i^A'.<50B(« , 1 # — «-,). 

(4) w* and t** contains ^6," and Je/* respectively. 

(5) uv' contains 6,6,' cos (n/* + e x - «■/) coB(n,J + 8, — «r,), 
and therefore %e x e x cos (/— «■/ + «>,) ; 

therefore W cos£ contains a constant part \e x e x ' cos (*r/ — «r,). 

(6) 2 tanX tanX' contains 

tant, tant/ sin(n', + e/ - 12/) sin(w t + s, — 12,), 
and therefore Jtant, tant/ cos (2— 12/ -f 12,) ; 
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therefore 2 tanX tanX' cos£ contains a constant part 
} tant, tant/ cos (12/ - 12,). 

(7) tan*X and tan* X' contain J tan s t 2 and J tan**/ respec- 
tively. 

If IP be the constant part of 5, we obtain, collecting all 
the terms, 

+ {d£ ~ a/ 1 ) * w '' 00 *( w «' -*«) 

+(j$+^)K«A'™(<-«0 

, / dO a . ,dC B „\ 
+ H ' do7*' +a ' da, * J 

+ *^'(^ + ;p)*' 00> <<--«> 

+ i^a/D, taut, tant,' cos (G,'- 11,) 
-i(«,^tan»., + a,^?tan\) 
-*2>>/"tan ,I ty + a l , 'tan't 1 )} 

+ i(4C7 l+ 2a I ^ + 2a,'^-fa,a/^ ;/ )«,e/coBK- w ,) 

-*(*'*. + «> ^) tanV,-| (<•*.+< ^) «■"%' 

+ ^,0,'!), tant, tant,' cob(H,'-H,)1 . 

Now iC.H- C t coa4>+ = (a l 1 -2a 1 o,' cos^ + a,")-*; 

•'• i^+.» = (i-Z>.+Aco 8 *+-)K'co8^-a l )...(l); 
therefore J ^= - \aj>, + KA 5 
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therefore a*D + a x -r-* =a x a x 'l) x , 

and similarly, a/* A + a i TT' — a /Cr 

Again, -j- 2 beingf a homogeneous function of degree - 2, 

"'dat+^da^- * da,' 
therefore, Ol ^ + K^ = -K<^ 

^a/^ + K^BinJIarly; 

therefore the coefficient of Be* and Be* each = ^afl^D^ 
Again, the coefficient of 

frd cos« - m x ) = 2c, + apt j^-, , 

and C x sin£ + = (^Z) + A cos£ + ) apl sin£; 

therefore O x = i (D - 2> a ) a^/, 

^ art"" ^ See^rt- 31 ; 

J* /If 

therefore 2 (7 1 + a I a/^-, = -a I <2>,. 

Hence 

F=m' ftflL + K«i f (A (V + O -22? A < oos«- wJJ 
- faa/A {tanV, + tanV/ - 2 tant, tant/ cos (12/ -&,)}] ; 
in which all the coefficients have been investigated. 

On the order of the terms in the complete development of 
"Rin a series of simple cosines. 

31. The last step which we shall give in the development 
of B is that in which the order of the terms of the form 

P cos {p («/« + •/) - q {n t t + ej + a}, 

and Q cos {p (n/* + e/) + q [n x t + s,) + 0} 

is determined, in which it will be shewn that P is of the 
order p~q, and Q of the orders + q* 
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The discovery of the relation which the coefficient of any 
term bears to the argument is essential, because it enables us 
to select a priori those terms, among tne infinite number into 
which R is developed, which alone can give rise to dis- 
turbances which will be sensible. 

For example, one term in the expression for &0 given in 

Art. 23, is - Zn t I J j- df. Hence, a term 

Pcosfpfa'f + O-g^ + eJ + a} 
in the development of R would give rise to a term 

- (^5^J» coste(<* + 0- ? («/+0 + a}. 

If therefore the ratio of the mean angular velocities of 
m' and wi, viz., n/ : n be very nearly the ratio of two in- 
tegers q and j> } which are not very large, pn l , — qn l will 
be very small, and although P is of the order p~>q and may 
be extremely small, the term to which it gives rise in B0 may 
be large enough to become sensible. 

Thus, in the case of Jupiter and Saturn, the ratio is 2 : 5, 
and in that of Venus and the Earth 13 : 8. so nearly that 
the terms in R which are of the order 3 ana 5 respectively, 
become sensible. 

Order of the term P cos^n/t — qn,t4 a). 

32. To determine the order of the terms, we must refer 
to the expression for R given in the Art. 30. 

(1) In the expansions of u } u' } t?, v\ tanX, tanX' we 
observe that the following remarkable law holds : that the 
order of any term whose argument is jm^ + oc, or pn^t + a' 
is p the multiplier of n x t or n^t. 

(2) The same law obtains in the expansions of the powers 
and products of powers of u, t?, tanX. 

For^ suppose two series in which this law holds to be 
multiplied together, of which the general terms are 

L cos(&tf + a) and M cos(wwtf + £), 

the general term of the product is 

^Jf[cos{(/-w)ne + a-i8} + co8{(Z+m)n< + a + /8}]. 

hence a term of the form P co&{pnt+<y) is the sum of all 

the terms for which J+mor Z^»i = p, the order is therefore 

that of LM } and the principal part of P is of the order of 

VOL II. I 
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the smallest value which l + m can assume consistent with 
those conditions, and since l~<m=p + 2m J or j? + 2Z, and 
l+m =p, p is the order of the term in the product ; therefore 
the law holds for the product of two such series, and since 

Eowers and products of powers of w, v 1 tan\ can be formed 
7 the continual multiplication of such series, the law holds 
for these powers and products, and the same is true for 
u\ v\ tanX . 

(3) In the expansion of products of powers of ti, u as 
up y u'* the order of the coefficient of a term whose argument 
is (pn x * + qnj t + a is p + y, the sum of the multipliers of 
n[t and n x t. 

For, the general terms in U?, u ,<r being 

L cos(&t,'t + a), and M cos(»*n/ + )8), 

in which i and M are of the order Z, w respectively, that 
of the product is LM cos (In^t + mn t t + a + £) which is of 
the order l + m. 

(4) Again, 

cos* (0/ - t ) « cos {A (»/* + s/ - n/ - s t ) -f k (v - t>)) 

= cos A [n x 't + 8/ — n x t - e t ) cos& (i/ - v) 

— sin & (n t 't + e/ — n x * — e 4 ) sin £ (t> # — r). 

Now, it is evident that the laws given above held also in 
the expansions of cosifc(i>' — t?), and siit£(t>' — t?) ; therefore 
the general term of the expansion of cosi (0/ — X ) is to be 
obtained from the product of the sine or cosine of 

*«<+*/- V- 0, by ?**?(&+ y), 

where Pis of the order given by these laws ; 
therefore, since pn^t — qn x t + a 

= * (»/< + •/ - v - «.) - {(* ±i>) *.'* - (* ± J) V + $> 
or, A; («/* + g/ - n^ - 8| ) + {(|> - A) w/e - (j - *) n,* + 7}. 

Hence the term in R whose argument is pn x 't— qnjb + a is 
a series of terms whose orders are k + p + k + q for all 
possible values of k from to oe . 

The smallest value of k+p+k+q is p + q, but since 
k~>p + k~q = 2k — (p + q) or p~*q, its smallest value is p~q; 
therefore the order of such terms iBp^q. 
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Order of the term P cos(pn/t + qn t t + a). 

33. In the expansion of powers and products of powers 
of «, v, tan\, u\ t/, tanV, the order of a term whose argument 
is [pn'±qn^ t+a is p + q, the sum of the multipliers of 
n,'£ ana n t t. 

Hence, as in the last article, the general term in the 

expansion of cosk (0 g ' — a ) is obtained from the product of 

cos 
the sine or cosine of k (n t 't + e,' — n x t — ej by P . (#$ + 7), 

sin 

where P is of the order given by the laws investigated above ; 
therefore, since pn^t + qnf + a 

= k (n/l + 6/ - nf, - e,) T {(k Tp) n x 't + {k±q) n,t + £}. 

The term in R whose argument is pn[t + qn x t + a is a 
series of terms whose orders are (k + jp) + (* i ?) f° r all 
possible values of A; from to oc . 

The smallest value of this expression is p + q ; therefore 
the order of such terms iap + q. 

34. By the aid of these properties of the function 5, 
we are in a condition to select those terms of the higher 
orders of the small quantities, which, in the process of solution 
of the equations of motion, are of sufficient importance to be 
employed in the calculation of the disturbances of a planet 
by particular disturbing planets, and thus to avoid the ac- 
cumulation of terms arising from the complete development 
of the disturbing function. 



ON CERTAIN POINTS OF SINGULAR CURVATURE 

IN PLANE CURVES. 

By E. Walker, Trinity College, Cambridge. 

TT is my purpose in the present communication to draw 
attention to a difficulty which occurs in the consideration 
of a certain class of points of singular curvature ; a difficulty 
which no writer, that I am acquainted with, has explained, 
certainly none of those whose works are current in this Uni- 
versity. 

The difficulty I allude to may be stated thus : 

Let y *■/(*) be the equation to any plane curve, and 

suppose that when x = a, -^ = 00, whilst -^ remains finite j 

12 
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then at the point x^a the curvature is infinitely great, and 
the question is, what meaning shall we attach to such a. 
result? 

In certain cases, as we know, such a point is a cusp, but 
only when the lowest fractional index in the expansion of 
f(a -f h) is of a particular form. In other cases the curve to all 
appearance is continuous at the point in question, and these 
are the cases which I now propose to consider. 

Let us take as an example the curve whose equation is 

ajf = x* (1). 

At the origin we have 

| = 0andg = oo, 

and the curvature is infinite. 

If we trace the curve in the usual way, we shall find its 
form to be that represented in the annexed figure. 



What then do we mean by saying that the curvature at A 
is infinite ? 

Of course it is easy to reply, that since we take the circle 
as the standard of curvature, we only mean, that the .de- 
flexion from the tangent is infinitely more rapid, in the 
immediate vicinity of the point -4, for the curve whose equa- 
tion is (1), than it can be for any circle; that is, that if we 
take any circle whatever, and place it so that the line Ax 
shall be a common tangent to the two curves, then, if their 
concavities are turned the same way, the circle must pass 
between the curve BAB' and the straight line Ax. But this 
does not get rid of the difficulty, which is, to shew how the 
above conclusion can hold for all circles (for instance, if the 
radius of the circle be indefinitely diminished), if the above be 
the correct form of the curve. 

Perhaps the following considerations may throw some 
light on the difficulty. 

Suppose that, instead of (1), we take the equation 

ay* + aly=x A (2), 
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which becomes identical with (1) when J = 0. The form of 
the curve is given in the annexed figure, where AG=b. 




Now draw a straight line touching the branch AB at 
some point between A and B, and make this tangent revolve 
till it touches the curve at some point between A and B'. 
It will be found that when the point of contact comes to -4, 
it does not at once pass on to the branch AB\ but comes 
back upon the loop AC, so that the tangent has to revolve 
through two right angles in passing from BA to AB'. In 
fact mere are two cusps meeting at A. The above result 
will be true, however much we diminish AC, so that in the 
limit when (1) and (2) coincide, the tangent will turn ab- 
ruptly through two right angles in passing from BA to AB'. 
We may now perhaps be better able to understand how it is 
that we cannot represent the curvature at A by reference to 
anj circle whatever* and if it be objected that there is some- 
thing arbitrary in the way in which we have added a term to 
the original equation, I reply that the more correct way of 
looking at the question is, that this equation^ which is of the 
third degree in v, has been arbitrarily deprived of this term 
which properly belongs to it, and it constantly^ happens, that 
when we lower the generality of an expression, anomalies 
present themselves which can only be explained by recurring 
to the mare general form, of which the particular form should 
be regarded as the limit. 

The above example is only one out of many where the 
same difficulty occurs, but I regret that I cannot pursue the 
subject farther at present, though I hope to resume it at some 
future time. In the meanwhile my object will have been 
attained, if what I have said should lead to a closer exami- 
nation of this class of singular points, which has not hitherto, 
as far as I am aware, attracted by any means the share of 
attention which it merits. 
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AN ATTEMPT TO DETERMINE THE TWENTY-SEVEN 
LINES UPON A SURFACE OF THE THIRD ORDER, 
AND TO DIVIDE SUCH SURFACES INTO SPECIES 
IN REFERENCE TO THE REALITY OF THE LINES 
UPON THE SURFACE. 

By Dr. Schlafli, Professor of Mathematics at the University of Bern. 
Translated by A. Catlet. 

(Continued from p. 65), 

T imagine to myself a homogeneous equation of the third 
order in the four point coordinates w 1 x, y, *, where all the 
twenty coefficients nave any values whatever. From this 
may be calculated the function denoted above by 22, which 
in the present case is a function of the degree 9. The 
surface 22 = will then meet the given basis surface of the 
third order /= 0, in the twenty-seven lines of this surface. 
If therefore the equations /=0, 2J = are combined with 
any two linear equations 

l=aw + bx + cy + dz=0 9 I = a'x + b'y + c'* + d'w = J 

it must be demonstrable that the resultant of die four 
functions /, U, l 9 V can be (in respect to the indeterminate 
coefficients of the linear functions 7, 1 ) decomposed into twenty- 
seven factors of the form 



aa + fib + 7c, d 
aa' + fiP + yc'^d' 



«',0W 
a, 6, c 
a, b'j c' 

where the constants a, £, </, a', f¥, y' satisfy the condition 
aa' + fif? + 7*/ as 0. Aiid then there will pass through the 
line corresponding to any such factor, the four planes 

-yt0 + ay-f/8>==O, 

fiw — ax + y's = 0, 

<-a'w-fi'x — y'y=:Q. 

Suppose that one line of the given basis surface /== 
is known : and let the system of coordinates be transformed 
ip such manner that two fundamental planes *, t, pass through 
the line in question. The equation of the surface will not 
contain any part not divisible by 8 or t 7 and it can therefore 
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be reduced to the form 



= 0, where S and T denote 



,,s 

polynomes of the second order. The basis surface contains 

therefore all the conies represented by the two equations 

9 + \t = 0, 8+ \T= 0, where X is an arbitrary constant. But 

X can be so disposed of that the conic may break up into 

a pair of lines : the condition for this is, in regard to X, of 

the fifth order; consequently, through each line of the basis 

there pass five planes, each of which intersects the basis in 

the three sides of a triangle, and the number of such planes 

27.5 
is -^- = 45. Suppose that X, /* are two different constants, 

satisfying the condition in question : the equation of the basis 



can then be brought under the form 



* + XJ, S+XT 
$ + frt,6+fiT 



= 0, 



which may be denoted more simply by 



m, J7| = 0. Here 

U y X are polynomes belonging to surfaces of the second 
order, which, are respectively touched by the planes u } x. 
Ifp is the polynome of any other plane which touches both 
of the surfaces L, X, then there exists a constant a for 
which Z7+ ami breaks up into two factors, and in like manner 
a constant p for which X+/3pu breaks up into two factors. 
The plane p belongs to a developable of the fourth class, 
and has as such a single motion, i.e. its equation contains 
a single arbitrary parameter. We may therefore impose 
another condition, and write a = ft. Replace op by the single 
letter p* and take Z>, A as symbols of the points in which 
the surfaces Z7, X are touched by the planes u ) x respectively. 
Since then, each of the polynomes U+pu } X-\-px breaks up 
into factors, it is clear that the equations 

D(U+pu) = 0, A [X+px) = 

will be satisfied identically. But obviously, D Z7= <m, AX= foe, 
where a and b are constants, and Du = 0, Ax = 0. The fore- 
going equations become therefore a +jDp = 0, J + Ap = 0, 



whence I a, Dp I = 0, or if we please 



Du^uDp |=0,(theieft- 
Ase, xAp 



hand side divisible by ux) an equation which is homogeneous 
and linear in respect to the coefficients of p\ that is, there 
exists a fixed point through which the simply moveable 
plane p always passes. The problem has therefore four 
solutions. And if we select at pleasure one of the four 
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polynomes 4? which satisfy the required conditions, and write 
U+pu s= — y«, X+px = vwj the equation of the basis becomes 

Uj — yz = uvw + xyz = 0. 
X) vw 

The possibility of such a transformation might have been 
seen h priori^ since the six linear polynomes w, &c., contain 
18 ratios of coefficients, to which is to be added a constant 
factor contained in one of the products ays, uvw] so that 
there are in all 19 disposable constants, which is precisely 
the number of conditions to be satisfied. We may call uvw 
a trihedral, and say that in the equation uvw + xyz = 0, the 
basis is referred to a pair of trihedrals. 

Six linear polynomes are connected together by two in- 
dependent linear homogeneous equations. We may mul- 
tiply one of these by an arbitrary factor, and add it to the 
second, and the relation so obtained will of course be satis- 
fied. Let such a relation be 

Au + Bv+Cw + Dx + Ey + Fz = 0, 

where the coefficients are considered as containing a single 
arbitrary multiplier. It follows then, that 

Au(Bv + Ihc)(Cw + Dx) + Ikc(Au + Ey)(Au + Fz) 

= ABCuvw + DEFxyz, 

consequently, that if ABC= DEF, the function on the left- 
hand side is a new expression for the polynome of the basis. 
The equation ABC=DEF is, in regard to the arbitrary 
constant contained implicitly in the coefficients, of the de- 
gree 3, and gives therefore 3 solutions, which may be thus 
represented, 

au + bv + cw + dx + ey + fz = 0, abc = deft 

au + b'v + c'w + d x + e'y +fz = 0, db'd = aVe'f, 

a » u + h» v + c " w + tf'x + e"y +f'z = 0, a"b "c" = <?'</% 

there are thus in all 27 such transformations into trihedral 
pairs such as 

au ( bv + dx) (cw + dx) + dx (au + ey ) (au +/*) = 0. 

The original trihedral pair uvw + xyz = 0, gives immediately 
nine lines. We may for shortness represent the line 
(u = 0, o? = 0) by ux. We have besides, 18 systems such 
as (ai* + da?s=0, Jt> + ey = 0, cw+/* = 0), where the third 
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equation is always a consequence of the two others ; these 
systems represent the other 18 lines, which may be com- 
prised in tto following two schemes, 



through ux, vy } wz pass Z, V, V 


u uy, vz } wx u Mj m'j m" 
u uz } vx } wy " n, n', n" 


through tia?, t» 9 wy pass p, p\ p" 


« uz, vy, wx " j, tf, j" 
u wy, vx, wz u r, r\ r" 



Two lines which belong to one and the same scheme do 
not intersect, when they are either lines represented by the 
same letter aifferently accented, or by different letters simi- 
larly accented; but they intersect when letters and accents 
are both different. And two lines belonging to different 
schemes, intersect when the accents are the same, and do 
not intersect when the accents are different. 

Of the 45 triangle planes, 6 form the original trihedral 
pur, 27 more are represented by equations such as au+dx=0. 
We represent the plane au + dx = O y by {ux), the plane 
au + d'x = 0, by (ux) , and so in similar cases. The following 
scheme shews the three lines contained in each plane. 



«*, l>p 


vx, n, r 


wx } m, q 


uy, w, r 


vy, J, q 


wy, n,p 


uz,n, q 


vz 7 m, p 


wz, 2, r 



and similarly with one or two accents. Finally the 12 remain- 
ing planes are 6 planes such as Irrin", and 6 planes such asptfr"* 
in the representation of which the accents may be omitted 
since the permutation of the. letters is alone sufficient. The 
last mentioned planes admit of no very symmetrical repre- 
sentation. The plane (Imn) for example has among other 
forms of its equation the following, 

Any two triangle planes which have no line in common, 
determine a third plane which forms with them a trihedral, 
and this again determines the other trihedral of the pair. 

There are thus in all * = 120 trihedral pairs, that is, the 
6.2 
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problem to reduce the equation of the basis to the form 
uvw + xyz = §, is of the degree 120. Each trihedral pair 
gives immediately only nine lines. It is always possible 
to place together three trihedral pairs to give all the twenty- 
seven lines ; and one pair determines by itself the other two 
pairs. There are thus fi in all 40 such triads of trihedral 
pairs, the following is a scheme of such triads, 

1 triad uvw + xyz, 

(Imn) (mnl) (nbn) + (Inm) (nml) (mln), 

(pqr) (qrp) (rpq) + (prq) {rqp) (qpr), 

27 triads such as 

u (vx) (wx) -f x (uy) (its), 

(vy)'{wz)"(prq) + (vy)"(v>z)'(pqr), 
(vz)' (toy)" (Inm) + (vz)" (wy)' (Imn), 
12 triads such as 

u (Imn) (prq) + (ax) (uy)' (uz)" } 
v (nbn) (rqp) + (vx) (vy)' (vz)'\ 
w (mnl) (qpr) + (wx) (toy) 1 (ftz)". 

Choosing from each pair of any triad a single trihedral, 
we obtain nine planes which intersect the basis in all the 
27 lines. The polynome of the ninth decree above repre- 
sented by JR, can therefore in 320 ways be combined with 
the polynome / of the basis, so as to break up into linear 
factors. An easier survey of the 27 lines of the basis / may 
be arrived at as follows. We have 



2 (uvw -f xyz) = 



u x 
y v 
w z 



= 0, 



this equation by linear combinations of the lines and columns 
may be exhibited in the more general form 

= 0, 



»•. 


', 


t 


r', 


'', 


t 


r", 


'", 


t" 



where all the elements of the determinant are linear functions 
of «, t?, to, x, y, z. Hence every point determined by a 
system of equations such as 

jp=ar+/&+y*=0, /=a'r+/S's+y7=0, p' Wr+£"*+y"*=0, 
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will lie on the basis, and conversely the ratios a : ft : 7 
may be determined for a given point of the basis. But if 
the condition is imposed that the polynomes Pjp',p" shall be 
connected by an identical equation, such as *p + ic'p -f ic'p" = 0, 
in other words, that the three planes shall intersect not in 
a point but in a line, we arrive at the; condition that all 
the determinants of a rectangular matrix. with three hori- 
zontal and three vertical lines, the elements of which are 
all linear homogeneous functions of a, £, 7, vanish. It is 
then clear that mis problem has six solutions. If we assume 
for example that ftp + tc'p' + *V ' = is an identical equation, 
the equation of the basis may be exhibited in the form 



0, *5 + *V + *V, Kt + K't' + K'T 



= 0, 



which shows that each line ( p = 0, p' = 0, p" = 0) corresponds 
to a line (2*r = 0, 2** = 0, 2,/ct = 0) which it does not intersect. 
But if a, £, 7 belong to a different solution, and the cor- 
responding polynomes are denoted by j, q\ q ', then we have 



s* ? , 


Iks, 


s*« 


s', 


»', 


f 


f, 


n 

8 » 


t" 



= 



for the equation of the basis, and it is clear that now the 
two lines (2*2 = 0, j' = 0) and (2*j = 0, 2*5 = 0) intersect, 
since the systems have in common the equation 2*0 = 0. 
Each of the six lines represented by a system such as 
(^p = 0, y = 0, p"=x 0) intersects all the five non-corresponding 
lines given by a system such as (2*r=0, 2*5 = 0, 2#rf = 0), 
and only the two corresponding lines do not intersect. I call 
such group of 12 lines of the basis a " double-six.' 1 It is 
clear that no two lines belonging to the same six intersect. 
The number of all the double-sixes is 36. For since each 
line is intersected by 10 other lines, there remain 16 lines by 



which it is not intersected. There are therefore 



27-16 



= 216 



iiairs of lines which do not intersect. Through one of the 
ines of such a pair pass five lines which do not intersect 
the other line of the pair; this other line and the five lines 
form together a six, and these completely determine the 
other six of the double-six. But of such pairs of corre- 
sponding lines as the first-mentioned pair there are in the 
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double-six only 6; consequently — = 36 is the number of 

the double-sixes. 

If now we start from the equation 

o, 



o, 


w, 


X 


y> 


o, 


V 


to, 


*» 






we have at once three solutions of the problem, to make 
the polynomes fiu + yx, ay + yv, aw + fie dependent on each 
other, namely 08 = 0, 7 = 0), (a*=0, 7 = 0), (a = 0, /8 = 0); 
the other three are obtained as follows : Suppose that 

K[0u + yx) + K 1 [ay + yv)+a" {aw + fiz) =0 

is the identical relation between the three polynomes, and 

Au + Bv +Cw + Dx + Fy + Fz = 

the general identical relation, where A, &a are to be con- 
sidered as linear functions of a single disposable quantity. 
We must therefore write 

A = k^ B=k'v, CW'a, 2> = *7, jE=*'<x, F=k'% 

which give ABO*= DEF. This equation admits, as we know 
already, of three solutions. And preserving the former no- 
tations, we thus arrive at the double-six 



/us, tw?, wy 1 Z, T 9 V'\ 
*t?y, WZ, UX, n, »', n"/ 



where no two lines of the same horizontal row and no two 
lines of the same vertical row intersect, but any two lines 
otherwise selected do intersect. 

By means of the double-sixes we arrive, as already 
noticed, at an easy survey of the 27 lines and 45 planes of 
the basis. For represent a double-six by 



( a » ««> a a a * <*«> «.\ 
\*i> Ki Ki Kj hi b J 



the two intersecting lines a 9 b % belong to a triangle which 
I represent by 12 and its third side by c 18 . This third side 
c ls forms with a 9 , b } a triangle which I represent by 21. We 
have thus fifteen lines c, each of which intersects only those 
four lines a, J, the suffixes of which belong to the pair 
of numbers forming the suffix of the c. And any two c's, 
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the suffixes of which have a number in common, do not 
intersect ; but two c's, the suffixes of which have no number 
in common, do intersect. There are consequently triangles 
such as c lt , c^, c M which may be represented by (12, 34, 56), 
where as well the numbers inter se of each pair, as the three 
pairs inter se, may be permuted. We have therefore 30 
triangles such as 12, and 15 triangles such as (12, 34, 56), 
in all 45. Finally there are 10 trihedral pairs such as 

(12) (23) (31) +(13) (32) (21) 

(45) (56) (64) + (46) (65) (54) 

(14,25,36)(15,26,34)(16,24,35)+(14,26,35)(16,25,34)(15,24,36) 

and 30 trihedral pairs such as 

(35) (46) (12, 36, 45) + (36) (45) (12, 35, 46) 

(51) (62) (16, 25, 34) + (52) (61) (15, 26, 34) 

(13) (24) (14, 23, 56) + (14) (23) (13, 24, 56) 

The double-sixes give rise to the remark that there is here 
exposed to view an apparently very elementary theorem 
which may be thus enuntiated: " Drawing at pleasure five 
lines a, 6, c, rf, e which meet a line F, then may any four of the 
five lines be intersected by another line besides F. Suppose 
that Aj B, (7, Dj E are the other lines intersecting (J, c, a, e), 
(c. rf, c, a), (rf, «, a, i), (e, a, 6, c), and (a, J. c, d) respectively. 
Then A, J5, (7, D are mtersected by the line e ; there must 
be another line f intersecting these four lines, and this line 
will of itself intersect the remaining line E\ i.e. there will 
be a line / intersecting the five lines A, B, <7, Dj E" Is 
there, for this elementary theorem, a demonstration more 
simple than the one derived from the theory of cubic forms? 

When the equation of the cubic surface referred to a real 
system of coordinate axes, has all its coefficients real, it is 
easy to see that the surface will be real. The question how- 
ever arises, how many of the 27 lines and 45 planes may be 
imaginary? The complete investigation would be tedious, 
and I content myself in giving a mere survey of the species 
into which the general surface of the third order divides 
itself in regard to the reality of the 27 lines. There are 
only the five species following: 

A. All the 27 lines and 45 planes are real. 

B. 15 lines and 15 planes are real. The twelve imagi- 
nary lines form a double-six, where each line of the one six 
is conjugate to the corresponding and therefore not inter- 
secting line of the other six, wherefore none of the imaginary 
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lines have a real point. Any two pairs of corresponding 
imaginary lines are intersected by a real line ; and as many 
ways as the double-six can be divided into thrice two such 
pairs, in so many ways do the corresponding real lines form 
a triangle, viz. there are fifteen real triangles. 

C. 7 lines and 5 planes are real: namely, through a 
real line there pass 5 real planes, but of these three only 
contain real triangles, in each of the other two the triangle 
consists of the original real line and two imaginary lines 
meeting in a real point. 

D. 3 lines and 13 planes are real : namely, there is one 
real triangle, and through each side there pass (besides the 
plane of the triangle) 4 real planes. 

E. 3 lines and 7 planes are real : namely, there is a real 
triangle, and through each side there pass (besides the plane 
of the triangle) 2 real planes. 

With respect to the reality or non-reality of the six linear 
polynomes in the expression uvw + xyz, wnich is equivalent 
to a given cubic polynome with real coefficients, the follow- 
ing 13 cases have to be distinguished. I call them forms 
of the trihedral pair uvw + xyz = 0, and I shew in the follow- 
ing enumeration to which species of cubic surface each form 
belongs: instead of linear polynome the word plane may 
be used. 

1°. All the six planes of the trihedral pair are real. This 
form occurs only in the species A and B. 

2°. u and x, v and y, w and z are conjugate to each other ; 
that is, the two trihedrals of the pair are imaginary and con- 
jugate. In B and 0. 

3°. ti, v, 10, x are real, y and z conjugate. In D and E. 

4°. u and x are real, v and w 1 and y and z conjugate to 
each other. In C and K 

5°. u and x are real, the four others imaginary, but no 
two of them conjugate : but v and w have their real line in 
x, and y and z their real line in u. (Every imaginary plane 
contains of course a real line). In B and U. 

6°. u and x are real, the four others imaginary and no 
two of them conjugate: and u alone intersects y, z in real 
lines. In C and E. 

7°. u and x are real, the four others imaginary and not 
conjugate. Neither u nor x have a real triangle. In D 



and 

8°. u and x are conjugate, the four others are imaginary 
and not conjugate ; v and y have a real point in common, 
and so have w and z. In C and E. 
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9°. u is real, the five other planes are Imaginary and not 
conjugate, u intersects a? in a real line, and y, z in conjugate 
lines. And y alone has with each of the planes v and to, a 
real point in common. In E. 

10°. All the six planes are imaginary and not conjugate ; 
u and x have in common a real point, v and y a real line, 
and u? and z a real line. In G. 

11°. All the six planes are imaginary and not conjugate, 
each plane of the one trihedral has in common with each 
plane of the other trihedral a real point In D. 

12°. All the six planes are imaginary and not conjugate; 
u has in common with x a real point, and also with y, and 
also with z ; moreover x has a real point in common with v y 
and also with w. 

13°. All the six planes are imaginary and not conjugate ; 
u has a real point in common with &, and so also v with 
y, and w with z. In E. 

If in any one of these thirteen forms the particular com- 
plete character of each of the six linear polynomes is repre- 
sented explicitly, and then the transformation is undertaken 
of this form into another trihedral pair, it often happens that 
a root of the cubic equation which has to be solvea for this 

SMirpose can be rationally represented by the constants of the 
brm without the necessity of extracting a cube root. Two 
trihedral pair forms thus easily transformable the one into 
the other may be termed equivalent; when the one of them 
presents itself in any two species of the surface, the other 
also presents itself in the same two species. It is only the 
two other roots of the above mentioned cubic equation 
ABC—DEF which decide, according as they happen to be 
real or imaginary, to which of the two species the surface 
belongs, ana they give rise to a transformation complicated 
with a square root; trihedral pairs thus transformed into 
each other, on account of the possible transition from one 
species into a different one, I call non-equivalent; the more 
so that the discussion of the one form does not render un- 
necessary that of the other. In this sense 

The forms 2°, 5° are equivalent and occur in B and CL 
" 4°, 6°, 8° " " Candid 

" 3°, 7° " " D and JEJ 

" 9°, 12°, 13° " " E, 

while, on the contrary, the following forms are each of them 
isolated, viz. 1° in A and 5, 10° in C7, and 11° in D. 

The forms of the triads of trihedral pairs arrange them- 
selves as follows : 
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The Relation beticeen the distances of a 



A has 40 triads (1, 1, 1). 

B has 10 triads (1, 2, 2) and 30 triads (5, 5, 5). 

C has 4 triads (2, 2, 4), 12 triads (5, 8, 8), and 24 triads 
(6, 10, 10). 

D has 16 triads (3, 11, 11) and 24 triads (7, 7, 7). 

E has 2 triads (4, 4, 4), 4 triads (3, 13, 13), 6 triads 
(7, 8, 8), 12 triads (6, 12, 12), and 16 triads (9, 9, 9). 

In conclusion I remark that the double-sixes play a part 
in the theory of the nodes of a cubic surface. I call "node" 
any point (u>, x, y^ z) of an algebraical surface /(«?, a?, y, z) =0, 
for which Df= is satisfied for all values of the four elements 
of the differentiation system D, and " proper node" a point 
at which the cone of the second order represented by iff = 
does not break up into a pair of planes. If a surface of the 
3 rd order /=0 has a proper node (w, a, y, «), then the six 
lines passing through such node and represented by the 
equations Zrf=0, &f=0 form a double-six, in which each 
two corresponding (non-intersecting) lines of the two sixes 
coincide. 



NOTE ON THE RELATION BETWEEN THE DISTANCES 
OF A STRAIGHT LINE FROM THREE GIVEN POINTS. 

By N. M. Febrebs, Gonville and Caius College, Cambridge. 

TN Salmon's Higher Plane Gurves x Art. IX., p. 10, an in- 
vestigation is given of the relation existing between the 

tangential coordinates of a straight line, that is, between its 

distances from three arbitrarily chosen points. 

The result is there arrived at through the intervention of 

Cartesian coordinates, but it appears desirable to place the 

system of tangential coordinates on an independent basis, and 

therefore to supply a proof of the relation in question not 

depending op any other system. 
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Let A, B, C be the three points of reference, PQ any straight 
line, draw AD, BE, CF, severally perpendicular to PQ. 
Then, in accordance with the convention with respect to the 
use of the negative sign, if AD be considered positive, BE 
and OF, lying wholly toithout the angles ABC, ACB respec- 
tively, will be negative. Let then AD = a, BE = - £, 
CF= - 7. Through A draw E'F parallel to PQ, produce 
BE, CF to meet EF in E\ F respectively, then 

BE'=-(/3 + a), OF = -(7 + a). 

Bisect the angle BAG by the straight line AO. and let 

Let BC = a, CA = b, AB = c. 

Then -^i? = ^ = 8ULBJ^' = cosJR42) = co8(j+«V 



Similarly - 1+f! . oo. (j - *) , 



therefore 

2cos| V 




2sin- 






therefore, adding squares and simplifying, 

1 f Qg + tt)' (7+«)' ) _ 2cos^ (fl + g)( y + g ) _ # 
sin*-4l c* + 6' j sinM 6c " ' 

therefore 

* 2 (i8+a) JI + c 8 (7 + a) 2 -2Jccos-4(/8 + a)(7 + flt)-JVsinM, 

orJ»()8 + a) i + c ,, (74a)*-(6 2 + o»-a , )(/9 + a)(7-ha) = 4^, 

iT denoting the area of the triangle ABC) a result which 
may be put into the symmetrical form, 

which is substantially identical with that given by Mr. 
Salmon, in the article above referred to. 
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FACTORIAL NOTATION. 
By H. W. Elphinstone, Trinity College, Cambridge. 

T<he object of the following paper is to call the attention of 
Mathematicians to the advantages of the Factorial Nota- 
tion. This notation has, according to Professor De Morgan, 
met with little attention in England. The only English 
works in which I have found it made use of are Professor 
De Morgan's Differential Calculus; Nicholson's Essays; 
and a paper in the Cambridge Transactions, by Henry 
Warburton. It seems surprising that this notation should 
have met with such universal disregard, for it is useful not 
in Elementary Algebra only, but it plays a part in the Cal- 
culus of Finite Differences, similar to that which the notation 
of Indices does in the Differential Calculus. 

1. Definition. The product of any number of factors in 
Arithmetic progression is called a factorial, and is expressed 
by the following notation : 

x(x+a)...{x + (n-l)a}=x n \ a 

in which x the first factor is called the base, n the number 
of factors is called the factorial index, a the common dif- 
ference between the factors is called ihe factorial difference. 
It follows from our notation that 

x [x — a) ... [x — (n — I ) a] = x m | "*. 

x*\~ l x n \ l 
Fractions of the form -^ny , -syr occur frequently in 

analysis, and may be called divided factorials. 

2. Reduction of factorials with a difference ± a to a dif- 
ference ± 1. 

x n \*" = x{x±a) (x±2a)...{x±(n-l)a] 



-»•©" 
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Since all factorials may in this manner be transformed so as 
to have a difference ± 1, I shall generally confine my atten- 
tion to factorials of the form x*\ n . 

3. In the factorial x n \ tl suppose that the common diffe- 
rence has a different sign from x the base, and that n is 
numerically greater than x, there will be a factor equal to 
zero, so tnat the whole factorial will be equal to zero. 

There are various other properties which will suggest 
themselves very readily; or they may be found in "A 
Treatise on Factorial Analysis, &c," by Thomas Tate. But 
as I only desire to explain the factorial notation, I shall not 
dwell upon them. 

4. Basic Transformation. Divided factorials with a posi- 
tive difference may be made to undergo a transformation 
which is very often of the greatest use. 

*T _ r-T.*Y _ l^l 1 
iT~ i^TiT " i-MMT 

_ (n + ir l \ l 

Hence the rule. Take the index increased by unity for 
a new base, and the base decreased by unity for a new index. 

The difficulty that occurs in remembering this rule is to 
remember which of the two, the index or base, is diminished. 
This can be done by noticing that the new denominator of the 
fraction consists of the missing factors of the old numerator. 

When the common difference is negative the formula is 
not so simple, for we have 

._ (»+irr 



TT r "~iT.i~T~ i~T 

As an example of this transformation we may reduce the 
coefficients in (l + as)~* to a common denominator. 
For 

(i+*r-i-«+^rf-...+(-i) r ppV+fa. 

K2 
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5. To interpret a factorial with a negative index 

\l — X I. 



X 

•I 



t c-i+m | x 



"l•^l^(»-l + m)•|" 1, 
or putting m = 0, 

l** 1 ! 1 1 



1 



1 



(»-l)T 

»|1 



, r-m-Mt 1 1 j 

therefore afV 1 - ppqi - ^y^i • 

Hence the rale. A factorial, with a negative index, is 
equal to the reciprocal of a factorial, whose base is the 
original base increased or diminished by unity according as 
the common difference is negative or positive, and whose 
index and common difference are those of the proposed 
factorial with changed signs. j 

Observe the analogy to the expression of* = -* . 

X 

These two expressions may also be put under the forms 

-n,t _ 1 

X ' -(tt-n)T' 
1 



• 1-4 « 



If, instead of making ra equal to zero, we put m = «, we 
shall have 

1 aj-i+it-* 1 1 

^.oii t L = i 

which may be compared with the expression x°= 1. 

6. The analogy between factorials and powers is no 
where seen more distinctly than when we proceed to take 
their differences. 

^\ l = [x+l) n \ l -ar\ x = (x + l)~*\ l (x + n-x) 

«n(* + l)-T, 
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Hence the rule. Multiply by the index, subtract unity from 
the index to form a new index, and if necessary add unity to 
the base, so that the highest factor may remain what it 
was before. 

J_ _ t 1_ _ 1 / 1 1\_ -n 

x n \ l ~ (x + l) n \ l x n \ l " (tt+ir 1 ! 1 U + n x) ~ aT 1 ! 1 ' 



"Zr*-{x+i) n r~ x*r 

_ 1 / 1 _ 1 \ _ -n 

— a?*" 1 !" 1 U+l *-n+l/"(a+l) ,H1 l" 1 ' 

Hence the rule, multiply by the index with changed sign, 
add unity to the index: and if necessary, add unity to the 
base, so that the lowest factor may remain what it was 
before. Compare these formulas with 



d n *-i 


d 1 n 


a% X = nX ' 


dx x* ~~ x** 1 



The difficulty in remembering these rules, is to remember 
in what case the base remains the same. This can be done 



by noticing that the most important factor, i.e. the greatest 
scT 1 and the 1< 
We shall have 



in 2*1" and the least in -yra is retained in each case. 



A(a-irT =(n+l)*V; 

therefore 2 x n I * = -i-(» - lY* 1 1 l , 

n-f l x ' 7 



therefore 



AaT*r =(n+l)a ? *r l , 



therefore 2 



therefore 2 



afT ~ x'\ l ' 

1 -1 1 



1 _-(»-!) . 

(aj-l)- 1 !" 1- x'r 1 "' 
1 -1 1 



5T l ~»-l (ar-lpr* 
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The rules are. To find the finite integral of a:* I 11 , increase 
the index by unity for a new index, and divide by the index 
so increased, diminishing the base by unity if necessary, so 
that the greatest factor may remain the same. 

To find the integral of -i^b subtract unity from the index 

x I 

for a new index, divide by the new index with its sign 
changed, diminishing the base if necessary, so that the least 
factor may remain the same. 

As in the former case, we may observe that the most 
important factor is retained unaltered. 

Compare this with 

7. Let A' denote the difference taken with respect to n. 

TH.n A'*"' 1 V fetid 1 

(n + 2)— I 1 
l 1 " 8 1 1 

(g-ipi 1 



l" 



- S T*~P 



a curious formula shewing that the operations A' and 2 
are equivalent. 

8. Suppose that 

E=l + A. 
Then E"f{x) = (1 + *)"/(*), 

^l+mA + ^A' + fc)^), 
similarly, /(a? - m) =/(a?) - mAf(x) + ^ft ^y («) - &c, 
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or putting x = 0, 

/W-/(o)+«Af(o)+?pP Ay(o)+&c, 

/(-m)=/(0)-mA/(0)4^l r 1 Ay(0)-&c., 
known formulas analogous to those of Taylor and Maclaurin. 

9. We can also obtain -other expressions for /(a;) in 
terms of m r \ n . 

For since A = ,E-1, 

and A = - . 

It follows that 1 = 2" (E- 1)", 

1 -A"(Z-1)-, 

from these foar expressions we get 

/(*) = S-/ (**m) - »nS"/(a>+7»-l) + ^Jr 2"/ (x+m-2) - &a, 

/(x) = A"/(x-to) + TOA"/(a-m+l) + ^ A m f{x+m-2) +&c., 

/(*) =/(» + •») - »»A/(a: + »») + ^ Af(x + m) - &c., 

/(«) =/(» - «i) + mAf(x - m) + -pp- Ay (a? - «i) + &c. 

Expressions for f(x) in terms of the factorials of some other 
quantity m. 

10. The formulas of Art. 8 afford an easy proof of the 
binomial theorem of factorials. 

Expanding the left-hand side of the following equations 
by those formulas we have 

(x + m) n \ i = x n \ l ^n(x+irrm + ^{x + 2)^\Wr l + 
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i 



„*!-» 



(x + m)T l = x'\- 1 + « ! r-T , m+ B ^r^lVr+... 
( Z -m) , | l =/l , -n(a+iri 1 «t + ^ 1 ( ! t+2n 1 '«T-&c, 

+(-i) r ^(«-H-rM i +&c, 

+ (-l)'^pa^|-W| I +4 B . 

11. Let v denote 1 - E~\ a difference used by German 
writers. Then v 1 i* the function generally denoted by & 
And we have 



vxy 


= *T- 


-(*- 


1)T 








-aM' 


{as + n-1 


-(« 


-i)} . 




= naT l 


1', 








Sx n \ l 


1 

n+1 


a:"" 


1 


• 




vx n r 


'-a/T 


-(ar- 


-i)"r 


•l 






= (0!- 


lpl 


->- 


(«- 


»)} 




= n (a?- 


-irr 






&b"\-> 


i_ ,1 


frE + 


,\«.ii- 


i 





Formulas that are occasionally of use. 

I have now, I hope, written enough to call attention to 
the Factorial Notation. I hope at some future time to make 
a communication to the Journal, containing some other pro- 
perties of Factorials. 

Trinity College, H. W. E. 

May, 1867. 
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ON A PROPOSITION IN ATTRACTIONS. 

By E. J. Routh, M.A., St Peter's College, Cambridge. 

TET a number of particles w^... attract another particle P 
with forces which vary inversely as the n + l to power 
of the distance, and let 

then, if dV be the difference between the value of V at 
any point P, and that at an adjacent point P, where PF = <&, 
the attraction on P resolved in the direction PF is the 
limit of 

n dx * 
excepting when n = 0. 

For let m be one of the attracting particles and let 




mP=r, and 0=the angle mP makes with PF y then ulti- 
mately, mP = r + dx cos 0. And the increase of F, so far 
as it depends on m 1 will be 



coau.ndx] 



."+i 



(r + dxcoaO)" r n r 

- „ 1 rfF _ w cos# 

therefore - -j-= — 2. — »«- 

n ax r 

= resolved part of the force in the 
direction PP. 
This quantity Fis called the potential at P. 

Def. Let two surfaces -4, A' be so connected with an 
external point A that if any radius vector 8PF be drawn, 
cutting them both the product SP. 8F is a constant quantity 
**, then we may call these surfaces reciprocal surfaces, and 
the points P, F reciprocal points. 

Prop. To compare the attractions of two reciprocal bodies 
on two reciprocal points. 

Take any two reciprocal points F, Y' not on the surfaces, 
then 8Y. Si = **. Let us compare the values of the poten- 
tials ,F, V of the two surfaces A, A' at the two points Y, Y\ 
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130 On a Proposition in Attractions. 

With vertex S describe a cone cutting off from the surfaces 
two elementary areas P#, FQ. Let the law of density 
over the two surfaces be represented respectively by 



SP 



and -~v?. 
SP' 



and let the law of attraction be 



mass 



(dirt)* 




areaPfl \ m 
™ potential of PQ at Y PY n ' SP" 

lhen potential of F Q at Y " areaPff \^ ' 

FY m ' SP" 

But because SP.SF = tt = SQ.SQ the triangles PSQ, 
QSF are similar, and therefore 

area PQ _ SP* 
sre*FQ~ SP' 2 ' 

Again, Pand Y being any two points, and P^ Y' the re- 
ciprocal points, the triangles SPY, SY'P are similar; and 

. ■ PY_SY_ J 

tneretore p~ r Y'' — op> ~~ ap' av"' • 

Hence substituting, the ratio of the two potentials becomes 
SP* SP m 8F" 



SF*' SY*' SP 



».X' 



qjy* |m-H»»'+*-4 

*r~*.SY n ■* 



Hence, provided wi + wt' + n = 4. this ratio is constant, and 
the same for all the elements. Hence, for the whole surfaces, 



Fof^atF X^ 1 



Fof^'at Y' *T-** SY n ' 

Thus, when the potential of one surface is known, that of 
the other may be found. 
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On a Proposition in Attractions. 131 

If instead of comparing the potentials of the surfaces we 
wish to compare those of the volumes, the mode of proceeding 
will be the same as before. 




Take two reciprocal elements PQB } P f QB as before, 

vol QR \ m 
potential of P Q at Y PY n ' 8P m 

potential of P' Q at Y' vol QR \*~ ' 

P'Y m ' SF" 

and because SP. SP' = constant, differentiating 

SP.d{SP') + SP'.d(SP) = 0, 

or SP.P'R' = SP'.PR } 

and, as before, the areas PQ> PQ are in the ratio SP* : &P", 
hence 

vol PQ _ SP 9 

volP'#~£P' 8 > 

and the ratio of the potentials will now be found to be 

hence, provided m + W + « = 6, this ratio is constant, and 
the same for all elements, and therefore for the whole volumes ; 

A - Fof^atF 

therefore 



F'of^'at F'~ *T*' 8Y n ' 

If instead of surfaces or volumes we wished to compare 
the potentials of two arcs A, A', then we may prove, in 
the same way, that provided w + w' + n = 2, 

Fof A 9i Y _V~" 1 

V of A at F'~ **"-" ' #F" ' 

From these results we may infer the two following 
properties. 

1. If the potential of an arc, surface, or volume A be 
constant (= V Q ) the density being supposed to follow the law 



Digitized by LjOOQ 1C 



132 On a Proposition in Attract ions, 

qptms j then the potential of the reciprocal arc, surface, or 

volume will be the same as that of a certain mass M collected 

at Sj provided the density follows the law -Hpa where 

m + rri -t- n is either 2, 4, or 6, according as the bodies con- 
sidered are arcs, surfaces, or volumes. 

2. If the potential of an arc, surface, or volume A' be 
the same as that of a certain mass M' collected at a point (7, 
then the potential of the reciprocal will be the same as 
that of a certain mass M collected at 0, where 0, O are 
reciprocal points. And this mass M may be found thus. 
By the previous formulae, 

v a Tr_*~* M ' l 

V Or «d. On X — >im _^ . ~, y,» . ~qyn 

M' SY* 1 



therefore Jf= 



**"-'*• OY*' O'S*' 8Y n > 

x^.M'.sor 



1 



where p is either 2, 4, or 6. 

In the following applications of these two theorems it 
is to be understood that the law of attraction is the inverse 
square. 

Theorem. The potential of a spherical shell of inde- 
finitely small thickness, whose density varies inversely as 
the cube of the distance from the centre at an internal 

4tt\ 8 
particle, is constant and equal to — 5- where a' is its radius. 

a 

Reciprocal Theorem. The centre being the pole, the 
reciprocal of such a surface is a homogeneous spherical shell, 
and therefore, the potential of a spherical shell at an ex- 
ternal point is the same as that of a certain mass collected 

at its centre. And this mass is — z — «- = ^ira* which is 

k a 

the mass of the shell itself. 

Theorem. The potential of a homogeneous spherical 

surface of radius a' at an internal particle Y 9 is constant 

and equal to Aird . 

Reciprocal Theorem. Take the pole 8 either within or 

without the shell, it is easy to see that the reciprocal surface 

of a sphere is another sphere. Therefore the potential of 
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a spherical surface whose density varies inversely as the 

cube of the distance from a point 8 at another point Y, 

separated from 8 by the attracting surface, is the same as 

that of a certain mass collected at 8. 

\ 8 
This mass is -= . lira. For let c be the distance of 8 

K 

from C the centre of the sphere A. Then 8 being the centre 
of similitude of the two spheres, if ** be taken equal to 
the rectangle of the segments into which a chord from 8 is 
divided by either sphere, i.e. equal to ±{c* — a*) the two 
spheres become identical, and therefore the mass collected 

q_ 47r\ 8 a 
at *- ± (c 8 -aV 

Theorem. The potential of a spherical surface of uniform 
density and radius a on an external particle is the same 
as that of a mass Anrd* collected at its centre. 

Reciprocal Theorem. The potential of a spherical surface, 

whose density varies inversely as the cube of the distance 

from a point 8 1 on another point Y on the same side of 

the attracting surface as &, is the same as that of a certain 

mass collected at a point 0. 

X 8 
This mass is — . SOAira'*) and is given by SO. SC= tc* y 

if then we take as before ** = ± (c* — a 51 ) we find 

.-. 47r\ 8 a a 
M= —7-5 57 - 

and CO.CS=a\ 

It may be readily shewn that the actual masses of the 

shells in the two last theorems are -* — 5 or -= -„ . - 

a—c c ; — a c 

according as 8 is internal or external. 

Theorem. The potential of a spherical shell formed by 
two spheres, whose radii are a', V and the distance between 
whose centres 0/ O f 9 is f 1 at an external point Y' is the 
difference of the potentials of the two masses £ ira! 9 and frrb'* 
collected respectively at 0/ 8 \ 

Reciprocal Theorem.* By properly choosing f we can of 
course make the two reciprocal spheres concentric. Therefore, 
the potential of a spherical shell bounded by two concentric 
spheres whose radii are a, b and whose density varies in- 

* When *c* is taken equal to c* - a*, a sphere and its reciprocal become 
identical, and the geometrical construction becomes very simple. If 
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versely as the fifth power of the distance from a point 8 at 
a point Y on the same side of the attracting mass as 8 } is 
the difference of the potentials of two masses collected re- 
spectively at O x O t . 

These two masses are respectively — g- 1 . - ird* and 

— Zfi~* • q iro ' i ' ^7 drawing a figure, and considering the 

similar triangles it will be seen that if C be the common 

centre, 

an SC-a* , , ** 

80 > 8C~ BXiiaz:za '8G ir ^?' 

Qn SC*-b* . ., . * 

and the masses are therefore 

4\V.a 8 , 4XVJ 8 

and 



S.SC.{SC*-ay muM S.BC.{BC*-Vy' 
and the points O x % may be found by 

CO^CS^a*, CO, CS=b\ 

Theorem. The potential of a homogeneous spherical shell, 
formed as before by two eccentric spheres at an internal 
point r, is equal to 2ir(a" - i' 8 ) - f *•( 0/ F' 8 - 0, f F 8 ). 

Reciprocal Theorem. The potential of a spherical shell, 
formed as before by two concentric spheres and whose density 
varies inversely as the fifth power of the distance from a 

any two spheres APP, A QQ' be described touching the given sphere 




in A, where SA is a tangent, then it may be easily shown that the 

potential at Fof the element PQ whose density is =^ bears a constant 

ratio to that at V of the element FQ' whose density is unity; hence 
the potential at Y of the whole sphere with variable density bears 
a known ratio to the potential at Y of the same sphere supposed 
homogeneous. 
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point 8 on a point Y separated from 8 by the attracting 
mass, is 



_2ir\ b ( a* , b* } 

~ ST •((<?-- a*) 2 (c a -i*) ( 



2ttX 8 
3.SY 



[OJ^ C* OJ* c 2 } 

\(c*-a*y ' SF 2 (c*-5 2 ) 2 £r*j ' 



_ 27rX 6 (a a -y)(c 4 -a 8 y) J_ 

" (c*-ay (c 2 -6 2 ) 2 # £r 



27TXV 

3 



f O x Y* OJ* ) 1 
l(c 2 -a 2 ) 2 (c 8 ~i , ) 8 j -/gr 3 * 



We may find the attractions of other surfaces besides 
spheres. For example, the potential of an ellipsoidal shell 
at an internal point is constant, whence taking 8 at the 
centre, the potential of the surface of elasticity, the density 
varying inversely as the cube of the distance from the centre 
at an external point, is the same as that due to its whole 
mass collected at its centre of gravity. 

We can put these results of the two theorems in page 
(132) into a more convenient shape. Let N, N' be the 
masses of the two reciprocal bodies, then, by the same sort 
of reasoning as before, 







6N' 








.:N 




(1) 


In the first 


case the mass M collected at 8 






= 


-pi^ . F ', and therefore 




M 




constant potential 



N actual potential of whole mass at 8 ' 

If therefore we can choose Y' to coincide with S, this 
ratio is unity, and therefore the mass M collected at 8 is 
the actual mass of the body. 
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(2) In the second case, the mass if collected at 

M'.\' 






• -= APT potential at 8 of if collected at O 
" N ~ f dN' ~ actual potential at 8 

](SPf 

If then, as before, we can choose Y to coincide with S, 
this ratio is unity, and therefore the mass collected at 0, 
the reciprocal of & y is the actual mass of the reciprocal body. 

If the point Y' can be chosen to coincide with 8 } then 
Y can be taken at infinity, and it follows therefore that if 
the potential at a point X that can be taken very distant 
be the same as that of a mass M collected at a point 0, 
then M is equal to the mass of the body. It may also be 
shown in a similar manner that this point is the centre 
of gravity of the body. The following investigation will 
put this in a clearer light. 

Take for origin, and let OY=c and OP the distance 
of any particle dm at Pfrom 0=r, and let the angle PO F=0, 
then 

r=( *? s 

; (o a - 2crcos0 + r*) t 
[dm r, r cos0 n {. AX r* cos*0 r*) 1 

=M i+n — + 2F +2 >-? — ?} + -J' 

We have to determine under what circumstances this can be 
put into the form 

a constant + -« , 

equating the coefficients of the several powers of c, we have 

M=Jdmj 
whence M is the mass of the body. Also 
fr co* dm = 0, 

except when n « — 1 , and then it will be sufficient to equate it to 
a constant. In the first case, it follows at once that is the 
centre of gravity. In the second case, since the line Y is 
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quite arbitrary, it is easily seen that the equation cannot be 
satisfied unless the constant is zero, and therefore we infer the 
same conclusion as before. Again 

(n + 2) /r 8 cos* dm -fr*dm = 0, 

except when n = — 2, and then it will be sufficient to equate it 
to a constant. Taking Y in the axis of x this becomes 

(n + 1) fx*dm =fy*dm +fz*dm } 

and similarly taking Y in the axes of y and #, we get 

(n 4 1) fy*dm=fz*dm + jx^dm, 

(n + 1) fz*dm =fx*dm "\-Jy 9 d?n y 

and these three equations cannot coexist unless w = — 2, or 
n = 1 and the three integrals equal. 

In the former case the law of attraction is as the distance, 
and we have, in all cases, 

V=Sr*dm + c*jdm 

= constant + potential of M collected at the centre of gravity. 

In the latter case, the law of attraction is as the inverse 
square of the distance, and the potential can only be the same 
as that of a mass M collected at the centre of gravity when 
that point is such that every axis through it is a principal 
axis. 

In a similar manner we can determine in what cases the 
potential at an internal point is constant ; as before 

dm 



H 



(c 8 - 2cr coz0 + r*f 
[dm T c CO80 n (, . c a cos 2 c 2 ) , 1 



c 



expanding in powers of - because c is now leps than r. It 

may similarly be shown that this cannot be independent of 
c unless n = 1, that is, the law of attraction must be inversely 
as the square of the distance. 

When the force of attraction varies as the simple inverse 
power of the distance, then n = 0, and the potential of an 
attracting mass takes a different form ; but in this case the 
quantity we have called V becomes the mass of the body, 
and therefore the reciprocal theorems, though they no longer 
VOL. II. L 
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apply to the attractions of spheres and other bodies, will still 
enable us to find their masses when their density varies as 
some power of the distance from a point. 

Theorem. The surface of a sphere of radius a is kira* 
and its volume is $7ra". 

Reciprocal Theorem. The surface of a sphere of radios a, 
whose density varies inversely as the fourth power of the 

distance from a point, is . a — a - M , and the volume of a sphere, 

whose density varies inversely as the sixth power of the 

distance from an external point, is , 8 -- a . 8 . 

Many other theorems may be established in a similar way, 
but as the volume and surface of a sphere, whose density 
varies as any function of the distance from an external point, 
may be found more easily by another process, such methods 
are comparatively useless. For instance, by dividing the 
spherical surface into circular elements whose planes are 
perpendicular to the straight line joining Y and the centre, 
it may be shown that the surface of a sphere whose density 
varies inversely as the n m power of the distance from Y, is 

27ra 



or 



na X* ( 1 1 \ 

c n-2J^»-*-^-}> 

2ira X" f 1 1 \ 

rr 



n-2 



{a — c\ a + cl 



according as Y is external or internal to the sphere. 



GEOMETRICAL THEOREM. 
By the Rev. Joseph Wolstenholme, Christ College. 

1. THE circle passing through the middle points of the sides 
of a triangle passes also through the feet of the per- 
pendiculars let fall from the angular points on the opposite 
sides. 

For if ABC be the triangle, abc the triangle formed by 
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joining the middle points of its sides, and CF perpendicular 
• to ABj join Fa : then a being the middle point of the hypo- 
thenuse of the right-angled triangle CFB, aF= oJS, 

LaFB = LaBF. 

But abcB is a parallelogram ; 

therefore L aBF = L a Jc, 

L aFB = L abc, 

labc + L aFc 

equals two right angles, or the circle circumscribing abc will 
pass through F: and similarly through the feet of the per- 
pendiculars from A, By on BC y CA. 

2. This circle also bisects the straight lines joining the 
angular points to the point of intersection of the perpen- 
diculars from the angular points on the opposite sides. 

For let AD, BE 7 CF the perpendiculars meet in rf, and 




let Cd be cut by the circle in c r ; and join c'D, Fa. Then 
JLaDc' = L aFc' in the same segment 

= LaCF, 

because a is the middle point of the hypothenuse of the right- 
angled triangle CFB. 

Hence Dc = Cc , and since CDd is a right angle, a 
circle with centre c' and radius c!G or c'D will meet Cc 
again in rf, or cd = c'C, and Gd is bisected by the circle. 
Similarly for Ad, Bd. 

Hence d is the centre of similarity of this circle and the 
circle circumscribing the original triangle; and any straight 
line drawn through d and meeting the two circles will be 
bisected by the inner circle. 

Moreover, since A, B y (7, rf, are the centres of the in- 
scribed and escribed circles of the triangle DEF y we see that 

L2 



Digitized by LjOOQ 1C 



140 A Theorem Relating to Surfaces of the Second Order. 

the circumscribing circle of any triangle bisects all the six 
lines joining two and two of the centres of "its inscribed and 
escribed circles. 

The above furnishes a proof of the following problem 
(Senate-House, Jan. 4, 1855) : 

" Shew that the diameter of the circle, whiqh passes 
through the feet of the perpendiculars from the angular 
points of a triangle upon the opposite sides, is equal to the 
radius of the circle described aoout the triangle." 

For these two circles circumscribe similar triangles, as 
ABC, abc ; the dimensions of one of which are twice those 
of the other. 



A THEOREM RELATING TO SURFACES OF THE 
SECOND ORDER. 

By A. Cayley. 

n iven a surface of the second order 

(a, J, c, rf,/, g, h y 7, m, n) (as, t y, s, to) 1 = 0, 

and a fixed plane 

«# + Py + 72 + iw = 0, 

imagine a variable plane 

%x + i\y + §e + o>«? = 0, 

subjected to the condition that it always touches a surface 
of the second order, or what is the same thing such that the 
parameters f , 17, f, a> satisfy a condition 

(a, b, c, d, f, g, h, 1, m, n) (£, 17, £ *>)* = 0. 

The given surface of the second order, and the variable 
plane meet in a conic, and the fixed plane and the variable 
plane meet in a line, it is required to find the locus of the 
pole of the line with respect to the conic. 

The pole in question is the point in which the variable 
plane is intersected by the polar of the line with respect 
to the surface of the second order: this polar is the line 
joining the pole of the fixed plane with respect to the surface 
of the second order, and the pole of the variable plane with 
respect to the surface of the second order. Let a 1? £,, 7 , S tJ 
be given linear functions of a, £, 7, 8, and f , 17, f, o>, be given 
linear functions of f, 17,. f, a>, viz., if 

(«, B, «, W, 4P, <&, fc, % i», *), 
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are the inverse system to (a, b y c } d,f, g, A, J, m), then let 

A = »a + »0+dF 7 + J»8, 
7i = ffi a + JF/8+C7 + N8, 

8 1 = Ea + iW/8 + W7+»S, 
and in like manner, 

£ = *£ + »* +«?+ a*>, 

then the coordinates of the pole of the fixed plane are as 

«i • & • % : *!, 
and the coordinates of the pole of the variable plane are as 

whence the equations of the polar are 

x, y, s, w =0, 

a i> 0i> 7i> 8 i 

ft) ^> (> °\ 

a system of equations which may be thus represented 
f , == K\a? + pa t 

£ = KXs + w t 

where K is the discriminant of the system 

(a, i,c,rf, e, /,#,£, h m j n )i 
write 

x = ax -f % + #s -f ?w, 

y = &c + 5y +./S -f flW0, 
z -gx + fy + cz + nw, 
w = &c + wy + nr 4- rfw?, 
the last preceding system of equations may be written 

f = \x + fia } 

i7 = \y+^, 

? = \z + /*7, 
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equations in which X, fi are indeterminate, and where x, y, z, w 
may be considered as current coordinates, and this system 
represents the polar above referred to. Combining the equa- 
tions in question with the equation 

# x + vy + S 5 + *>w = , 

of the variable plane, we have 

X (xx + yy + zz + ww) + fM (ax + fiy + yz + Sw) = 0, 

i.e. X(a,...)(a>, y, *, to) 2 Hh M (aa + £y + yz + 8m?) = 0, 

or what is the same thing 

X : ft = ax + /3y + yz + $w : (a,...) (a?, y, s, «?)", 

and substituting these values in the expressions for f, 17, £7 o> 
we have f , 17, ?, a> in terms of the coordinates a?, y, s, w of 
the pole above referred to, i.e., if for shortness, 

U= (a, i, c, J,/, g, A, 7, th, «) (x, y, s, to) 1 , 

P= ax + £y + 7« + 8w>, 
then 

i7 = iPc?,Z7-/8£T, 

K=\Pd % U-yU, 

a^^Pd^U-SU, 

and combining with these equations the equation. 

(a...)(£,,7,r,a>)' = 0, 
we have 

(a...) (\PdJJ-aU, \Pd,U-pU, \PdJJ-yTJ, %Pd w U-iU)*=% 

for the required locus of the pole of the line of intersection of 
the variable plane and the fixed plane, with the conic of 
intersection of the given surface of the second order and 
the variable plane. The locus in question is a surface of 
the fourth order; and it may be remarked that this surface 
touches the given surface of lie second order along the conic 
of intersection with the fixed plane. 

7th April, 1857. 
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ON THE PORISM OF THE IN-AND-CIRCUMSCRIBED 
TRIANGLE. 

By Andrew S. Hart. 

t DO not pretend to add anything to the very complete and 
elegant h priori investigation of this porism given by Mr. 
Cayley in the 4th number of the Quarterly Journal, p. 344, 
but the following h posteriori demonstration of the allographic 
case appears to me somewhat more simple and elementary 
than that given in the last number of the Journal, pp. 35—38. 
Lemma.. If two chords of a conic touch a second conic, 
the lines which join their extremities will touch a third coqic 
passing through the points of intersection of the two others. 

For let -4 = 0, U = be the equations of the two chords, 
and 2?= 0, D = the equations of the lines which join their 
extremities, then the equations of the three conies are 

AC=BD, AC=3F, BJD = M*, 

which evidently pass through the same four points, and the 
fourpoints of contact are on the same ri^ht line M = 0. 

The elementary proof of this lemma in the case of circles 
having the same radical axis, follows immediately from the 
consideration that tangents to two of these circles, from any 
point on the circumference of a third, bear a constant ratio to 
one another. 

Now let ABC, abc be two triangles inscribed in the same 
conic P, and let AB, ab touch another conic Q f then Aa 7 
Bb will touch a conic X passing through the intersections of 
P and Q, and if BC, be* touch another conic B, passing 
through the same four points, then Bb, Ce will also touch the 
same conic X; therefore, since Aa and Ce touch this conic, 
AC and ac will touch a conic 8 which passes through the 
same four points. Q. B. D. 

* The tangent BC being drawn, there may be two tangents drawn 
from 6, and it is evident that only one of them will answer the conditions 
of the question; all ambiguity may, however be removed by observing 
that the right line drawn from the point of contact of Bb to the point 
of contact of BC must pass through the points of contact of be and of Co. 
The second tangent from b will obviously belong to the second conic 
which passes through the four points of intersection and touches Bb. 
And since this conic does not touch Aa, the remainder of the demon- 
stration will not apply to it. 

Trinity College, Dublin, 
3rd April, 1857. 
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ON A NEW SOLVIBLE FORM OF EQUATIONS OF 
THE FIFTH DEGREE. 

By James Cockle, M.A., F.R.A.S., F.C.P.S., Barrister-at-Law, of 
the Middle Temple. 

TN a foot note, appended to pages 114—116 of my second 
paper on the method of vanishing groups, published in 
volume VII. of the Cambridge and Dublin Mathematical Jour- 
nal [May 1852), I exemplified a process which, applied to 

x n + Ax 11 - 1 + Bx M + CaT 8 + &c. = 0, 

gives (in the respective cases of cubics and biquadratics) the 
characteristic functions 

A 9 - SB and - A 9 + LAB - SC. 

The same process applied to a quintic (put for convenience 
under the form 

a? - 5Paj" - SQa? - bRx -f E = 0) 

leads to a function no less characteristic ; for the evanescence 
of one of its six values indicates that the roots are all of the 

form aX + a*X' + a*X", 

and consequently, as I have elsewhere {Phil. Mag.^ August 
1856, p. 124) pomted out, all obtainable. 

The product of these six values is homogeneous and of 
the 24th degree with respect to the roots, ana constitutes the 
" symmetric product" peculiar to quintics. Equated to zero 
it affords a new solvible form which seems to me worthy of 
notice for its generality, two conditions only being involved, 
one of which may be dispensed with by substituting x + A 
for x in the given equation. 

Let S=F* + B, 

G = PQr + 4(3P£-2<2*) PS + Qt f £ 8 .+ Q8E, 

H=Q{GPS-Q>)-SE, 

K=P*(?+PS(PS-<>Q i )-Q*{PS-Q i ) + QSE, 

and, by means of 

u* - Qu* + P{P* + S) u- P*Q = 0, 

let u be eliminated from 

Gu* + P8Hu + F*K, 

the result, freed from extraneous factors, is the " symmetric 
product" of which we are in search. 
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Let P be zero and Q finite. The evanescence of the sym- 
metric product depends upon 

G=(? + IP+QRE=% 

a property of a form of Euler's. 

Let P be finite and Q zero. The corresponding con- 
dition is g = q 

and De Moivre's form is indicated. 

These are verifications of the preceding results, and tests 
of the extraneous factors. 

There is an oversight in my solution of a biquadratic by 
this method. It is easily corrected, as follows. 

From (see Cambridge and Dublin Mathematical Journal^ 
vol. VII., p. 116) 

P 8 '=0 and ^'=0, 

we deduce successively 

and the roots are, thus, determined. 

76, Cambridge Terrace, Hyde Park, * 
6th April, 1857. 



ON THE GEOMETRICAL INTERPRETATION OF 
THE EXPRESSION rt-*. 

By H. W. Elphinstone, Trinity College. 
(Continued from p. 76.) 
It has been pointed out to me, that the condition which I 
gave for the existence of a ridge, in a former paper, is not 
sufficiently general. This may easily be seen, and the true 
condition found, by transformation of coordinates. 

Let x 1 y, z be the old axes, f , 17, f the the new axes, and 
let the cosines of the angles between them be given by the 
annexed table: 



Then if V be any function of x, y, «, 
we have 





* 


V 


? 


X 


a 


b 


e 


y 


<*. 


», 


c , 


z 


«. 


K 


c , 
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dV dV dV dV 

-dj =a d*- + a >-dj + a 'd7> 

dV .dV . dV . dV 
dV_ dV dV dV 

ds- c dk + c *~dj + c * dz> 



and if V= 0, we have 
dV d 

Hence, we get 



dV dVdS^. dV dVd% 



dV dV dV 



d% _ dx x dy * dz 

~d%~~ dV dV dV' 
dx l dy * dz 

.dV . dV . dV 

dK *^ + ^^r + *'& 

dx l dy * dz 
Let P-/(a, y )-,«o 

be the equation to the surface ; then ^ t , q x being the new 
values of p and £, we shall have 

^' cp + c x q - c t ' 

^* qp + c^ - c t ' 

Now when there is a ridge, p and q become equal to zero, 
owing to a factor w, common to each of them, vanishing. 

Let then p = mo, q = vw; 

therefore (au + a,v)u,-a 

* ' (Ctt -f CjVj w — c 9 ' 

_ ( iw + i,!;) w — b a 
^ l (cu + c x v) w - c s * 

The most general forms of p and £ that give rise to a ridge. 
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I may remark that p x1 q x satisfy the equation # - rt = 0. 
For if -j- signifies that after differentiation w is put equal to 
zero, we shall have, writing a?, y, z instead of % 7 17, £ respec- 



tively, 



~~ dx~ dxdw ' dx J 
dw 



j 



dy dxdw dy 

etc ~~ rfyc?w " da; f 
f __dq x ^ d*f dw 
" dy" dydw Q 

which values of r, 5, t satisfy the equation s* — rt = 0, when 
a* — rf = neither owing to r, 5, and t being separately 
equal to zero, nor owing to p and q being of the above- 
mentioned forms. 

Suppose that # — rt = without r, a, £ being separately = 0, 
and without p and q being of either of the aoove mentioned 
forms. 

It has been pointed out to me that I fell into an error at 
page 76 of the Journal, in supposing that because the two 

values of -j- are in this case equal, the two branches of the 

curve of intersection would touch at the point. This mis- 
take, which occurs in several elementary works, is men- 
tioned by Mr. Salmon in his "Higher Plane Curves" 

p. 29. He there points out, that when the two values of -jn 

in a plane curve become equal, there is generally a cusp and 
not a point of osculation. The condition for the existence 
of the latter is that the equation to the curve, when referred 
to the double point as origin, becomes of the form 

v \ + v i v 2 + w n + &c. = 0, 
where w m is a function of n dimensions in £ and 17. 

If we apply this reasoning to the curve formed by the 
intersection of a surface and its tangent plane, we see that 
in the case which we are considering the curve of intersection 
will generally have a cusp ; while the radius of curvature 

rm* + 2sm + 1 
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of a normal section along the tangent to the cusp will become 
infinite, and will ehange sign on each side of the cusp because 
s' — rt does so. Hence this section will have a point of in- 
flexion ; and the form of the surface near the point may be 
represented as follows : Let there be a. plane curve containing 
a point of inflexion; let a second curve in a plane perpen- 
dicular to the former contain a cusp, and move along the 
former so that the tangents at the cusp and at the pomt of 
inflexion may coincide. The locus of these points, which I 
propose to call a terrace, will separate the convex from the 
saddle-shaped parts of the surface. A familiar example may 
be seen on the common bell, the upper part of which is 
convex and the lower part saddle-shaped. 

If on the other hand there is a true point of osculation, 
the radius of curvature of a normal section containing the 
tangent common to the two branches of the curve of inter- 
section of the surface and its tangent plane will become 
infinite, but will not change sign oecause a s — rt does not 
do so; hence the normal section will not have a point of 
inflexion but a point of suspended curvature. The locus of 
such points will, I imagine, present no peculiarity to the 
naked eye. We may conceive its appearance as follows: 
Take two bells, whose radii through the terrace are the 
same, cut off the convex parts and apply the two saddle- 
shaped parts together so that the two terraces coincide. 

Should there be any difficulty in understanding how, in 
the one case, ** — rt changes sign while it does not in the 
other, it may perhaps be removed by the following con- 
siderations. 

The equation * a — r£=0 is the equation to a curve which 
contains the projections of all the singular points, ridges, 
terraces, and loci of the last mentioned points. The plane 
of xy will therefore be divided into parts, in some of which 
** — rt is positive while in others it is negative. We cannot * 
get from those parts in which it is positive, to those in which 
it is negative, without crossing the curve, and if we do cross 
the curve we must make the expression s* — rt change sign. 
In the case of a terrace, when we proceed along the tangent 
to the cusp, we do cross the curve so that s* — rt must change 
sign. In the case of the true double point of the curve of 
intersection, when we proceed along the tangent common to 
the two branches we do not cross the curve, so that in this 
case the expression s* — rt cannot change sign. 
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ON MULTIPLE POINTS. 
By H. R. DROOP, M.A., Fellow of Trinity College, Cambridge. 

\ m rpHE present paper contains (1) an elementary discussion 
according to an infinitesimal method of the prin- 
cipal propositions in the theory of double points, including 
some not to be found in Cambridge text books; (2) a 
translation of these propositions into language applicable to 
the case, that of most practical importance, where the double 
point is at the origin ; and (3) demonstrations of several of the 
same propositions according to the ordinary methods of the 
Differential Calculus. 

2. I. Let <£(a;,y) = (1), 

where £ is an integral algebraic function, be the equation to 
a curve, and let (a?, y ) (x + h,y + k) be points on the curve. 
Then, by Taylor's tneorem, 

£(a? + A, y + A) = 
is equivalent to 

3. The curve being algebraic, none of the differential 
coefficients of <£ can be infinite. 

It is also allowable to assume that the fact of some of 
the differential coefficients of a given order vanishing at a 
given point, while others remain finite, will not affect the 
essential nature of the curve at that point. 

For the formulae for the transformation of the coordinates 
to other rectangular axes through the same origin are 

x = lx' + rny\ y = mx* — ly\ 

and by successive differentiation we shall obtain 

dx*dy'~~ * dxT'dy*' 
where A t ir \ -4, (r \ &c. are all functions of I and m of the n] th 

rJ n th 

degree. If then , W . A/ . be finite for any value of &, every 
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transformed differential coefficient , , r , „._, will be finite, 

rovided I and m be so assumed as not to make A k {r) vanish 
!br any value of r. 

4* I shall sometimes use * t) u^ &c... u n for 

d!w , du , 
c2r % ' 



d u yn au T »_ 17 w (n — 1 ) du 1IM1 . 

according to which notation equation (2) will be written 

u t + 5 + S + &c - + T + &c =0. 
1 2 [3 [n 

5. Suppose a given small value A to be given to A, the 
equation (2) will be very approximately satisfied by 

d$ 

7 &* i 



and A t will be the only value of h satisfying equation (2), 
which is of the same order of smallness as A . The reader 
will easily see that every point [x + h l} y + \) will be on 
some branch through (sc, y), while the other values of A 
satisfying equation (2) are finite, and correspond to the points 
where other branches of the curve meet the ordinate whose 
equation is (£ = x + h x ). 
d<f> 

doc 
So long as -5— has a finite and determinate value, the 

dx 
point (xj y) cannot be a multiple point, because A, has only 
one value for the same value of A t ; nor a conjugate point, 
because h x has a real value; nor a cusp, because it is real 
both for positive and for negative values of A,. 
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If only one of the quantities -j- and -^ be finite, and the 

other be zero, the equation may, as has been shown in 
Art. (2)^ be transformed to other coordinates through the 
same origin, for which they will both be finite. 

The point (a;, y) will therefore not be either a multiple 
point, a conjugate point, or a cusp, unless both 



ax 7 ay 



.(»)• 



6. For points where these equations are satisfied, equa- 
tion (2) becomes 

-*h* I 2 **t hh 1 d **lt* 
da? dxdy dy* 



3 \da? dx*dy 



A . i + 3#^+& 



dxdy' 



+ ^ + &c.=0. 

3.4 



••(4), 



and if as before we assume A = A l7 there will be two values 
of A, real or imaginary, equally small with A . These values, 
and not any of the other values of A, will correspond to 
branches through (a>, y). 



7. If 



d?' dy i> \dxdy) ' 



these two values of A will be real, for equation (4) may be 
transformed into 



v W) 



k + 



dxdi 



h?*. 



\f\dy*) 



\dxdy) 



* 



d*$ 
M 



dy* 



V-^-&c, 



in which we may substitute for A in w 8 , u 4 , &c. the values 
obtained from the last equation by omitting those terms. 
We shall thus obtain 



vwy) 



A + 



d*<f> 
dxdy 



v W) • 



If **.V 

\dxdy) d*4> 
Jty > do? 



A«-PA.*-&c. 
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Provided \ be below a certain finite magnitude, the quantity 
on the right-hand side of the last equation is always positive, 
and the two values of k are therefore real. 

We shall therefore in this case have two real branches 
passing through the point (<r, y). 



dx*' dy* \dxdy) ' 



the quantity on the right-hand side of the last equation will 
always be imaginary, and there being no real branch through 
(&, y)j that point is a conjugate point. 

d><l> d*$ _ (£±y 
*' U 12 ' dtf ~ \dxdy) ' 

the equation (4) becomes 

V(3hV(3W 

-£-*■=• ; («>• 

I put the positive sign before a/(t?)> ^ut °^ course ^ te 
sign will be the same as that of , ^ . 

a/(3) 

Substituting & = — V .. w . A,, in the terms on the right- 
hand side of equation (5), we get 



w®>.wm' 



d'<f> d*<f> V \da?) , d'<f> dx* ^ WJ 
+ PA/ + &C. 
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The sign of the quantity on the right-hand side depends on 
that of its first term, and unless the coefficient of that term 
be zero, it changes with the sign of \. Therefore, generally, 
k will have two real values very nearly equal for one sign 
of htf and two imaginary values for the other, and on one 
side of the point (ar, y) there will be two real branches with 
a common tangent, and on the other nothing. The point 
(x 9 y) is therefore a cusp. 

9. The exceptional case in which the sign may remain 
the same, whether A, is positive or negative, is when 



v Urv 



\/\djf) 
makes the coefficient of h* vanish, that is, when 

is a factor of « 8 . 

Equation (4) then becomes 

assuming v„ a function of h and h of the second order, 
Substituting k = — Y //J* a *» a8 before, we ■h*'! have 



or 



vU) 



4 3.4 -"*• 
VOL. II. M 
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10. If P be positive, the two values of h equally small 
with h x will be real and nearly equal, whether h x be positive 
or negative. In this case there will be two real branches 
having a common tangent at the point, which will be what 
is called a point of osculation. 

If P be negative, these two values of k will be imaginary, 
and the point will be a conjugate point ; but inasmuch as 
the imaginary parts of these values are of the order A t *, the 
imaginary branches may be considered as having the real 

line \*Jh&) h+ ^/(df) k = } throu s h fc y) M a com - 

mon tangent. 

If P=0, the sign of the right-hand side will depend 
on the terms beyond u 4 , and also on any part of v 2 , which 

from involving the factor . f\~Tf J ^+ A/i-fi) ^ was ^^ 
out of P. (See the example in Art 15.) 

11. The expression for P may be determined as follows : 

and when & = — Y //J>U\ *i» 

the particular value of v 2 is determined by differentiating 
both the numerator and the denominator with respect to 



k t1 and is 






, rf'ft <Z'fl \f\da?) dQ <&* 

/fcr<l>\ da?dy dxdy* /(d*<j>\ dy* '7^ 
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and therefore P = -f- - 

4 



3.4 



dyt 



A 



i 

3.4 



<f » g ^ V V^cV ^ da? 
tedy dxdy* /[<T<I>\ dy" P$ 



dx* • 



-4 



da?dy d*4> 



+ 6 



d'<f> 
da?dy* 



-4 



dxdy* 


(d*4>\ 
do? 

\dy*J 



dtf 

d*<l> 

dy* 



d£ 
,dy> 



\ 



12. If in equation (5) all the third differential coefficients 
of <f> are equal to zero, the equation becomes 



— &c., 






whence 



and the nature of th6 point is determined by the sign of P, 
as in Art 10. It will oe the same whenever the first term 
after w s is u ,, But if the first term after w 9 be w sr+1 the whole 
process applied to u s in Articles 8 — 10 must be used. 

13. If all the second differential coefficients of <f> vanish 
the point is a triple or higher multiple point, the nature of 
whicn might be determined by a method similar to the 
preceding. 

14. II. The general expression for an equation of the 
n\ m degree in x and y, referred to a point on the curve 
as origin, is 

u t + u q + u 9 + ... +«„ = 0, (7), 

where », « 8 ... ^ are homogeneous functions of x and y of 
the 1st, 2nd, ... wl°* degrees. 

Equation (2) is of this form in h and &, and the relations 
between its terms, which are the conditions for the existence 
of different kinds of multiple points, subsist also between the 

M2 
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corresponding terms of every equation referred to a point 
on the curve as origin. 

From Art 5, we learn that the origin will not be either 
a multiple point, a conjugate point, or a cusp, if equation 
(7) contains the term u x . 

From Arts 6 and 7 we learn that (there being no term 
uj, if u divide into two unequal real factors, the origin 
is an ordinary double point, the two factors being the equa- 
tions to the tangents there, and if u t divide into two 
imaginary factors, it is a conjugate point. From Art 8 we 
learn that if ^ = 0, and u be of tne form t? t 9 , the origin 
will be a cusp, having the line ^ = for the tangent 
there, unless u 9 is of the form v t v % . 

These three propositions are enunciated in the 2nd chapter 
of Mr. Salmon's Higher Plane Curves, pp. 27 and 28. The 
present paper originated in an attempt to supply an ele- 
mentary demonstration of the last of them. 

If equation (7) be of the form 

v* + v x v % + u A + &c. = 0, 

we learn from Arts 9 — 11, that, if the results of substituting 

for y in terms of x from the equation v x = 0, in the expression 

v 

■J- — u 4 be positive, the origin will be a point of osculation, 

and if negative, a conjugate point with the real line (v t = 0) 
for a common tangeqt. 

If the result of the substitution be zero, the origin will 
generally be a cusp, but requires further examination. 

15. Ex. The curve 

W-afx-mapt + tf-O, 

has at the origin a point of osculation, a conjugate point, 
or a cusp, according as m >< or = 2. 

This is seen when the equation is put into the form 

[ay - — J = [^ - lj x 4 + ay*x, 

the term ay*x being left out of v v ? , because ayx the part it 
would contribute to v % is of a higher order of smallness 

than — . 

16. Even when a proposed equation to a curve containing 
a multiple point is referred to another point as origin, it 
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is often easier to make the multiple point the origin and 
then determine the nature of the multiple point from the 
transformed equation, than to perform the differentiations 
required by the general rules given in the first part of this 
paper. 

17. III. Mr. Salmon (Higher Plane Curves, p. 28) 
remarks that a point where two branches touch, or what 
I have called a point of osculation, is formed by the union 
of two double points. This suggests another mode of arriving 
at the conditions established in Art 8. 

If (#, v) be one of the double points, (x + dx, v + dy) will 
be the other. Of the equations below, those marked (2) are 
the conditions for ($c, y) being a double point, and (8) gives 

the two values of j- at the point ; (9) and (10) are the con- 
ditions for (x-\-dx 1 y + dy) being a double point, and (11) is 
the equation for determining -^ at the latter point, its value 
at which will of course be the same as at (x, y). 

%-*> %-" <*>' 

<Pft d*<f> dy <*> /<M* .. 

da? + 2 dxdy dx + dy"' \dx) ~° W > 

2 + 3*+sfc*- (9) ' 

3 +=&*♦$*- <"»> 

dx* dxdy dx dy* ' \dx) 

\dx* dx*dy ' dx dxdy* \dx) J 

From (2), (9), and (10), we get 

d*4> rf*fl _ / d*+ V 
Wdy> ~\dxdy) ' 

a condition which Arts. 6 and 7 shew to be necessary. 
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Also from (9) and (11) we get 

#4> d*j> dy d*<t> (dy\* d\fr /fd^\ 

dx* + dx*dy dx J dxdy* \dx) dx* \f \dx* ) 

d\ ~ /» dy jg 7%ft !*$- /{<£±V 

dx*dy dxdy**dz dif \dz) dxdy \ \dy*J 
Now if 

*t + 3 £* . 4 + 3 /* » y + a (*)•- o... ( i2), 

<&r darrfy or aaay" \<£r/ d/ Voir/ v " 

dy dx* da?dy dx dxdy' ' \dx) # 

^~" rf '* i; **+ ( d y\ ■ S75? ? 

whence -~ = — ' // Ji^x satisfies equation (12), 

v w) 

or a/vT?) " j + \/(tv * 8 a ^ actor *** * ts left-hand side. 

This is the same condition as was deduced in Art. 8. 
I have shewn in Art. 10 that a point for which this condition 
is satisfied may be either a point of osculation, the union 
of two real double points, or a conjugate point with a real 
tangent, the union of two conjugate points, or a cusp, which 
may be considered either as the union of a cusp with an 
ordinary double point, or as its union with a conjugate point, 
according to the signs given to dx and dy. 

18. The following equations are obtained by differen- 
tiating {<j> (x } y) = 0} regarding y as an implicit function of x 9 

<fy d4> dy 

fa+djjdz = ° W> 

d*4> , o *** ^ , *£ (&\\** d*y_ 

!£ + * dxdy 9 dx* dy*'\dz) + dy-d*?-"-™' 

dx** dx*dy'dz* dxdy* m \dz) * dif \dx) 
(d'j d*+ dy\ d*y d4> d'y 
* * \dxdy * dtf'dzj dz**fy <kf ' { * h 
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d^,,d^_ dy rf> (dy\* 

dx* ■*■ drfdy' dx + dafdtf'Kdx) 

dxdy* ' \dx) dy* \dx) 

+ * t<&% ^'fadf dx + «y • W J <&» df • W; 

+ 4 Urfy + dfdz) dz* + dy* dx 4 " W ' 

At every multiple point we have — = 0, and -p = 0, and 

-g of the form - . The two values of J? at a double point 
are given by equation (a 2 ). If these values be unequal or 
imaginary, the corresponding values of -~j may be obtained 

by substituting them successively for ~ in equation (a 8 ). 

But when these values are equal, the coefficient of -£ in 

equation (a s ) is zero, and that equation gives jrjf ==<* j unless 

^ = 7/ J4 . N makes the other part of that equation = 0, in 

vW 

which case -^ is of the form - . 
air 

The condition for -73 not being = oc is the same as was 
found in Art. 8, for the point not being necessarily a cusp, 
which shews that whenever -~ = oc , the point (a?, y) is 
a cusp. 

From equation (a J it appears that whenever -=4=oc, 
d'y 

In the exceptional case two values of -£ in terms of ~r 
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and the differential coefficients of <f> are given by equation (a 4 ). 
These two values will be unequal imaginary or equal ac- 
cording as a certain expression, which will be found to be 
identical with that found in Art. 11 for P, is positive, negative, 
or zero. This identity shews (Art. 10) that two unequal 

d*y 
values of -j^ correspond to a point of osculation, and two 

imaginary values to a conjugate point with a real common 
tangent. 

By differentiating (a 4 ) we shall get an equation (aj, in 

which the coefficient of -jK is 
ax 

io K* » 2 *» <k><£± (<k\\<£± d% y\ 

[dafdy^'dxdfdz* dtf'Kdx) + dtfdx*f> 

a quantity which is zero, when the two values of -^ derived 

d*y 
from (a 4 ) are equal. This indicates that generally -y^ = °c , 

when these two values are equal ; but, as before, the other 
part of equation (a b ) may become zero, on substituting their 

values as found for -f- and -r^L in which case -^ will be 
dz dz*' dz* 

of the form -, and two values of it will be found from the 

equation (aj. If these two values of -~^ be real and unequal, 

we shall have two real branches, not only touching, but having 
the same curvature at the point (a?, y) ; and if imaginary, 
two imaginary branches having the same curvature as any 

real curve, which passing through the point has -j- and -7^ 

of the same value. 

19. The following theorems might be deduced by ex- 
amining this series of equations continued further. 

(1) At an ordinary double point -j- has two unequal 
values, and the equations (a 8 ), (a 4 ), &c.... give corre- 
sponding real values for -y4 ~j? & c - 
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(2) At a point of osculation of the w]* order, that is, a 
point where two branches have a contact of the nl" 1 order, 

7? > T7* ••• ~j¥* > a ^ er a PP earul g under the form - are found 

d** l y 
to have each only one value, and -riSi has two unequal 

real values. 

(3) At a conjugate point either ~ , or some subsequent 
differential coefficient -tti has two imaginary values. In the 

form -, are found to have each one real value, and the two 

imaginary branches have a contact of the »— ll* order 
with every real curve through the point which has 

dy d*y dT l y 
dx 1 d^^'lbr 1 

of the same values, as are finally found for them in the 
curve <f> (xy y) = 0. 

(4) At a cusp some differential coefficient subsequent to 
•jf- as -7^ = oc , and each of the preceding differential coeffi- 
cients, after appearing under the form - , is found to have one 

single real value. The two branches of the cusp will be 
found to have a contact of the n — 11 th order with each other. 
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NOTE ON THE 'CIRCULAR RELATION' OF 
PROF. MOBIUS. 

By A. Catlet. 
THEOREM. 

Given the points A, B, G\ P, 

and the points A', B', G' ; 

Describe the circles a, /9, 7, <u as follows : viz. 

o through {B, G, P), 

y " (A B, P), 

and the circles a', /S 1 , 7, a>' as follows : viz., 
©' through {A' 9 J9', <?') and 

a' through (J9', C) cutting ©' at the angle at which a cuts o>, 
# " \c f ,A) " o) f " £ " a>, 

7' " (^,-B') " »' " 7 " », 

then will a', /9', 7' meet in a point jF, i.e. we shall have the 
points A\ B\ & } F such that the circles a', /8 1 , 7', a>' pass 

a! passes through (5', C", F) } 

*>' " (4', 5', £')• 

We may construct in this manner two figures, such that to 
three points of the first figure there correspond in the second 
figure three points which may be taken at pleasure, but these 
once selected to every other point of the first figure there will 
correspond in the second figure a perfectly determinate point. 
And the two figures will be such that whenever in the first 
figure four or more points lie in a circle, then in the second 
figure the corresponding points will also lie in a circle. The 
relation in question is due to Prof. Mobius, who has termed 
it the Krew-verwandschaft (circular relation) of two plane 
figures. See his paper Urette, t. Lii. pp. 218—228, extracted 
from the Berichten of the Royal Saxon Society of Sciences 
of the 5th Feb. 1853. 
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ON THE DETERMINATION OF THE VALUE OF 
A CERTAIN DETERMINANT. 

By A. Catlet. 

fjONSlDERlNG the determinant 

0> h 

w, 0, 2 

. n-1, 0, 3 

w-2, 0, 4 

let the successive diagonal minors be U oi U l} U %} ,..ET ..., it 
is easy to find 

U, = {0'-l)-(n-l) 1 

U t =0{0 t -4)-3{n-2)0, 

C; = (^-l)(^-9)-6(n-3)(^-l) + 3(n-3)(n-l), 
which in fact suggests the law, viz. 
U K =(0+x-l)(0+x-Z){0+x-5)...{0-x+5)(0-x+3)(0-x+l) 

-?&zV( n -x+l){0+x-d){0+x-5)...{0-x+5){0-x+3) 

+ ^Z^KgrgXgrg) ( n -aj+l)(n-a;+3)(0+a ; -5)...(5- a? +5) 
— &c. 

+ ( ~) 2^2^ L {n-x+l){n-x + 3)... 

(w-a?+2«-l)(0+a?-25-l)(0+aj-2*-3)...(0-a;+2«+l) 

to s = £a? or £(a? — 1) as x is even or odd. 

And of course if x denote the number of lines or columns of the 
determinant, then U x is the value of the determinant. This 
theorem, or a particular case of it, is due to Prof. Sylvester : 
I have not been able to find an easier demonstration than the 
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following one, which, it must be admitted, is somewhat com- 
plicated. I observe that U x satisfies the equation 

ff.-*ff M + fc-l) (»-* + *) tf M = 0. 

And writing x — 1 and x — 2 for «, we have the system 

or, eliminating U^ l and C^, 

U m + {{x-l){n-x + 2) + (x-2){n-x+3)-P}U x _ % 

+ (s--2)(a;-3)(n-a;-f 3) {n-x + 4)U a ^ = Q. 
Suppose, for shortness, 

{0+x-l){0+x--3)(0+x--5)...[0-x+5){0-x+3)(0-x+l)=H x , 
and assume 

where -4^, is independent of 

TJ % contains the term (— ) 9 A^ 9 JB^, 
U m _ % contains the term (— ) t A wm%t S 3 ^ Vm ^ y 

which is to be multiplied by 

(x-l)(n-x + 2) + (x-2)(n-x + 3)-0 i . 
This multiplier may be written under the form 

(x-l)(n-x + 2) + (x-2){n-x + 3)-(x-2s-l)* 
-{^-(a^s-l) 9 } 

if, for shortness, 
M th ,= (x-l)[n-x+i) + {x-2)(n-x + 9)-(x-*9--l)\ 

Now 

M^-{0 i -{x-28-iy} 
multiplied into 

WA^.H^ 
gives rise to the terms 

(-)•*■>. ^«,. -ff^,-.(-M^. 2^., 

(since {*» - (« - 2* - 1)*) #_,_ - J^J, 
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or, what is the same thing, 

0^ contains the term (-)*-4^ f jH^, 
or, what is the same thing, (-) , -4 a ^ f _ 9 i?^. 
Hence we must have 

+ (a;-2)(a;-3)(n-a; + 3)(n-a? + 4)^ fHl = 0, 
where 

Jf^ = (<r - 1) (w-a + 2) + (x- 2) (n - a: + 3) - (a? - 2s + 1)*. 

This may be satisfied by assuming 

A^ = B Xj9 (n-x+l){n-x + 3)...{n-x+2s-l) 

for then 

A s ^ 9 = B x ^ 9 (n-x + Z)...{n-x + 28-lJ{n-x + 28+l) 

A^ t =B x _ ty _ l (n-x+d)...{n-x + 2s-l) 

{n-x + ^^-x+QA^^ 

= B^^{n-x + ±)(n-x + 2)...{n-x + 2s-l\ 

and consequently 

B^ (*-a;-fl), 
-B^,{n-x + 2* + \\ 

+ (*-2)(*-3)( W -a + 4)5^, = 0. 

And if this equation be satisfied independently of «, we must 
have 

^-(2»+l)^ > .-{&c-8-( a! -2,+ in^^ 

+ 4 (*-«)(«- 8)^^,-0. 
and these are both satisfied by 

cc.a;— l...sc — 28+1 
«»•"" 2\ 1.2.3...* ' 
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in fact substituting this value and omitting the factor 

[x-2)[x-S)...{x-28 + l) 
2M.2.3...* ' 

the first equation becomes 
x(x-1)-[x-28){x-28-1)-(2x-Z)**+*b[s-1) = 0, 

and the second equation becomes 

x (<c- 1) - (2*+ 1) («- 2*) (a-2s- 1) 

_ { 5a; _8 - (a;-2«+ 1)*} 2*+ 16*(«- 1) =0, 

which are identical, the first being 

se 8 — x 

-3* + (4s + l)a;-2s(2* + l) 

-4*b +6* 

+ 4*(«-l)-0, 
and the second being 

se 8 — x 

- (2*+l) {aP- (4a + 1) x + 2s (2s + 1)} 

*+2* {a 8 - (4s+ 3)a> + (2*- l) f 4-8} 

4-16*.(s-l) = 0, 
which may be easily verified. 

Hence writing for B^ 9 its value and recapitulating, the 
equation 

U m +{(x-l){n-x+2) + {x-2){n-x + $)-e i )U aH% 

+ (o;-2)(a;-3)(n-aj+3)(n-a! + 4)C^ = 
is satisfied by 

to * = \x or ^(x — 1) as a is even or odd, 
where 

H m = (0+x^l){e+x-Z)(d+x-5)..\0-x+5)[9-x+S){0-x+l) y 

^, - " (g ~y^;~^ +a> (m-»+l)(m-ai+S)— (»-» +«^-a> y 

and since for a? = 0, 1, 2, 3 the values of the expression ET 
coincide with those of the first four diagonal minors, the 
expression gives in general the value of the diagonal minor, 
or when x denotes the number of lines or columns of the 
determinant, then the value of the determinant. 

2, Stone Buildings, Ut April, 1857. 
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CORRESPONDENCE. 

To the Editor* of the Quarterly Journal of Pure and Applied Mathematics. 

Gentlemen, 

I wish to state that my investigations con- 
cerning Reciprocal Surfaces (to which Mr, Cayley has alluded, 
p. 65) have heen published in Vol. xxin. of the Transactions 
of the Royal Irish Academy. I find for the numbers which 
Prof. Schlafli calls A and k the following values : 

u4 = 4n(7i-2)(n-3)(n 8 + 2w-4) 

6^ = w(w-2)(w 7 -4w 6 +7n 5 -45n 4 +114n 8 -llln 9 + 548w-960). 

Geobge Salmon. 

Trinity College, Dublin, 
April 13, 1857. 



ON THE SUMS OF CERTAIN SERIES ARISING FROM 
THE EQUATION x = u + tfx. 

By A. Cayley. 

T AGRANGE has given the following formula for the sum 
of the inverse n th powers of the roots of the equation 

X = U + tfXy 

S(0 -»-+(- «iT» { + (- nu-^fu)' ^ +...(1), 

where n is a positive integer and the series on the second 
side of the equation is to be continued as long as the ex- 
ponent of u remains negative (Theorie des equations nmne- 
riques, p. 225). Applying this to the equation x = 1 + fee*, 

s(o=i---?M^'+ * (w "y 4i) *r~~... 

+ (-)« »(»~y + g-l)"'(»-g»+ 1 ) fm y—n _ &c...(2) 
\»2.,,q 

to be continued while the exponent of 1 remains negative. 

Let n = /Lw + p, p being not greater than a— 1, the series 
may always be continued up to # = /*, and no further. In 
fact writing the above value for n and putting q = /* + 0, the 
general term is 

( ~ r ' 1.2...( M +g) (^+P)(p-^+^^-l)-(p-^+l)l-'^ , ^ ) - 
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Now if p + /*— 0(s — 1) is negative or zero, the term is to 
be rejected on account of the index of 1 not being negative, 
and if this quantity be positive, then since p — 0s 4- 1 is neces- 
sarily negative for any value of greater than zero, the 
factorial {p-0s + ii+0— 1). . . (p — 0s +1) begins with a posi- 
tive and ends with a negative factor, and since the successive 
factors diminish by* unity, one of them is necessarily equal 
to zero, or the term vanishes ; hence the series is always to 
be continued up to q = (i. 
Hence 

s(.-~) = i -£±£ i+ (/"+pH(a'-J0«+p+i} ,... 

T ^ ; 1.2... q 

-&c (3). 

Continued to q =/i. 

By taking the terms in a reverse order, it is easy to derive 



(-)T"2( 2 -' w -' , )=0«+/>) 



f (H-/>-l)...(H-l) _ Qt+p -M-2).../* r , 



2.3. ..p 2.3. ../> + « 

. / y (<*+/>+g»-g-l)...(ff+l-g) -. 
TV ; 2.3...fc + j)« 

1-&C (4). 

Continued to q = /t. 

a A- 1 
Suppose in particular « = 2, and < = g- , so that the 

equation in a? becomes . = j— , whence x = — a or 

ajs= -, or substituting in (2) 

— 7~ + a" ~ 1+ 1 a" + 2 la 8 ) + [5) ' 

Continued to the term involving ( — j- J or f — g— J 

Put a = : and therefore 

a 7 

i a+1 b a+1 aJ 

a+l=-- , 



a' a "o + i* a* ~ (a + i) 1 
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whence 

a+b n _ n ab w(n-3) a*b* . .. 

(a + 4)"" l "l {oTby^ 1.2 (a + i)*~ & ° W > 

or J(. +ft) — (•+»r-- T -(«+»r«» 

+ (w ~ 4 2 ) ] w ~ 5) («+ jr«v-&c. ( 7), 

to be continued as long as the exponent of (a + J) on the 
second side is negative. 

This formula, which is easily deducible from that for 
the expansion of cosnO in powers of cos 0, is employed by 
M. Stern, Crelle, t. xx. in proving the following theorem: 

K g.L'jj+ t-y-'i -h (8). 

Continued to the first term that vanishes, then according as 
n is of the form 6&H- 3, 6&± 1, 6A or 6&±2, 

*-l *-* *—{> 8 -l ^ 

which is in fact immediately deduced from it by writing 
b=aHi, o> being one of the impossible cube roots of unity. 
Substituting the above values of x in the equation (4), 

(l + ap-O + ay 

-l^H-l)a|l+ 2>3 a+1 + 2345 (a+l) ,+ -j 

(10), 

(l + a)' •l-(H-a)-' 

* tp + 2 a+l + 2.3.4 (a+1) ,+ } 

("), 

whence 

i. e. A (-)> (1 + a)' = (-)"" U or (1 + a)' = (-)' 2 (-)' +1 K 
vol. n. N 
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Where A and S refer to the variable p. The summation is 
readily effected by means of the formulae 

2(-r(2p+i)(i>+»+i)...( i >-«)=(-)'(i>+*+i)...(p-*-i), 

2{-r(p+s)...(i>-s)2p=(-y(p+8)...(p-8-i). 

and thence 

rimy fi. -plp- 1 ) g ' , Cg±liele=lKg=^ a4 + 1 

+ a tl + 1.2.3. l + a + '"J [l3 >' 

a formula of Euler's (Pet. Trans. 1811) demonstrated like- 
wise by M. Catalan (LiouvtlU, t. IX., p. 161-174) by in- 
duction. It may be expressed also in the slightly different 
form 

The two series (13), (14) are each of them supposed to con- 
tain p + 1 terms, p being an integer ; but since the terms 
after these all of them vanish, the series may be continued 
indefinitely. Suppose the two sides expanded in powers of/?, 
the coefficients will be separately equal, and thus the identity 
of the two sides will be mdependent of the particular values 
of/?, or the equations (13), (14), and similarly, (10), (11), (12) 
are true for any values of p whatever. It is to be observed 
that the series for negative values of p do not differ essen- 
tially from those for the corresponding positive values; as 

may be seen immediately by writing— p for p, and 

for a. 

Suppose next s = 3, or that the equation in x is x = 1 + fee*, 

4(8* — 1)* 
to rationalise the roots of this, assume t^-rm — ^» > then the 

values of x are —p+i), — ""a^TIJi "-p=i> 
and hence 

n'(n-7)(n-8) . « («-2r-l)...(«-3r+l) 

1.2.3. r -+H ^27^; r - (15)> 
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where t=-~^ — -— £ , and the aeries is to be continued up 



« n-l n-2 



to the term involving t* y t~T y or tT 

Again, from the formula (4) we deduce the three following 
forms, 

2' {(fl+i)» + (-)»(fl-i)»}+( j 8'- !)'/■ 
I J 2«"()9 , -l)"' 

M V 2 -3 2.3.4.5.6 

+ -H > + W-' + 1) '-- (-«) 

NM 2'*+' {(/3 + l)'*" - (-)»(# - 1)'H + (ff - 1)'*+ ' 
1 ' 2**08"-l) 1, ''( / 8" + 3) 

(/t + 4)( A i + 3)( A t + 2)(^+ 1)^(^-1) 
2.3.4.5.6.7 

C ' 2V( / 9 , -l/( / S*+3)» 

=(3/*+2)|~2 g^j^ r ... 

+C-/ 2.3...(3 ? + 2) ^ (18 ^» 

all of them continued op to j— fi. 



2, Stone Buildings, 

U^prO, 1S57. 
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ON THE TRANSFORMATION OF COORDINATES. 

By Samuel Roberts, M.A. 

tn a former paper (Vol. II. of this Journal, p. 39) I em- 
ployed the general linear transformation from x\ y\ z' to 
a t x 4- b x y + c x z } a % x + bj/ + c 2 z, a 9 x + bjj + c t z and pointed out 
the meaning of the new constants introduced. My main 
object now is to shew more frilly than therein appeared, 
that this transformation is symmetrical, comprehensive, and 
convenient as a basis for the theory of curves. 
When we transform from 

u to a,a;-f i^ + c^l 

v to a 2 x + bj/ + c % z\ (1) 

w to ajc + bjy + c a s > 

we have by inversion 

x equivalent to J i 1? J 9 , b 9 } 






y equivalent to ' 



z equivalent 



to )a t ,a„aA 



r 



since we may remove the common factor 






Thus it is put in evidence that the three points whose co- 
ordinates are respectively proportional to axtjx^ bfijb^ c x c % c % 
are the angles of the new triangle of reference (#, y, «). 
I may remark that the leading problem of Mr. Cayley's 
paper on certain forms of the equation of a conic (Vol. lL 
p. 45) is readily proved by the direct use of the above 
transformation, which enables us to deduce from a given 
system of conditions relative to w, t?, «?, the corresponding 
system relative to x, y, z. This is the fundamental process 
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of which the following pages contain a few illustrations. 
An actual identity will oe shewn to exist between several 
processes usually employed without reference to their com- 
mon origin. 

We take then, as our basis, the transformation of ?7=0 
from u v to to 

a, bulAx + b x sinBy + c x sin Cz, 

a t sinAx + b % smBy + c 8 sin Cz, 

a z einAx + b s sin-By + c 8 sin Cz } 

where a x ajx z , b x bjb 3} c x cfa are the coordinates of the angles 
A } B, C of the new triangle of reference. 
The development may be written 

V sinAx* + A Bin"-\4 mtBx^y + A sin"" 1 ^ sin Or"- 1 *, 

a ba ea 

+ -V | A" sin*By f + A* sin 9 <7s" + 2 A A sinJ5sin Cyz\ maT'Aaf*, 

!•* (fta «» baea ) 

+ 

+ U%m n By n + A sin^-Bsin^y"" 1 ^ + A sin** 1 B sin C^" 1 *, 

6 a* eft 

-Ma* sin^a' + A" sin' Css* + 2AA smA sin Oral sin-W^, 

1.2 (at <* abeb 1 

+ 

+ Uam u Cz* + A8ln- , CBin^- 1 x+ Asax" 1 CainBz ni i, t 

e ac be 

+ -^- {a 1 sinMrc 8 + A sin 8 £y* +2 A A sin-4 tinBxy] rin^O*"-*. 

1.2 (a^ fc> aebe ) 

+ =0, (2). 

A &a, meaning b x D a + bJD a + bJD a &c, and the subject U 

ba l . * . 8 . 

being suppressed. If in this equation we make 3 = 0. the 
remaining terms give an equation in x and y, determining 
the intersections of U and z. Now if jp be any point in 
-42?, jpa, |?6, the perpendiculars from it on J5&, -4 (7, we 
have 

^asin-4 __ Bp 

pa sini? Ap ' . 

or the ratio in which AB is divided by p. This considera- 
tion immediately conducts to the equations of the polars of 
the curve. They, including the tangent, are formed by 
successively equating to zero, the coefficients of the resulting 
equ ation when z = 0. It is unnecessary to pursue these de- 



+ 
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ductions here. If we form the discriminant of the terms in 
x and y, we obtain the condition that a line passing through 
a x a a and ojbj)^ may touch the curve, or afl 9 a 9 being 
variables, the equation of the tangents through bJ)J> 9 . As 
a particular case of the above transformation, if we multiply 
the original equation by 7*, transform from 

yx to 7a;, 

7V toTy 

yzto - ax — $y + z\ 

and proceed to take the corresponding discriminant, we have 
the condition that ax + fiy + yz = may touch the curve, or 
the reciprocal, if a/3y are variables. There is, however, the 
usual irrelevant factor y n{n ~ l \ for strictly speaking we have 
obtained the condition that the line shall touch 7* £7= 0. It 
is obvious that in the foregoing process it is immaterial 
whether we suppose z = before or after transformation. The 
former assumption is tantamount to the usual procedure." 
The condition that a line passing through two given 

J>oints may touch Z7= 0, may be obtained from slightly dif- 
ferent considerations. If the first polar of a point p 7 the 
first polar of a point y, and the line tnrough p } q, intersect in 
a pomt, (pq) must be a tangent. For let r be the point of 
intersection, then since r is on the first polar of p,p is on 
the polar line of r, and similarly q is on the polar line of 
r, and therefore {pq) being the polar line of a point on itself 
is 'a tangent. Hence the resultant of the .elimination of 
xyz from 

, dU , dU\ , dU A 

X I*-** dy* Z lTz=^ 

»dU dU dU_ 

X dx- +y Ty+ Z &-°' 

(y V' - y"z') x + (zx" - x'z") y + (x'y" - aTjf) z = 0, 

fives the required condition, containing xyz x"y"z" in the 
egree n[n — 1) and the coefficients of ?7in the degree 2(w — I). 
These equations may be put under the form 

(^-^")f + ( y v-yof=o, 

(y'z" - y"z') x + {x"z' - x'z") y + [x'y" - x'y) * = 0, 
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or if we require the condition that ax + fiy + yz^O, may 
touch K we have 

dx dy 



dU dU A 

ite- a -dl= 



(a) 



oix+f}y+yz=0 

^s indeed is clear from the form of a tangent. There 
remains however the unavoidable irrelevant factor. 

If we required the condition that F=0 should touch 
Z7=0, and attempt to obtain it by eliminating a variable 
between V and P, and taking the discriminant of the result, 
the process is equivalent to eliminating|between 



dU dU dz 

dx dz ' dx~ ' 



(foj* dz ' dx~~ ' 



dy 
or between 



rfJ7 dU dz _ 



<*7 <*7 <& 



7=0, 



dz ' dy 
dU dV 
dx dz 
dU dV 
dy ' dz 



dy dz ' dy ' 

— — =0 

dz ' dx ~" * 

dU dV 



= 0, 



dy rfy J™ >••••••••••••••••• ? 



fife " dy 

F=0 ' 

of which (a) is a particular case. It is easy to see, in fact, 
that the usual methods of forming the condition j are ob- 
tained by selecting three equations from the following : 

dU dV dU dV 

dx dy dy dx 

dU dV_ 

dx dz dz dx 

dU dV_dU dV^ Q , 8 . 

dy * dz dz ' dy 1 ^ " 

the simplest system, as Mr. Salmon has shewn, being 

F-0, 



— — =0 

/7« /7o* * 



,7=0, 



dU dV_dU dV 
dx' dy dy ' dx 



wherein it is easy to account for the irrelevant factor. 



i 
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If each of the coefficients of the terms in x and y of (2) vanishes, 
U will contain the linear factor z, or a line passing through 

a i a « a 3 an< l ^A* ^ e 8ee tnen tnat * n tn * 8 case an y P " 1 * 
J. on the factor line is on all the polars of any other point 

B on that line, and vice versd. In fact the series of con- 
ditions implies a tangent having a contact of the n 4- l tt 
degree, which can only be the case when z is a factor, for 
it can usually meet the curve in only n points. The con- 
ditions that U may contain ax + /3y + yz = 0, will be obtained 
more simply by a particular transformation* Multiply th^f 
original curve by 7", and transform from 

7a to 7a;, 

W to yy, 
yz to — ax — /3y -f «', 
we have then (n+ 1) equations of condition, two of which 
contain - , - , uniquely. There are therefore (n — 1) inde- 
pendent conditions, (as is indeed evident from other consider- 
ations) that a curve of the n* degree should have a linear 
factor* I do not however see how the conditions obtained 
from these equations by the elimination of af$y are to be 
reduced to their lowest terms in the coefficients. In the case 
of the second degree, we have 

Fa*-2DoLy + Ay* = 0, 

F0*-2E/3y+Cf = O } 

Fap-D/Sy-Eay+By'^O, 

which give the square of the condition with a factor F*. 
The geometrical meaning of these equations and those of 
higher curves readily appears. 

If we write the terms of (2) in x and y in the form 

n (xy x +yx x ) [xy % +yx % ) {xy H +yx n ) = 0, 

x } x 2 ...i/ l y % being the roots, we see that the series of con- 
ditions is given by making this equation true independently 
of x and y, and we have a form equivalent to that obtained 
by Mr. Cayley's method, viz., by eliminating x y z from 

?7=0, 

Z=0, 

au + /8v + yw =■ 0, 
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where Z is a linear factor. In this general form, however, 
top many conditions are given. The conditions express that 

X 

a root — becomes indeterminate, but although this inde- 

terminateness may be denoted by - it does not indicate that 

x k = 0. and y k = absolutely, which would imply that a?, y, z* 
meet m a point. The transformation is, as I have observed, 
tantamount in effect to substituting in y*u [xyz) = 0, the value 
of yz derived from ax + /3y + yz = 0. In fact, if a curve 
U=*0 contains a curve F=0, then the conditions complied 
with, are expressed by substituting in U the values of z in 
terms of x and y derived from F=0, and equating the 
respective coefficients of the result to zero. If tfiese con- 
ditions are satisfied, a fortiori^ they will be more than sufficient 
for the case in which U and V contain a common factor of a 
lower degree. 

We obtain in this way an equation <j> (a?, y) = 0, and con- 
sequently, the conditions are given by 

independently of x and y, m and n being the degrees of 
U and V. We have therefore again, in the general case, a 
form equivalent to making the resultant of 

J7=0, 

F=0, 

ax + /3y = 0, 

equal to zero Independently of a and /?. Thus appears the 
identity of results obtained by considering that an arbitrary 
line through any point must meet the curves U and V in 
a common point, or considering that one or more of the 
values of z derived from F=0 must satisfy Z7=0, inde- 
pendently of x and y. 

In the application, however, to the theory of curves, we 
are chiefly concerned with the case in which U contains a 
given linear factor, and simple transformation gives us the 
requisite conditions. For instance, to determine the Hessian, 
we have 

A a factor in A", 

X\X X\Z 

or Lx t + My x + Nz x a factor in 

Ax? + 2Bxjt % + fy? + ^Dx x z x + %Ey x z x + 2Fx x y x = 0, 
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and transforming 







x t 


toa>„ 




y, 


to- 


L 
~M 


N 

tOS„ 


+y'i 



we have $(M i -L,O) = 0, 

and 

AM* - 2BLM + CD = -^ (A C-. W) U - r ^- Kt H? - 0, 

FM*-2ENM+CN* = : ^- l {FC-E*) U- -^^J2** = <>, 
(££ -DM)M+ {BM- CL) N 

= ^(Z)<7-^)ff- r J— #xs = 0. 
n-l v ' I**- 1 ) 

If (ays) be on the curve 

for x =* 0, a = are inadmissible as implying that y', a;, « in- 
tersect in the point of contact. 

In like manner, in the case of contact of a higher order, 
we must have 

A a factor in A*, or <f> ; 

and proceeding, as before, we should have &4 1 conditions, 
only one of which it is necessary to consider ; for instance, 

0(H;-Z,0)=O. 

If {xyz) is on the curve, this will reduce to 

and, by means of other equations of the system, we shall find 

<?^ = 0, 

so that <?* = W *M l> e the condition required for a contact of 
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the k+1* order. The problem of finding the double tangents 
whose points of contact are distinct involves similar consider- 
ations. Let <£> = be the condition that 

X\X x^x 

shall have equal roots, then <f> must contain 
A or Lx x + My x + Nz x ; 

and we shall have a series of equations 
*(1#,-Z,0)-O, 
*(O,-iV,itf) = 0, 

&C. 

any one of which will be sufficient to give the required 
condition, for A intersects <f> in only one point. Since the 

X\X 

series of equations is obtained by eliminating z x between 
A = 0, and <f> = 0, and <f> is of the degree (n + 2) (n - 3), we 

XyX 

shall have 

and FT = will be the condition sought, the decree of which 
in the coefficients, and mxyz, is easily determined. 

The number of double tangents, however, can be de- 
termined by a different mode. On examining the coefficients 
of the developed equation, we find, if z is a double tangent, 

<M<wO = °> 
T du _ du , du 

du , du , rfw _ 

+(»M)-o. 

Eliminating from the three last £A6 8) we obtain an equation 
of the degree w(n-l) 8 -fn or n — 2n 2 + 2n in a x a % a % ^ being 
the locus of points, whose polar lines and first polars intersect 
on the curve. The locus must contain the square of the 
curve. 

This gives n (ra 8 — 2n*) points of intersection with <f> {a x a 2 aj = 0, 
where the .tangents are double, but it includes three times the 
number of points of inflexion, which are points of contact 
of double tangents touching consecutively. Hence we have 

n{* s -27i a -3.3(n-2)}, 
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for the number of contacts of double tangents whose points 
of contact are distinct, or 

w(w-f3)(w~2)(n~3) 
2 ' 

for the number of double tangents. Possibly a similar method 
might be advantageously employed in the case of surfaces. 

VVith regard to multiple contacts not distinct, the con- 
ditions appear to take a simpler form, if we assume the 
satisfaction of those prior in order to the one we are dealing 
with. We have seen that the conditions for a contact of 
the Ic* order implies that a x a % a any point on the line of con- 
tact lies on the curve, and on tne n — 1 th n — 2 th ... (n — h 4- 1)** 
polars of bj>b 9 any other point on the line. Now the line 
must evidently take the form 

du du du 

and we may consider it as passing through t-,-j-,0 and 
apjif Therefore we have 

^ = 0, 

-j— -jr - j— • j— = 0, satisfied identically 7 

du* d*u du^ du^ d*u du* d*u __ 
da 2 da 1 da x ' da % ' da x da % da* da* ~~ ' 

&c &c. 

and writing -7— = £, -7— = if, the law of formation is 

the differentiation being taken on the supposition that M 
and L are constant From this we obtain (Salmon's H. P. C, 
P- 82), 

da x da % n — 1 

»-l \ da t da 1 da H J 
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But if Z7and A pl touch at a t a s a^ we have 

M^-N — = 

and consequently, if the third condition above given be satis- 
fied, that is, if jh = 0, we have 

the differentiation being complete. And instead of differenti- 
ating A', we may employ the form to which A* reduces by the 
aid of the prior conditions, for since A p = 0, and A* 1 , A p "*, 
&c, touch U and one another at <*,#,<*„ it will be sufficient 
in order that A' may touch Z7, at the same point, that the 
reduced form of A' touch U. 

The factor z? being omitted, and H substituted for the 
third condition, we have then 

J7=0, 
da x da % da % da % 7 



\da x da t da 2 daj ' I 

These conditions imply that U and H have a contact of the I 

(k - 2) tt order. It is also evident that we may treat either ( 

Z7or JjTas the subject of the operation, and may consequently ' 

write 

Z7=0, 

dH dU_dH dU =Q 
da x " da a da % ' da x ' 



\da v da % da % da J ' 
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which, however, are higher in degree. The above conditions 
that two curves may have a multiple consecutive contact, 
have a close analogy to those necessary, that a right line 
may have a similar contact with a curve. They, however, 
of course give rise to irrelevant factors. If then U and H 
have a contact of the k* order, ?7has a tangent at that point 
of the {k 4 2)" 1 order. This indeed appears from the fact that 
at every intersection of V and H 1 the tangent has a contact 
of the 3 rd order, and if the tangent touch at 1234, it may 
be considered to pass through 123, 234 if at 12345 it passes 
through 123, 234, 345, and so on. 

The development (2) is convenient for shewing at a glance 
the meaning of the disappearance of any particular coefficient. 
For instance, suppose we require the signification of 

the coefficient of x m y*x? = 0. 

This will be equivalent to 

A m A B . Z7=0, 

at be o 



and indicates that C is on the m th polar of -4, with regard 
to the n* polar of B, with regard to the curve. The other 
relations are determined by symmetrical transposition. The 
coefficient of afy*, where 2n is the degree of the curve, is 
A n A n , or A"w, or A*w, and if it vanishes we see that A is 

ac be abb ba a 

on the n* polar of 2?, and vice versd. Thus, if the coefficient of 
afy 8 , yV, aV in a curve of the 4 tb degree vanish, the triangle 
of reference has a kind of self-conjugate property, the second 
polar of one angle passing through the other two. Again, 
if the coefficient of x*y n z = 0, A is on the n* polar of B, 
with regard to the w tb polar of C. 

An analogous method of transformation is applicable to 
tridimensional space. If the plane 

a*=x' cosa + y' cos/8 -f s' cosy — ^' = 

be transformed into the shape 

Ix -f my + nz +pa> = 0, 



where 



x=*x cosa, + y cos /3 l + z' cosy l —p l (a), 

y = a;' cos a 8 +y' cos /8 8 + s' cosy, -p a (4), 

z = x' coaa t + y' coaj3 9 + z cosy 8 — p B (c), 

a> = a?'cosa 4 +y'cos/8 4 + 2'cosy 4 — p 4 (rf), 
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I cos a,, cofl/8 2 , cos7 8 
cosa 8 , co8/8 8 , cosy, 
cosa 4 , cos/8 4 , cos7 4 



>| a ,- 



we shall have four equations to determine Z, w, n } p. Elimi- 
nation gives 

fcoso,, cos£ 1? cos 7l , p x 

cosa„ cos£„ cos7 8 , p t 

eos a,, cos£ 8 , cos 7s , p % 

cosa 4 , cos£ 4 , cos7 4 , p 4t 

Where a. is the perpendicular from the intersection of 



0087^2? = cos ays j 

0087^ = COS/9,3, 

perpendicular to (5) and a line parallel to the intersection of 
(c) and (rf) in the form 

(cosa 8 cos/SJ' x = (cos7 4 cos/SJ' «, 

(cos£ 8 cosaj'y =(cos7 4 cosaj's, 

{where (cosa 8 cos/3 4 )' = cosa 8 cos/8 4 — cos/8 8 cosa 4 } the angle 
between these lines will be given by 

rcosa,, cos/8 8 , cos7 8 -j 

cos0' = jcosa 8 , cosiSj, cos7 8 l 

'cosa 4 , cos/8 4 , cos7 4 ) 

-7- {(cosa 8 cos/8 4 ) /,t + (cos7 4 cos/8 8 )'" + (cos7 4 cosa 8 )'*}*. 

The divisor is equivalent to 

{1 — (cosOg cosa 4 + cos/8 8 cos/8 4 + cos7 8 cos7 4 )*}*, 

or to sin^, $ being the angle between the planes (c) and (d) 9 
and the value of the determinant 

cosa 2 , cos/8 a , cos7 9 l 

- cosa,, cos£ 8 , C0S7 & | , 

cosa 4 , cos/8 4 , CO87/ 

is sin <f> sin 0, being the complement of 0' or the angle made 
by the intersection of (c) and (d) with the plane (b). 

Dividing out then this major determinant as a factor 
common to 7, m, n, p, we may write 

I equivalent to sin Ab smcd . a,, 

Ab meaning the angle made by the edge of the new tetra- 
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hedron passing through A the intersection of (J), (c), and (cZ), 
with the plane (b) and cd denoting the angle between (c) ana 
(d) ; we shall also, have, using a similar notation, 

m equivalent to sin -Be . sin ad . a,, 

n equivalent to sin Ca . sin W . a 8 , 

j? equivalent to sin Z>c . sin ac . a 4 , 

a 2 , a 8 , a 4 being the perpendiculars from 2?, (7, -D, on a. 

And if we take three other planes ft, y, 8, and transform 
in a similar manner, we shall obtain analogous results re- 
lative to these planes, and (a) (b) (c) [d) taken in corresponding 
threes. That is to say, if we transform the equation 

tf>( a /Sy$)=0, 

from a ft y 8 as planes of reference to , 

l x x + m^ -f n x z +jp,o> = 0, 

Ijt + m^y + w a s + pja = 0, 

^sc + mjf + w 8 s +i> 8 ® = 0, 

\x + w^y + n A z +p 4 a> = 0, 

then Z t , Z a , L Z will be the coordinates relative to aftyS, of 
[vz o>) multiplied by sin^lft . sin erf, m^ m 2 , »» 8 , m 4 will be the 
similar coordinates of [xzto) multiplied by sin Be . sinai, 
n , n t , n g , n will be the similar coordinates of (xyto) mul- 
tiplied by sin Ca . sin W, and p x , p# p % , p A will be the similar 
coordinates of (xy z) multiplied by sinZto . sinai. 

The consideration of right-angled spherical triangles at 
the angles of the tetrahedron of reference gives 

sin Ab sincrf = sin-4c ainbd = sin Ad sin&c, 

sin 5a sin erf — sin 2fc sin<zrf=sin2irf sinac, 

sin Ca sin&rf= sin Cb sinarf= sin Cd sina6, 

sinZ?a sin&c = sinZft sinac = sinZte sinai. 

In making the transformation, it is convenient to suppose 
the new quantities xyzco to contain the above factors im- 
plicitly. The development is easily obtained by working out 

* («i+*i+<5i+«*i, *,+K+ c % + ^ «. + ». + *,-+ rf 8 , a 4 + J 4 + c 4 +rf 4 ), 

which gives the successive coefficients, while the correspond- 
ing powers of the variables are determined by the number of 
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times the different letters enter, a , &c, a , &a, a 8 , &a, a 4 , &c, 
will be on the above assumption the coordinates of the angles 
of the new tetrahedron with respect to the old. We have then 



.*-! 



Ux n + Aya?*" 1 + Azx"~ l + Awx 

a ba ea da 

+ -^ {AY + AV + A V + 2 AAy* + 2 A Ayo> + 2 A A«®} a?"" 8 

!-•* ba ca da baea bada eada 

+ 



+ Efy n + Aay*" 1 + As/" 1 + Aa>y 

b ab eb db 



+ — { AV -f AV + AW + 2 A Aa* + 2 A Aa*> + 2 A Asa)}/" 2 

1»* a6 eb db abeb abdb ebdb 

+ 

+ Uz n + Aa*- 1 -»- Ays"- 1 + Ao*" 1 

e ae be de 

+ — {AV + Ay + AV + 2 A Aay + 2 A Aara> + 2 AAya>}« w ~* 

1.2 ae be de aebe acdo bedc 

+ 

-I- Ua> n + Aa?a> tt - X + Ay©"" 1 -I- AzaT 1 

d ad bd rd 

+ A { ^V + Ay + AV + 2 A Aay + 2AAa* + 2AAy«}a) n "* 

1*2 ad W ed adbd aded bded 

+ = (3). 

The coefficients satisfy the identity 

T ^-l A m A" U= — — A M A' K 

1.2...?n + W ac be c 1.Z...W +JP a* be b 

m+n +p being the degree of the curve. This equality 
expresses that if C is on the m* polar surface of A, with 
regard to the n a polar surface of B with regard to the surface U y 
then B is on the rn th polar surface of A with regard to the p m 
polar surface of C with regard to Z7; and similar interpre- 
tations may be made of the other symmetrical forms of the 
coefficients. We thus see, as in the analogous case of plane 
curves, what is implied by the vanishing of a given coefficient. 

To obtain the equation of the curve of intersection with 
the surface made by a plane passing through three given 
points a,, &c, J„ &c, c l} &c, we have only to make w = 
in (3). 

Equating the coefficients to nothing, we obtain the con- 
ditions that the surface U may contain a> a plane passing 
through those three given points. If o> is a tangent, the equation 
VOL. it. o 
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in xvz thus obtained must have two equal sets of roots ; that 
is, the curve of section, as Mr. Cayley has remarked, must 
have a double point. This is readily seen by projecting the 
coordinates 2, y, z on o>. If co is a tangent at a„ &c, we 
must have 

?7=0 = A, 

a aa 

A = 0, 

ba 

A=0, 

ca 

or A = 

xa 

is the equation of the tangent plane at a„ &c. If we take 
the determinant of the terms in x } y, s, and consider one of 
the sets of coordinates as variable, we have the equation of 
tangent planes through two given points. 
To obtain the condition that a plane 

Ix + my + nz +pa> = 

should touch, we must multiply the original equation (in 
xyzco suppose) by p" and transform from 

px to px, 

pyfopy, 

pz to pz 1 

pto to — Ix — my — nz + a>. 

It is clear this process is the same as substituting the value 
of to derived from the equation of the plane in that of the 
surface. 

If we reauire the equation giving the intersections of a 
line formed by the intersection of z and g>, we must make 
these variables vanish in (3) ; we thus obtain 

Ux' + byx^ + lAYx"-**...} 

b ab ab ' 

Let B be any point on the edge AB of the tetrahedron 
ABCDj and ifa, JBi, 0, its coordinates, then we have 

emAb.AB = Bb, 

BmBa.BB = Ba, 
BB __ Ba sin Ab x 
AB ~~ Bb ainBa = y * 
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Hence, the coefficients of (4) equated successively to give 
the equations of the successive polar surfaces. (4) is in fact 
equivalent to the usual substitution for afiyb of 

and of course the usual deductions may be made from it 
relative to tangent lines, as in Mr. Salmon's paper on the 
Contact of Right Lines with Surfaces, (Vol. I. p. 329 of this 
Journal). 

If we equate the whole of the coefficients of (4) to zero, 
we obtain the conditions that the surface may contain a line 
passing through A and B. The meaning of these conditions 
can be interpreted in the mode before pointed out. Putting 
then x t x ..., y^..., for the roots of (4), the series of condi- 
tions is obtained by making 

n 0*gfi + *,y)-"( a ^n+**3/) =° 

independently of x and y. This results from one or more 
sets of roots becoming indeterminate. Now if we take three 
surfaces ?7=0, F=0, W=0, and eliminate first z and then 
o> between V and W^ and substitute the values of z and o> 
derived from the resultant in Z7, we have an equation 

<l>{xy)=0 

of the degree mn», and equating the coefficients of this to 
zero we obtain the conditions that Z7, F, W may contain 
a common line. For these equations are sufficient if U con- 
tains the whole intersection of V and W, and a portion are 
sufficient if J7, V } W contain a common line of a lower degree. 
We see then that the series of conditions will be given by 

n (^i + y»*)---to-F+y*.J = o, 

independently of x and y, a form similar to that obtained 
by Mr. Cayley's assumption of an arbitrary plane. An 
entirely arbitrary plane, however, gives superfluous condi- 
tions ; for it can be subjected to two conditions and yet pass 
through the whole of space by rotation, for instance, round a 
fixed axis. Instead then of assuming a plane, we see that 
the required conditions are obtained by eliminating z and 
ai from 

tf=0, 

F=0, 

JF=0, 

02 



Digitized by LjOOQ 1C 



188 On the Transformation of Coordinates. 

and making; the resultant = independently of x and y. It 
is obvious the result will be of the aegree 

finj> 4- vmp + irnn 

in variables contained in the coefficients of U } V, W in 
degrees /a, v^ tt (m, n*p being the orders of the surfaces). 

The application of the foregoing notation and the develop- 
ment (3) to the general equation of the Becond order will 
illustrate its use. Let 

Aa?* + Ay* + Az* + Aa>*+ 2 Axy + 2Axz + 2 Ax& + 2 Ayz + 2Azm 

aa bb ec dd ab ae ad bo ed 

+ 2Aya> = (5) 

be the general equation, xyzuy being still supposed to contain 
the angular factors implicitly. 
We see at once that 

Aa? + Ay* + Az* + Am* = 

aa bb cc dd 

implies that the tetrahedron of reference is self-conjugate. 
Again, 

Aa* + Ay i +2Asa> = 

aa bb ed 

implies that the plane c is the tangent plane at D, and d is 
the tangent plane at (7, the plane a is the polar plane of A, 
and b the polar plane of B. It is also obvious that 

Axy + Axz + Aajw + Ayz + Aya> + A#a> = 

ab ae ad be bd ed 

circumscribes the tetrahedron of reference. 

In the surface of the second order A is equal to A. Hence 

ab ba 

AA...A = AA...A, 

abed ka bade ok 

or if p kl represent the perpendicular from kJcJcJc A to the polar 
plane of iXhhi we ^ ave 

PmfPed' ' Pka =Pba P*>' ' Pa*' 

If therefore a,, &c, 6 t , &c, & t , &c. be points on the surface 
forming a gauche inscribed polygon, and we divide both 
members of the last given equation by the product of the 
sides of the polygon, it appears that if a gauche polygon 
be inscribed in a surface of tne second degree, the continued 
product of the sines of the angles which each side makes with 
the tangent plane at its right-hand extremity is equal to the 
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similar product of the sines of the angles made with the 
tangent planes at the other extremities. The corresponding 
theorem' for conies is readily proved in an analogous way, 
and the equation 



sin0 sind>' 

sin£ J smS * ' 



the general equation of a conic circumscribing a triangle 
xyz, is in conformity with the theorem referred to. For 

multiplying by . ^, we get 

sin 0" sin A 

* sin£ sinff J ' 

in consequence of 

sin0 sin^ sin 0" = sin <f> sin^' sin^", 

we have then 

PahPuPdcPca ^PtoPaiPcdPri 

PikPlePcdPda =PbaPohPicPu) 

, , PadPiiPbcPe*=PdaPnPtiP<u1 

we also have 

A 

A Pa' 

eft 

and so on symmetrically. 

By the aid of these considerations, we may write (5) in 
the following and corresponding forms 

P~P*i x *+Ph y*+PL< Z *+&±E» 
P*P* Pck Pu PuPcs 

+ 2 \£± xy A — xy +%* az +&* J& xa> +&*ya> + yzl =* 0. 
\Pa P* P*e Pu Pa Pa* ) 

where the meaning of the coefficients very clearly appears. 
Since A = Bp M A = Rp„, 

ha aa 

ab bb 

ab 

we obtain, precisely as in the case as conies, the equation 
where the edges of $r, y, s, a> are tangent lines. For if the 
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polar plane of A and the polar plane of B intersect on AB, 
we have geometrically 

PaaP»=P<*Pka1 

and the other conditions may be similarly found. The 
negative sign of the root gives the equation of the circum- 
scribed surface ; the positive sign makes the equation a perfect 
square, in which case, strictly speaking, every line is a 
tangent. 

Let a;*+y* + s*-i-<»* = (a) 

a a + /3» + 7 , + S 8 = (V) 

represent the same surface, constants being implicit, and let 

I Ax* + By* + Cz* +2>»*+ Exy + Fyz + Gxa> 

I + Hyz + Kya> +Lza> = (c), 

A' a 9 + B'F + CV + D'8* + E'afi + Fay + G'aS 

+ H'0y + K'/38 + L'vB = O [a 11 ) 

> represent another surface. If 

[ x = l t a + mfi + n t y + pfi, 



y = l % a + mfi + n t y +p t 8, 
z = l 3 a + m i fi + n 9 v+jp 9 8, 
ft) = J 4 a + m^ -I- n 4 y + i> 4 8, 
we Bhall have, by virtue of (J'), 

l i*+V + V + V m h ^ + ^, + ^ 8 + ^ 4 = 0, 

&c. &c, 

and therefore 

a= Z,aj + Z^ + / s s + J 4 a>, 

)8 ass w^aj 4. w^ + m s z + «i 4 «, 

7 = n x x + /i^ + n 8 s -I- n 4 fi>, 

S=p x x + pj) +p t z+p 4 a; 

and therefore, by virtue of (a ), 

I* + "ij 8 + n/ +p* = 1, y, + m^ + n^ = 0, 

&c. &c, 

and consequently it is easily seen that 

A + B+C+D = A' + B' + C' + D', 
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and if v is the determinant of (c) and v' of (<f), we have, 
by virtue of the condition, that a plane should toueh the 
surface 

dv ^V dv ^V _ <W ^V ' dV_ ' , dv' 
dl + dB + dC + dD~dA + dB + dC' + dD" 

Hence (1) if two tetrahedrons be self-conjugate with re- 
gard to a surface of the second degree, and if another surface 
of the second degree be circumscribed about seven of their 
corners, it must pass through the eighth, and (2) if a surface 
of the second degree be inscribed within seven of their sides, it 
must touch the eighth. These theorems correspond to the 
theorem relative to conies inscribed and circumscribed about 
self-conjugate triangles^ and the mode of proof corresponds 
with that given for comes by Mr. Salmon, in his Geometrical 
Notes, contained in this Journal. The plan,e theorem may 
of course be proved in a similar manner. I may remark, 
that, as in the use of conies we may obtain the forms of (5) 
subject to given conditions. 

With reference to the equation of a conic passing through 
two given points and touching a given line, a rather simpler 
process suggests itself than the one given by Mr. Cayley 
(Vol. II. p. 46) for finding the general equation of a conic 

5>aseing through two given points and touching a given line, 
or we have immediately 

/ x, y, z a?, y, z 

a/M^), a /(«, h <>), <J(\x + w + vz) 
V \ b } c J V V,£',/ 

//*' A 7 \ 
( °' VP b > c ) ' ^ (Xa + **& + va) 

£, yj, 0, V(W + /z£' + va') 

&, c j 

for the required equation. The imaginary quantities dis- 
appear by the alteration of the order of the constants. 

By observing the meaning of the coefficients we are able 
to determine the form of the equation, when an angle of the 
tetrahedron of reference is a double point. It is obvious that 
if the angle xzm is such a point, the coefficients of y*, ay""" 1 , 
sy"" 1 , toy l vanish. The like applies to plane curves; for 
instance, if a curve of the fourth order has three double 
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points at the angles of the triangle of reference, we see at 
once that the coefficients of sc 4 , y 4 , z 4 , aw 8 , xz* } yse 8 , yz*, zif 7 zz* 
all vanish, so that the equation takes the form 

Ax*y* + By*z*+Cz*x* f {Dx + Ey + Fz)xyz. 

The same applies to curves of any degree, and generally, 
if the angles of a self-conjugate triangle be on the curve, 
they must be double points, as indeed is otherwise evident 
Since the independent constants of transformation are six, 
we may put curves of .the fourth order into the form 

Ax A +By* + Cz A + Dxtf + Exz* + Fyz* + Gzy 3 + Hzx* + Kyx*] 

the relations of the triangle of reference in this case appear 
from the forms of the vanishing coefficients. 

Stourbridge, March, 1857. 



ON THE SIMULTANEOUS TRANSFORMATION OF 

TWO HOMOGENEOUS FUNCTIONS OF THE 

SECOND ORDER. 

By A. Cayley. 

TN a former paper with this title, Cambridge and Dublin Math. 

Journal, t. IV. pp. 47—50, I gave (founded on the methods 
of Jacobi and Prof. Boole) a simple solution of the problem, 
but the solution may I think be presented in an improved 
form as follows, where as before I consider for greater con- 
venience the case of three variables only. 

Suppose that by the linear transformation* 

(*,y, *) = («, ft 7 ) fa* &» *i)i 
«", 0",7" 



• I represent in this manner the system of equations 
x = ax x + /3y x + 7Zl , &c 
and to in all like cases. 
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we have identically 

(a, b, c, /, g, h)(x,g,zy={ ai , b lt c„ f„ g x , *,)(*„ y„ *,)*, 
(A, B, C, F, G, H){x, y, zy = {A t , B lt 0„ F a G a *,)(*„ y„ *,)«. 
And write also 

(fc.9„«;Wa, «', *")»*«. 

f II 

7, 7, 7 

Comparing these with the relations between (x, y, *) and 
( x u Vii *i)> we 8ee tnat 

(ft v, («, y, «) = (ft, ^, f.) fo, y lf *,), ^ 

and multiplying the first of the relations between two quadrics 
by an indeterminate quantity X, and adding it to the second, 
we have 

(Xa + A, ...) (a, y, s) 8 = (A* f + ^, ...) fo, y t , « t )\ 

We have thus a linear function and a quadric transformed 
into functions of the same form by means of the linear sub- 
stitutions, and any invariant of the system will remain un- 
altered to a factor prfcs, such factor being a power of the 
determinant of substitution. The invariants are, 1° the dis- 
criminant of the quadric; 2° the reciprocant, considered 
not as a contravariant of the quadric, but as an invariant of 
the system. And if we write 

K = Disc. (Xa + A y . ..) (a?, y, «)*, 
(«, », «, 4F, «, ») (ft v, 1 = Kecip. (Xa + A, ...) (a, y, *)*, 

then K t , &c. being the analogous expressions for the trans- 
formed functions, and the determinant of substitution being 
represented by n, we have 

K^n'K, 

(« rt » (ft, ^6)"-n» («,...) (ft 9,0", 

and substituting for f „ 17,, £ their values in terms of £, 17, f, 
the last equation breaks up into six equations, and we have 

(«„...) (a, «',«")« -n*, 

(* I ,'...)(i8,y9', / 8")(7,y,7") = n'jP, 
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which is the system obtained In a somewhat different manner 
in my former paper. Putting f x = g^ = A x = 2^ = 6^ = iZj = 0, 
and writing also (which is no additional loss of generality) 
a x = b x s= c x = 1, the formulae become 

K *> c > f, Si h ) to y> *)* = U» J i i) «> y/i 0» 

(^ 5, C, F, G } H) (*, y, .)■ = (^, U lf OJ (*,», y t ', O, 

viz. there are two given quadrics which are to be by the same 
linear substitution transformed, one of them into the form 
x* + y* + s l * and the other into the form A x x*^ f Bjj* + C x z xJ 
wnere A x1 2? , C have to be determined. The solution is 
contained in the following system of formulae, viz. 

(A 1 + \){B x + \){C 1 + \)=It l B\*c.{Xa + A,...) y 

which gives A xJ B^ C x as the roots of a cubic equation, and 
gives also 

1 = n* Disc, (a, . . .) = n%e or n" = - suppose, 

and we have then, writing for shortness, (•) (X, F, Z) for 
{(B,+\)(C l+ X), (C,+\)(A 1+ \), (A^\)(B l + \)}{X,T,Z), 

(.)(«', «", «"*) = ;«, 
(•)(-/, 7™, •/•)-;«» 

(.)0»y > /8'y > i8"y)-i*, 

(.)( 7 a, 7 V, 7"«") = ^«, 

(.)(a^,«' / 8',a"/9") = ^, 

where (8, UJ, C, iF> <5r, $?) are the coefficients of the recipro- 
cal of (Xa + -4,...)(:c, y, s)\ Writing X = — -4„ — B xJ or — (7 t 
the quadric functions on the left-hand side become mere 
monomials, and we have the actual values of the squares 
and products a*, £7, &c. of the coefficients of the linear sub- 
stitutions: thus a 8 , £", 7 s , 07, 7a, a/3 are respectively equal 
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to *o> **o> ®oi &oi ®o> ?^o eac * 1 " lto *be common factor 
- (jB t — -4,) (Cj — -4 t ), the suffix denoting that we are to write 

in the expressions for *, », «, 4F, €r, ft the value - A. for X ; 
and similarly for the sets (a 1 , ff } 7') and (a", £", 7"). 

2, 8 tone Buildings, 

27 March, 1857. 



A WOED ON FOCL 

By Samuel Roberts, M.A. 

1. TF the n real foci of a curve of the 71 th class be taken 
two and two, to each pair of real foci so taken 
corresponds a pair of imaginary foci, lying on a real line bisect- 
ing and perpendicular to the line joining the two real foci 
and at equal imaginary distances on either side thereof, as 
is known m the case of conies. The general theorem follows 
from considering the points of intersection, and the lines 
joining them, of 

(y-y a )±V(-i)(*-aO=o, 

or the evanescent circles 

(y-yt)*+(*~^) 8 =°> 

Hence, if two real foci coincide, the two corresponding ima- 
ginary foci coincide with the resulting real double focus, 
and 2 (n — 2) single imaginary foci coincide in 2 (n — 2) double 
imaginary foci, and the total number of foci is (n — 1)*. 

Generally, if m real foci coincide, then the corresponding 
w(m — 1) imaginary foci coincide m the same point, and 
2 (m — 1) [n — ni) single imaginary foci coincide -with 2 (n — m) 
imaginary foci, forming 2 (n — m) imaginary foci of the m 
degree. 
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2. " All curves of the third degree whose highest terms 
are divisible by 7? -f y* ; and all curves of the fourth degree 
whose equations are of the form 

(rf + yp + ti^+yJ + i^O 

have four foci lying on a circle," a known theorem. 

3. If four real foci lie on a circle, then the imaginary 
foci corresponding to the real foci taken in pairs lie four 
and four on circles cutting the circle whereon the four real 
foci lie at right angles. 

For let ABCD the real foci lie on the circle ABCD with 
centre B } and let AB y CD produced meet in 0. Draw radii 
RP.BQ perpendicular respectively to AB.CD^ and let 

PB=c, QD = c\ OP=t, OQ = t. 

Then if r be the radius of circle with centre and cutting 
circle ABCD at right angles, we have 

r> = t*-c* = t'* = c , * = e+W{-l)c}* = t , * + W{-l)c , }\ 
But the imaginary foci corresponding to A } B lie on HP 
at distances ± Vr- *) c fr<> m -Pj an ^ the imaginary foci corre- 
sponding to C, 2>, lie on BQ at distances ±\/(— 1) c' from Q. 
Therefore the circle whose centre is and radius r, passes 
through the imaginary foci corresponding to -4, Z?, and £7, D. 
Wherefore, applying similar reasoning to the pairs AD, 
BCj BDj AC, the above theorem holds good. 

4. The circles whereon the corresponding imaginary foci 
lie cut one another at right angles mutually. 

For let a; , + y 2 = a 8 

be the equation of circle ABCD, and 

(s-aJ' + k-jO^' + y.'-a' (1), 

{x-x t y+(y-y t y=x l *+2,;-a'> (2) 

be the equations of circles on which two corresponding set of 
four imaginary foci lie. 

Transform to centre of circle (1), whereby 

(1) becomes a? + y* = x* + y* — a a , 

(2) becomes 

if *.*. + && = «"■ 
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But this is bo because x x y t is on the polar of xj/ 2 with respect 
to sc'-fy^a 8 , and therefore (1) and (2) cut one another at 
right angles. Similar reasoning applies to the remaining 
circles, whence the above theorem. 

And considering the nature of circles so related we are 
able to conclude amongst other inferences, that the twelve 
imaginary foci lie on six right lines passing through the 
centre of the circle whereon the real foci lie, and therefore 
intersecting on the curve (Salmon), and generally, the circles 
being symmetrically related, that twelve corresponding foci 
lie in lines passing through the centre of the circle whereon 
the remaining four lie. 

Also the triangle formed by the centres of any three of 
the circles is self-conjugate with respect to the fourth, and 
one of the circles must be imaginary; namely, that the 
centre of which is the intersection of the diagonals of the 
quadrilateral ABCD^ moreover the radical axes of any three 
pass through the centre of the fourth. 

However, the properties of four circles cutting one another 
mutually at right angles, though worth observing, are in- 
dependent of the nature of the curves whose foci lie thereon, 
ana therefore more proper subjects of separate investigation. 
It will be observed that the before-mentioned properties of 
imaginary foci are due to the disposition of the real foci, 
their origin and only indirectly dependent on the curve. 

5. If the four real foci of a bicircular quadratic lie on 
the same right line, the double foci lie also thereon. 

For take the line as axis of x and let the equation of 
the curve be of the form 

ZV{(«-a) a +^}+mv/{(aJ-Q 8 + y 2 }+nV{(^-c) 9 -|-y a }=0, 

or l</{A)+m*J[B)+n</{C)=0, 

equivalent to 

rA*+m"B* + ri'C 2 -.2Pm*AB-2Pn*AC- 2m*n*BC=0 } 

this may be put into the form 

(«*+/)■+ (*■+/)(«*+/) +gz?+hx+k=o } 

and further into the form 

{0^ + ^ + **+/) + J{ff-e)x} {(a? +tf + ex+f) - Vfc -e)x) 
+ (A-2/)* + &-/" = 0, 
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wherefrom we gather that the coordinates of the centres of 

the circles are 

.-0 e + </(g-e) e-W(g-e) 

y — u, a — , y — u, x — ^ ? 

and these being the double foci the proposition is true. 

Ovals of Descartes and Cassini are of this class. 

It may be remarked that the triple focus of a Cartesian 
oval is that point whereof the polar cosine is a circle. 

Nov. 1857. 



NOTE ON A FORMULA IN FINITE DIFFERENCES. 

By A. Cayley. 

TN Jacobi's Memoir ' De usu Legitimo Formulas SummatorioB 
Maelauriniancef Crelle, t. xii. pp. 263-273 (1834), expres- 
sions are given for the sums of the odd powers of the natural 
numbers 1, 2, 3...sc in terms of the quantity 

w = x(x + l), 

viz. putting for shortness 

the expressions in question are 
Sx* = K, 

Sx*= K("-i), 

Sx 7 = j„>«-$« + f), 

Bat = &u*{u*-$u* + 3u-%), 

Sx n = -fru*{u 4 -±u 9 +¥u*-\0u + 5), 

&c, 

which, especially as regards the lower powers, are more simple 
than the ordinary expressions in terms of x. 

The expressions are continued by means of a recurring 
formula, viz. if 

^•=^1^ - *f".-.+ (-rwi, 



2p-2 
1p 



&*"- ± {«' -bf...+{-Y VXJ, 
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then 

2p(2p-l)a 1 =(2 P -2)(2 P -3)A 1 -p[p-l), 

2p(2p-l)a, =(2p-4)(2p-5)5 i - (jp- 1) (.p- 2) ft t , 

2p(2p-lK -(*-•) (*?-*)». -Oi-aJCp-S)^ 

2p(2p-l)a i , HI = 5.6 Vs~ *- 4 *jM4i 

= 3.4 8 M - 2.3 i M 

by means of which the coefficients b can be determined when 
the coefficients a are known. 

Jacobi remarks also that the expressions for the sums of 
the even powers may be obtained from those for the odd 
powers by means of the formula 

Stf p = 7r ^—d x Sar\ 
2p + l * ' 

which shews that any such sum will be of the form (2x + 1) u 
into a rational and integral function of u : thus in particular 

Sx* = $(2x+i)u. 

To shew a priori that Sx** +1 can be expressed as a rational 
and integral function of u^ it may be remarked that Sx*** l =fax 
where fax denotes the summatory integral 2 (x + 1)** 1 , taken 
so as to vanish for x = : fax is a rational and integral func- 
tion of x of the degree 2p + 2, and which, as is well known, 
contains x* as a factor. Suppose that y is any positive or 
negative integer less than x, we have 

fax-fay=(y + l)**+ l + (t, + 2)*>"...+ x»+\ 
and in particular putting y = — 1 — a?, 

fax-fa{-l-x)={-x)^ + (l-x)™...+ at" l = 0, 
since the terms destroy each other in pairs ; we have there- 
fore fax=fa{~ * "" *)• ^ ow w ~ #* + #, or writing this equa- 
tion under the form aj" = — a? + «, we see that any rational 
and integral function of x may be reduced to the form Px+ Q, 
where P and Q are rational and integral functions of u. 
Write therefore fax = Px + Q : the substitution of — 1 - a? 
in the place of x leaves u unaltered, and the equation 
fax = fa(—l—x) thus shews that P=0; we have therefore 
fax— Q a rational and integral function of w. Moreover fax 
as containing the factor x *, must clearly contain the factor 
u?, and the expressions for /Su 8pn are thus shown to be of 
the form given by Jacobi. 
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We may obtain a finite expression for Sx in terms of the 
differences of n as follows : we have 

>Sfe*=r + 2\..+ tf w = {(l + A)-f (l+A) 2 ...+ (l + A)*}0" 

and putting (1 + A) x = e xl0 ^ 1+ ^ and observing that the term 
independent of x vanishes, and that the terms containing 
powers higher than x"* 1 also vanish, we have 

Sx n =S t - 



(4*H-(i+*)}.r.£, 



where the summation with respect to A, extends from k = 1 
to k = n + 1, or what is the same thing (since the term corre- 
sponding to k = 1 in fact vanishes) from & = 2to£ = w + l. 
The equation a?" = — x + u gives 

x> = P t x + Q„ 

and it is easy to see that writing for shortness 

,- ^ &-3 A-4.&-5 9 k-5.k-e.k-7 . 
1 ^ 1 1.2 ^ 1.2.3 > 

where the series is to be continued to the term w i( *"* J or u* ik ' 9) 
according as & is even or odd, we have 

P t = (-rM M ft «(-)***„ 
we have consequently 

If n is odd, = 2p + 1, then (by what precedes) the first term 
vanishes, or we have 

and the formula becomes 
/^-${ 1 ^log'(l+A)}o^i=^, (*=ltoA=2p+2), 

which it may be noticed puts in evidence the factory but 
not the factor w*. v 



0^11^=0, (fc=ltofc=2p+2), 
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If n is even, = 2p, then (by what precedes) the coefficient 
of x is to the constant term in the ratio 2 : 1, or we have 

gi {!±? lo ^ 1+A) }o» H"(y^) ^ (wa^H), 

and the formula becomes 

fi^^2x+l)5 A |^log*(l+A)Jo^^^, (A=ltofc=2p+l). 
The values of the functions M are as follows : 

M,-l, 

M A = 1 + w, 
Jlf 6 =H-2«, 

if € =l^-3M + tt , , 

2f T = l + 4t* + 3tt", 
&c. 
As a simple example of the formulae, we have 

^=1^ 10^(1 + A)J0«.itt 

+ |i±^log»(l + A)Jo'.-|« 

+ {^log 4 (l + A)}0VA(« + «»), 
and the coefficients are 

(A a - |A 3 )0' = 6- £6 = 3, 

A 3 0'= 6, 

and therefore 

Baf = \u - $** + \{u + w") = {u\ 

which is right: the example shews however that the calcu- 
lation for the nigher powers would be effected more readily 
by means of Jacobi's recurring formula. 

2, Stone Buildings, 21th Oct., 1857. 

VOL. II. P 
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ON THE INCOMMENSURABILITY OF THE PERIMETER 
AND AREA OF SOME REGULAR POLYGONS TO 
THE RADIUS OF THE INSCRIBED OR CIRCUM- 
SCRIBED CIRCLE. 

By M. E. Prouhet, Professor of Mathematics at Paris. 

THE present paper has for its object the exposition of an 
extension of some theorems given by M. Terquem. in 
Liouville's " Journal of Pare and Applied Mathematics ," (First 
Series, t. ill. p. 477.), and may be considered as a sequel 
to a note of mine inserted in the same Journal, On the 
Arcs of Circles which have their tangents expressed by rational 
numbers (Second Series, 1. 1, p. 215). 

Theorem I. 

If m be prime to «, tan — - is a root of an irreducible 

equation of the {n — l) tt degree at most, having all its roots 
real. 



Demonstration. Let 



then tann 



0?)- 



mir 

tan — = x : 

n 



n(n-l)(n-2) «(n-l)(n-2)(tt-3)(n-4) . 
= 1.2.3 + 1.2.3.4.5 

!_ «(»-*> g f + l(»-lH»-»)(»-8) ^.etc 
1.2 T 1.2.3.4 

Consequently tan — or a; is a root of the equation 

(!) n- W ( W -%- 2 W w(w - 1)(w - 2 X W - 3) ( W ^*Wc.=Q, 
1.2.3 1.2.3.4*5 

of which the last term is a?*" 8 or wo?*" 1 according as n is an 
even or odd number. 
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Now it is obvious that the equation (1) has for its roots 
the real values 

. ir 2ir (n-2)ir A (n — lW 
tan-, tan — , tan-* '— , tan* '— , 

w 

/ 2^ 7T \ 

f tan — ■= tan — = oo , being omitted if n be even ) . 

Therefore, if the equation (1) be an irreducible one, the 
theorem is demonstrated ; if not, that equation will be the 

!>roduct of two or more irreducible equations, of degrees in- 
ferior to the (w — l) tt , but having all their roots real, and 

among them will be found the root — . 

Theorem II. 
If — be an irreducible fraction and n any number , 1, 2, 3 

or 6 excepted, tan* — will be expressed by an irrational 



In the first place, let n be a prime number greater than 3. 



mir 



Then tan — will be a root of the equation 



n 



(„ ^,. n(n-l)( W -2) ^ + ± "("-;H;- 2 ) ^ n=0> 

(that is, the equation (1) reversed). But M. Eisenstein has 
demonstrated the following theorem: "If the coefficient of 
the leading term of an equation be unitv, and all the other 
coefficients whole numbers that can be divided by the prime 
number n j if the last term cannot be divided by »", the equa- 
tion is an irreducible one." All these conditions are fullfilled 
by the equation (2) which is therefore irreducible. 

Henoe it follows that tan* — is irrational, that is, tan — 

n n 

cannot satisfy the binomial equation 

a5*-2J = 0, 

It being a rational number, for the binomial a* — B cannot 
obviously be divided, if n — 1 > 2, by the left-hand side of an 
equation of the (n — 1)* degree, having all its roots real. 

P2 
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In the second place, let n — hp, p being a prime number 
> 3. We have 

,«wr t , /W7r\ Ap r 1.2.3 Ap J 

from which we may conclude that tan*-T- is irrational: for, 

if it could be rational, tan* — would be rational, which is 

impossible by the first part of the demonstration. Therefore 
the irreducible equation 

*(*)«0, 

which tan -r— must satisfy (Theorem I), is a complete equa- 
tion of the second degree, and then <f> (x) cannot divide the 
binomial x*~B. Consequently tan* y- cannot be rational. 

In the third place, from tan*-—- , tan* — , tan*^— - being 

o 9 12 

irrational, it may be shown, in the same manner, that 
tan*-jy-, taa*-«T , t&n*-£T- are irrational, if h be > 1, and 
the second theorem is entirely demonstrated. 

Theorem III. 

Among regular polygons, circumscribing a circle of which 
the radius = 1, 

1°. Of the square only, the perimeter and the area are 
rational. 

2°. Of the triangle, square, and hexagon, only, the second 
powers of the perimeter and area are rationed. 

3°. Of all the other regular polygons, neither the perimeter 
nor the area are rational. 

Demonstration, p being the perimeter and s the area of 
a regular polygon of n sides, circumscribing a circle of which 
the radius = 1, we have 

p = 2n tan - . * = n tan — 

* n 1 n 

irrational expressions in the above-mentioned cases, from the 
Theorem II. 
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Theorem IV. 
If ton* — is irrational, sin* — is irrational. 

We have identically 

tan* — 
. .mir n 

sin* 



» (1 +**=*)* 

If the left-hand side were any rational number R, 
tan — would be a root of the equation 
!F(1 +^)*=*aj» 



M" 



That equation must have only two real roots, equal in ab- 
solute value, but with opposite signs. Hence the irreducible 

equation which tan — must satisfy, would be a binomial 

equation, but this is impossible, for by hypothesis, no power 

of tan — is rational. Therefore, etc. 
n 7 

Theorem V. 

Among the regular polygons inscribed in a circle of which 
the radius = 1 , 

1°. Of the hexagon only, the perimeter is rational. 

2°. Of the triangle, square, and hexagon, only, the second 
power of the perimeter is rational. 

3°. Of the square, and dodecagon, only, the area is rational. 

4°. Of the square, triangle, hexagon, octagon, and dodecagon, 
only, the second power of the area is rational. 

5°. The foregoing polygons excepted, no power of the peri- 
meter or the area is rational. 

Demonstration. This follows from the trigonometrical 
expressions 

perimeter = 2n sin — , 

area = in sin — , 

8 n 7 

and from the Theorems II. and IV. 
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General Scholium. 

I have made many attempts to deduce the incommen- 
surability of tt, from the foregoing principles; but unfor- 
tunately, the circumstance that n sin- , n tan - are always 

irrational, is not sufficient to shew that the limits of these 
expressions for n = oo, are also irrational: for many ex- 
amples can be given of expressions always irrational of which 
the limits are rational. 

{ Ex ->y/( 4+ n»)' whenw = QC }- 

Therefore some other principles are wanted in the question. 

The only demonstration of the incommensurability of v 
that I am acquainted with, is a beautiful one, given by 
Lambert and a little modified by Legendre. The attempt 
of T. K. Young in his Mathematical Dissertations (p. 117) 
I do not regard as clearly satisfactory, because it is grounded 
on the identity of two transcendental equations which have, in 
truth, an infinite number of common roots, but may have 
another infinite number of roots not common to the two 
equations. On this account, the method of proof referred to 
appears deficient in logical accuracy. 



ON THE SYSTEM OF CONICS WHICH PASS THROUGH 
THE SAME FOUR POINTS. 

By A. Catlet. 

t consider the system of conies passing through the same 
four points; these points may Tbe red or imaginary, but 
it is assumed that there is a real system of conies, this will 
in fact be the case if two conies of the system are real. The 
four points are therefore given as the points of intersection 
of two real conies, and it will be proper to assume in the first 
instance that the conies intersect m four separate and distinct 
points, none of them at infinity. The four points may be 
all real, or two real and two imaginary, or all imaginary. 
First, if the points are all real, we nave here two cases, 
viz. each of the points may lie outside of the triangle formed 
by the other three, or as this may be expressed, the points 
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may form a convex quadrangle ; or else one of the points may 
be inside the triangle formed by the other three, or as this 
may be expressed, the points may form a triangle and in- 
tenor point. In each case the pairs of lines joining the 
Eoints, two and two together, will be conies (degenerate 
yperbolas) forming part of the system of conies. Consider 
• the two cases separately. 

Fig. A. Four real points forming a convex quadrangle. The 
system contains two parabolas, and the pairs of lines and 
the parabolas divide tne plane of the figure into five distinct 
regions, one of which contains only ellipses, and the other 
four contains each of them hyperbolas. 

Fig. A. Four real points forming a triangle and interior 
point The system does not contain any parabolas, the three 
pairs of lines divide the plane of the figure into three distinct 
regions, each of which contains only hyperbolas. 

Next, if the points are two of tnem real and two of them 
imaginary. The line joining the two imaginary points will 
be real and this line may meet the line joining the two real 
points, in a point outside the two real points, or included 
between them, i.e. the real centre of the auadrangle may 
lie outside the real points, or may be included between them. 
Consider the two cases separately. 

Fig. B. Two real and two imaginary points, the real centre 
of the quadrangle lying outside the real points. The system 
contains two parabolas, and these with the line joining the 
two real points and the line joining the two imaginary points 
divide the plane of the figure into three regions, one of which 
contains ellipses and the other two contains each of them 
hyperbolas. 

Fig. B'. Two real and two imaginary points, the real centre 
of the auadrangle lying between the real points. There are 
no parabolas, and the system contains only nyperbolas. 

Lastly, when the four points are imaginary. We have 
here only a single case. 

Fig. C. Four imaginary points. The points lie on two real 
lines, there are (besides the point of intersection of these 
lines) two other real centres of the quadrangle, which lie 
harmonically with respect to the two lines. The system 
contains two parabolas and these and the two lines divide 
the plane of the figure into four regions, two of which contain 
each of them ellipses, and the other two contain each of them 
hyperbolas. 
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THEOREMS RESPECTING THE POLAR CONICS OF 
CURVES OF THE THIRD DEGREE. 

By the Rev. T. St. Lawbence Smith, B.A. 

TN l A Treatise an the Higher Plane Curves 1 the author, the 
Rev. G. Salmon, has given a method of forming polar 
curves, from the first up to the (n- l) tt degree, for any point 
with reference to a fixed curve of the n tt degree ; the large 
number of subjects which this work embraced, prevented the 
author from giving any more than a very general description 
of these polar curves j but it has occurred to me that some 
interesting results might perhaps be obtained from their 
investigation, in the particular case when the curve with 
respect to which they have been formed, is but of the third 
degree. 

I shall call the distances of any point from the curve, 
measured along a transversal, 

Pn P*i P* 

and the distances of the same point from its polar conic, 
measured along the same transversal, 



the relations between these lengths are given by the equation 

3i-2-S- + 2 — = 0, 
r* r p p lP% ? 

which is equivalent to the two following : 

I + I »{I + JL + il (I) , 

sHfcs+s+s;} (n) - 

To find geometrically in what cases the polar conic is 
an hyperbola, suppose the transversal to have been drawn 
parallel to an asymptote, in this case one of the two inter- 
cepts r t becomes infinite, and (II) becomes 

J_ + _L + _L = , 

PxPt PJ>» PtPl 

or £l±£i±£. = mm. 

PJ>J>» V ; ' 
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therefore, either 

Pi + P. + P.- * 

or some two of the radii vectores p 1} p s , p 9 are infinite, that 
is, any pointy whose polar conic is an hyperbola, lies either on 
some diameter or on an asymptote to the curve. The fact of a 
diameter being the polar line of the point at infinity in the 
conjugate direction affords another proof of this ; for, if a 
point lie on a polar conic, its polar line passes through a fixed 
point, the pole of the conic ; if then a point at infinity lies 
on a polar conic, its polar line, that is, the diameter conjugate 
to its direction passes througn the pole of the conic, so that 
as before the polar conic will pass through a real point at 
infinity if its pole lies on a real diameter. 

The polar line of any point, lying on a fixed line, touches 
a fixed conic (see l Higher Plane Curves f p. 151). hence every 
diameter, as being the polar line of a point at infinity, touches 
a fixed conic ; it follows therefore that the polar conic of any 
point will be an hyperbola when two real tangents can be 
drawn from this point to the fixed conic ; if the point lie on 
the fixed conic itself, the polar conic will be a parabola ; when 
the tangents are imaginary it will be an ellipse. 

Hence, to find the locus of all points, whose polar conies 
are hyperWas having one of their asymptotes parallel to a 
fixed direction, find the diameter conjugate to it, and it will 
be the locus required. 

The intersection of two diameters conjugate to fixed direc- 
tions, will evidently be a point whose polar conic is an 
hyperbola, both of whose asymptotes are fixed in direction. 

The polar conic of any point lying on an asymptote will 
always have a real point at infinity^ if the curve have a 
double point at infinity; a line joining any point to this 
double point will be in this sense an asymptote to the curve, 
that is, two of its intercepts will be infinite; hence, with 
respect to such a curve, no point can have a polar ellipse. 
This follows too from tne consideration that in this case the 
polar conic must pass through the double point, i.e. must 
nave a real point at infinity. 

If the curve have a cusp at infinity, since the first polar 
of every point must pass through the cusp, and have its 
tangent the same as the tangent at the cusp, it appears that 
one asymptote of every polar conic is fixed; in this case 
the polar conic can never be a parabola, unless the tangent 
be altogether at infinity, when it will always be a parabola. 
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We shall show farther on, that such a curve is the only 
one of the third degree, with respect to which the polar 
conic of any point is a parabola. 

Equation (III) is evidently satisfied by 



/>i = Q0 > ft 



i 



in this ease (I) becomes 



Ui.., 

r t 
or as - has been already assumed equal to zero 

therefore the polar conic of any point lying on a tangent to 
a double point, cusp, or point of inflexion, at infinity, is an 
hyperbola one of wnose asymptotes is the tangent on which 
the point lies. 

To find in general when this shall be the case, namely, 
that the polar conic of a point shall be an hyperbola on 
one of whose asymptotes it shall lie, since 

1 /x 1 * 

- = 0, - = 0, 
we have simultaneously, from (I) and (II), 

I + I + I-o, 
Pi p, p, 

1 I 1 

+ + = 0, 

Pip, PJ>t Pfl 

or PjP 1 ±P S P S ±PjBi = o, 

PAP. 

Pi + P. + P* = 
either therefore 

Pi-^t P t = °° i P» = < *>> 
the case we have just discussed, or 

PiP, + PJ>% + ftft = °) 

Pt + P. 



+ PJ>, - 0) 
+ p, =0} 



(IV), 
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that is, the point is an intersection of a diameter and a 
diametral conic, both conjugate to the direction of the 
asymptote. 

Hence, to find a point such that its polar conic shall be 
an hyperbola, one of whose asymptotes passes through the 
point m a fixed direction, construct the diameter and dia- 
metral conic respectively conjugate to this direction, either of 
their intersections (if real) will be the point required. 

This asymptote will meet the curve in one real and two 
imaginary points, for the result of eliminating p 8 between 
the two equations (IV) is 

ft* + ftft + ft" = °> 

an equation whose roots are imaginary ; hence no such point 
can fie within an oval or loop (n the curve have such), or 
in any place where a line through it must meet the curve 
in three real points. 

Since through no point but the center of a conic, can 
there be drawn two chords to be bisected at the point, it 
follows that any point will be the center of its own polar 
'conic, when through the point there can be drawn two trans- 
versals for which r x ana r % have equal and opposite values, 
and also that if two such transversals can be drawn, every 
transversal through the point will give this relation between 
r, and r t ; for any such transversal we have 

*•, + *•, = <); 

therefore — + - = o ; 

r r 

and therefore from (I) 

1 1 1 

- + - + - «0, 

ft ft ft 

or ftft + P J> 9 + ftft - o, 

since the other solution 

ft - °° > ft " °° > ft = °° > 
(the case just discussed) will not satisfy 

r i + '. - °> 
though it does satisfy 

11^ 

- + - = 0. 
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Since the equation 

PxPt + /Vs + PJ>i - ° 
must be satisfied for two directions, such a point as we are 
seeking must be an intersection of two diametral conies, and 
since when true for two directions, it must be true for all, 
it follows that all the diametral conies must intersect in the 
same points ; this is true, for they all are the polar conies of 
points on the line at infinity, ana must therefore intersect in 
the four poles (real or imaginary) of that line. 

This might also be shown as follows: the polar line of 
any point with respect to the curve, is also its polar line 
with respect to the polar conic of the point, but if a point 
be the center of its own polar conic, its polar line with 
respect to the conic will be the line at infinity, which must 
therefore be also its polar line with respect to the curve, any 
such point must consequently be one of the poles of the line 
at infinity. 

If the curve have a double point, since every polar conic 
passes through it, it is one of these four poles ; this might have 
been anticipated, for the polar conic for such a point is the 
pair of tangents intersecting (that is, having their center) at 
the point ; if the double point be at infinity, these tangents 
become a diametral conic, and as every other diametral conic 
intersects both of them at the double point, it can only meet 
each of them once again, therefore m this case there can 
be only two other poles; if the curve have a cusp, as all 
polar conies touch at it, they can only meet each other in 
two other points ; if the cusp be at infinity, its two coincident 
tangents are a diametral conic, and therefore must contain 
all the poles, but as all the other diametral conies touch 
this line at the cusp, they can never meet it again; hence 
in this case the cusp at infinity is the only pole. 

Since in general only one point can be found such that 
its polar conic is an hyperbola having both its asymp- 
totes parallel to fixed directions, it follows that in general 
only one point can be found the polar conic of which is 
a circle, since the imaginary asymptotes of every circle pass 
through fixed imaginary points at infinity. There is but 
one case that seems to call for any notice, namely, when 
these circular points at infinity are points upon the curve; 
from equation (HI)) which is still true, even though the 
vectors are now imaginary, we have, supposing p z the vector 
to the point at infinity, , 

— -0, 

P1P2 
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which shows that one of the other vectors must be infinite 
too, that is, that the lines drawn through the pole, parallel 
to the imaginary asymptotes of the circle, are tangents to 
. the curve at the circular points, and, therefore, that the pole 
in which they intersect is a double focus. 

Hence, if two of the foci of a curve of the third degree 
coincide, the polar conic of that point is a circle. 

In considering the subject analytically, I shall use the 
form of the general equation of the third degree, given by 
Mr. Salmon, 

*7=0, 

or a t x* + htf + C£* + Gdxyz + Zajfy + Sa/tx* 

+ 3 J 8 y* + ib t xf + Zc x z*x + 3c 8 ys* = 0, 

in which, however, I shall take x and y as the ordinary rect- 
angular coordinates, and z as the line at infinity. 

The condition that the polar conic of a point shall be 
an hyperbola, parabola, or ellipse, is 

/rf'PV d*Ud*U> Q 
\dxdyj da? dy* < * 

this can be obtained either directly from the equation of the 
polar conic, or thus : 

The locus of points whose polar conies are hyperbolas, 
having one asymptote parallel to a fixed direction, has been 
already proved, to be the diameter conjugate to that direction, 
the equation of which diameter is 

(«-«>■ S + 2 ™ e ™ e £& + M i?- °-w> 

being the angle between the fixed direction and the axis 
of x. 

The form of this equation shows at once that it represents 
a line which always touches the conic 

therefore, since from any point there can be always drawn 
two tangents (real or imaginary) to any conic, there can be 
always drawn through any point two diameters to the curve, 
conjugate to the two values of (cos ; sin 0) obtained by solving 
equation (V). 
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If ^ be the angle between the two directions of the line 
X ain0 — y cos0 = obtained by this solution 

<»»-± V toff /* id .... (mi 

hence this angle will be real, that is, particular values can 
then be found for (cos0 : sin 0) to satisfy (V), or geometrically, 
the coefficients (cos0)*, cos0 sinfl, (sin0} a can then be so deter- 
mined that the diameter may pass through a fixed point, 
when, for the coordinates of that 'point, 

\dxdy) da? drf 

We thus learn that the conic (VI) divides the plane into two 
regions, the polar conies of any point in one of which (that 
from which real tangents to the conic, ue. diameters to the 
curve, can be drawn) will be an hyperbola, in the other an 
ellipse, while the polar conic of any point on the conic (VI) 
itself will be a parabola. 

Equation (VII), if <f> be constant, gives the locus of points 
whose polar conies will be hyperbolas having a fixed angle 
between their asymptotes, this locus will always be a conic, 
except in the one instance when <£ is a right angle, ue. 
when the hyperbolas are equilateral, it then becomes the line 

d*U d*U 
dx* + dy % " 

If the coefficients in this equation are each zero, it will 
be satisfied for any point, in this case every point will have 
an equilateral hyperbola for its pplar conic Equation (VI) 
becomes 



\dxdy) + \da?) ^ 



the equation of two imaginary lines intersecting in the real 
point 

d*U = Q <Pff 

dxdy ' da? y 

the polar conic of this point should therefore be a parabola. 
inasmuch as it is a point on (VI), and likewise an equilateral 
hyperbola, inasmuch as every polar conic with respect to 
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such a curve should be such; furthermore, on actually in- 
vestigating the conic, it will be found to be neither parabola 
nor hyperbola, but the line at infinity and another line, its 
equation being 

x, z being given by the equations 

to* + O x + (Vt + a i<0 * = °> 

to f +Oy+to«.-^*=o. 

This apparent contradiction is easily explained ; the different 
species of curves of the second degree are classed analytically, 
not according to their shape or form, but according to the 
points at infinity through which they pass, each curve is 
therefore an hyperbola, a parabola, or an ellipse, accordingly 
as it passes through two real, two coincident, or two imaginary, 
points at infinity. This analytical classification agrees perfectly 
with the ordinary ideas of their forms and properties, in aU 
cases but one, that is, when the curve breaks up into the 
line at infinity and any other line whatsoever, as while it 
is totally different geometrically from either hyperbola, para- 
bola, or ellipse, it satisfies the analytical definition of them 
all; since the line of infinity passes through all points at 
infinity, real or imaginary, these two lines are an hyperbola 
as passing through two real points at infinity, a parabola 
as touching the line at infinity, an ellipse as passing through 
two imaginary points at infinity, and a circle as passing 
through the circular points at infinity. 

We can thus see too the reason why, though such a curve 
should apparently have no double point or point of inflexion 
whose polar come is not two lines at right angles to each 
other, yet that an exception may arise if one of these lines 
be altogether at infinity. 

It cannot however have a real cusp at all, for the only 
case that this consideration would apparently admit, would 
be a cusp at infinity, whose tangent was likewise at infinity, 
but polar conies, with respect to such a curve, we have 
already shown must be all parabolas. 

The conditions among the coefficients, that all polar conies 
with respect to a curve of the third degree may be equi- 
lateral hyperbolas, are 



<*, + &,«(>, a t + b t =Q, a, + i t «0. 
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And in order that the polar conic of every point may bo 
a parabola, the coefficients in equation (VI) must be each 
identically zero. 

The requisite conditions are 

25 1 rf-a 8 i 8 -a 8 i 8 = 0, 2a.rf-a 1 & 8 -a 8 & 1 = 0, 

equivalent to four independent conditions; introducing a 
quantity k for convenience, these equations give 

a % = ka ti 6, = tfa^ \ = J£a l} 

i 8 = fc\, d=Ica„ 

when these values have been substituted in the general 
equation it can be easily thrown into the form 

{a, [x + ky) + 3a 8 *} [x + Ay) 8 + «* {3 (t^c + cjf) + c h z) = 0, 

which represents a curve having a cusp at infinity to which 
the line at infinity is tangent, as has been already stated: 
it is now however shown to be the only curve of the third 
degree possessed of this property. 

The point whose polar conic is a circle, is the intersection 
of the two lines 

d*U d*U d*U /mrrs 

as*-* **-W=° (VUI) ' 

these equations may be got, either directly as the conditions 
that the equation of the conic may represent a circle, or 
as the real intersection of the imaginary diameters, conjugate 
to the directions of the circular points at infinity, the equa- 
tions of which are 

d % V d*U „ 1X <TU A 

Should either of the two equations (VIII) be satisfied iden- 
tically, the other then becomes a locus the polar conic of 
any point on which will be a circle. In this case the conic 
(VI) breaks up into two right lines, through the intersection 
of which the present locus passes, the polar conic of this 
point of intersection presents the same apparent anomaly, 
to be explained in the same way ? as that noticed above. 

Any line taken at random will be a polar line having 
four, or in the general case of a curve of the n tt degree, 
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(n — 1)* fixed poles, but every conic will not be a polar conic ; 
as .in the case of polar conies two points fix the pole, but 
through these two points there can be made to pass an infinite 
number of other conies, none of which will be polar conies. 
As a simple illustration take the case of a curve of the 
third degree having a double point, every polar conic must 
pass through it, therefore no conic not passing through it 
can be a polar conic at all. 

As five conditions are required to determine a conic, that 
a conic passing through two fixed points may be a polar 
conic, three other conditions must be fulfilled equivalent to 
demanding, in the case of a curve of the third degree, that 
the polar lines of three other points on the conic may pass 
through the intersection of the polar lines of the two fixed 
points. 

Several of the foregoing theorems can be easily extended 
to the general case of a curve of the n th degree, but as (VI) 
would then be a curve of the 2 [n — 2) th degree, the considera- 
tion would, except in particular cases, not be so interesting. 

Crossmaylen, 

9th November, 1857. 



ON THE EQUATION OF THE SURFACE OF CENTRES 
OF AN ELLIPSOID. 

By the Rev. George Salmon. 

tjaving lately worked out the equation of this surface, I 
propose to print it here, together with a short sketch 
of the method by which it was obtained. 

Let the axes of the given ellipsoid be a. 5, c, and let the 
major axes of the two confocal surfaces, which can be drawn 
through any point on the surface, be a, a", then I start with 
the principle (which can easily be proved, see Cambridge and 
Dublin Math. Jour., Vol. V, p. 177) that the centres 'of the 
two circles of greatest and least curvature corresponding to 
that point, are the poles of the tangent plane to the given 
surface with respect to the two confocal surfaces. In other 
words, the coordinates of one of these centres are 

c'V 



by 
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From these equations we can at once find the locus of the 
centres corresponding to a line of curvature on the given 
surface. For^ a' being constant along a line of curvature, 
and x'y'z' satisfying the relations 

X* y'* z' % , x n y l% z ,% 

a 8 + V + c 8 ' aV + b*b* + cV 8 ' 

we have by substitution from the former equations (and at 
the same time writing a" = a 8 -A 8 , i*-**-* 1 , c fl, = c*-A t ) 

aV ay cV , _, 

(a 8 -A 8 ) 8 + (J 8 - A 8 ) 8 + (c 8 -A 8 ) 8 "" ' 

aV &y cV __ A 

(a 4 - A 1 ) 8 + (t 8 - A 8 ) 8 + (c 8 - A 8 ) 8 ~ 

Equations which represent a curve of the fourth degree. 
And if between those equations we eliminate Aj we shall 
have the equation of the surface of centres. This elimina- 
tion however being between two equations, each of the sixth 
degree in A 8 , is so laborious as to be scarcely practicable. It 
can easily be imagined, however, that the conception of the 
surface of centres, as the aggregate of the curves correspond- 
ing to lines of curvature on the original surface, may not 
give rise to the simplest mode of generating that surface. 
And accordingly the method that I proceed now to explain, 
instead of leadmg to elimination between two equations of 
the sixth degree, only leads to elimination between an equa- 
tion of the second and one of the third degree. Substitute 
in the equation (A) the expressions for x' y y\ z' in terms of 
the axes of the confocal surfaces, viz. 

x -( a '_i»)( a »_c»)> y -(&»-c 8 )(J 8 -aV * -(^-a^-ftV 
and we get 

a'*a"* b'*b"* e'V' 1 

oVsa („»_&«)(«»_«;») » *V"(y-<?)(y_rf)» cV= (c»-a»)(c , -6 , )» 

or if A^a'-a", /P-a'-a'", 

(£)• 
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Now if we form the biquadratic equation, three of those 
roots are equal to h % and one equal to #*, 

it is manifest that the three equations (B) (which give the 
results of substituting a, J, c for 8) give the linear relations 
between P, Q, i?, o, enabling us to express any three of 
those quantities in terms of the remaining one. But since 
these quantities are coefficients of a biquadratic equation 
having three roots equal, P, Q 7 -ff, 8 are connected by the 
known relations obtained by equating to zero the two in- 
variants of the equation, or we have 



12£-3P£ + #* = 
S2QS+PQB-9E'-9I*S 



0} < C >> 



one of which gives rise to an equation of the second, the 
other to one of the third degree. 

Let a' + i' + c*^, a fi i* + 6V + cV = 2 , aW = r, 

then I have found it convenient to express #, i?, 8 in terms 
of P— p which I shall call X^ and the equations [B) will be 
found to give rise to the relations 

P= X +ji, 

Q=p\ + q + <f>, 

P = jX4r + ^, 

S=r\ + p, 

where £ = a V + ty + cV, 

^ = a»(J a + c 8 )a' s, + J 2 (c 9 + a , )y , -fc a (a 5, + J a )^, 

^rf^ + ^-f^). 

Substituting these values in the equations (0), the question 
is reduced to the elimination of X between 

^X a +(2 ? 0-3^-P)X + ^ 8 + 2 ? 0-3^4-12/> + C r =O, 

B\ 9 +{p^+q<f>-9p+pB-SC)\ % 

+ {^ + ( Pi + 33r ) ♦ + ( jf - * Jj) ^r + 1 4pp + ji? - 8r.4} X 
+i?0^+320p-9^ J, +p-0+(^j--18r)^r+(322--9p*)/)+rP=O, 

where ^=^> 9 -3j, B=*pq-9r } C=*g*-3pr. 

Q2 
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We might, if we chose, by subtracting the first equation 
multiplied by B\ from the second multiplied by A, reduce 
the problem to elimination between two quadratics, and con- 
sequently obtain the result in the form U* = VW, where U 
is of the sixth, V of the fourth, and U of the eighth degree 
in .aj, y, z. As this method, however, introduces a new con- 
stant factor, 1 have preferred, instead of calculating the equa- 
tion in this form, to obtain it in the expanded form. I have 
used the following abbreviation : 

ax = £ , by = f}, cz<=- f, b % — c* = a, c t — a* = j3 1 a* — b* = 7, 

and in order to make apparent a certain symmetry between 
the plane at infinity and the three principal planes, I write 
m* = — 1. The result then is as follows : 

«T" + 0V + ?T* + ^v 
+ 3 (£» + t*) |W + 7 W + «T V + <xW£V°} 

+ 3 (7* + d) {7TT + aTT + /9W + aWjV } 
+ 3 (a* + P) {«TV + /3VT + 7TV + «W(V } 
+ 3 (£* + 30Y + 7*) {FW + TV (T + a e f« 4 + /9Y»T} 
+ 3 (7 4 + 37V + a 4 ) {y*?? + «flT +^V+7V»V} 
+ 3 {a* + Sa^ 1 + £*) {aYf + /8W+ 7T» 4 + a"j8Vr} 
+ 3 (2a* + 3a*/9» + 3oV - 7/3V) 

x {a^T + /Syfo" + 7T£V + ^VaVH 
+ 3 (2/3* + 3/9Y + 3£V - 77V) 

x {/Wf + 7T1? V + a W»* + 7V£"«V £•} 
+ 3 (2 7 4 + 37V + St"^ - 70*^) 

x {7"(W + « 4 r *v + /w^+aWaW) 

+ (? + 7* + W + 90V) (i,T + «*f »') 
+ (7* + a' + 97 4 «* + 9tV) (W + /S^V) 
+ (a« + /3«+ 9a*/9» + 9a"/9*) ({V + 7 4 $V) 
+ 3 {a 6 + 6a 4 £" + 3aV + So*/? + jSY - 21aW} 

x {rvr* + £vev + 7 4 rr » 4 + ^wrv} 

+ 3 {a* + 6aV 4 Sa*& + 3«y + Fy* - 21a"/SY} 

x {fVr + tW + £V f » 4 + ^wsv} 
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+ 3 {/3» + 60V + 3/8*7* + 3/9V + aV - MafiSy} 

+ 3 {/9 s 4 6£Y + 3£V + 3/9V + aV - 21aW} 

x forr + vw*' + a*r^v + avrr» 6 } 

+ 3 {V + 6 7 V + 3 7 4 /3» + 37V + y8*a 4 - 21aW} 
+ 3 {</ + 6 7 4 y8' + 3 7 V + 3V/3 4 + a'/S 4 - 21aW} 

x (rcv + jsyjv + «f?tv + a^gy**} 

- 3 {U (a 4 £" + a'/S 4 + /8y + ^V + 7*«* + 7V) + 20aW} 

x {aT + /8V + t*? 4 + a\8Y«> 4 } ?vT»* 
+ 9 {a 4 /S* + ef/3 4 + 0Y.+ 0Y + 7V + <yV - 14oft8VJ 

x { w + aw*v + /wrv + tv^v} 

- 3 {4a 8 - 7a 6 (0*+ 7«) - 198« 4 /3»7» + 68aW (/8"+ 7*) +42/3V} 

- 3 {4/3* - 7/8*(7 f + a 1 ) - 198/8 , 7 V+ 68aW (</* + a*) + 42 7 4 a 4 } 

x{rf+/9V»WSV 

- 3 (V - 7-yV +/?)- 198 7 V£* + 68aW (a 1 +/8 , )+ 42a 4 /3 4 } 

The sections of the surface by the three principal planes, 
are an ellipse three times, and the evolute of an ellipse. 
Thus, if we make z = in tne equation, we get 

{a'aV + FbY - a'/S"} 8 {(aV + by - •/)» + 21<fltyaty}. 

But it appears also that the section by the plane at infinity 
is also of the same nature, since the highest terms of the 
equation are 

(aV+iY+cV)"{(aV* a +^ 

In conclusion, I may mention that the reciprocal of this 
surface is one of the fourth degree. The equation of the 
reciprocal was, I believe, first given by Dr. Booth in his 
tract on Tangential Coordinates. The tangential coordinates 
employed by him are the reciprocals of the intercepts made 
by the tangent plane on the axes, and these are evidently 
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proportional to the ordinary coordinates of the reciprocal 
surface. It is easy to see that the tangent plane to one of 
confocal surfaces through the point xy'z is also a tangent 
plane to the surface of centres. The reciprocals of the inter- 
cepts which this plane makes on the axes are therefore 






The relation 



gives 

and the relation 



x' ' y % s" 

ation 

a;' 2 y'* s'* 

a b c 
gives 

(a 9 r+jy+cT-i)=(a 8 -o(r+i? , +n- 

The equation of the reciprocal is therefore 

(r+^+r) , =(aT+*v+or-i)(5+|-»+?) 

Nov. 20, 1857. 



ON THE FORMATION OF TABLES OF LOGARITHMS 
OF THE TRIGONOMETRICAL RATIOS. 

By H. W. Klphxnktone, M.A., Trinity College, Cambridge. 

rrKE following account of the method of forming tables of 
the logarithms of the trigonometrical functions is taken 
from Francoeur's Cours Complet de Mathematiaues Pures y 
Art. 588. This method is not given in any of the books 
in common use at this University, and I have therefore been 
led to insert it in the Journal, in the belief that it might be 
of use to students. 

Suppose that angles in the tables have a constant diffe- 
rence of 10", let Jc=* circular measure of 10", and if 6 be any 
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angle given in the tables let = nk. We have, by £uler's 
formula, 

sin^ = sinft£ 

a f n'tf n 4 * 4 _ 

T «, nV w 4 * 4 - 

Let V = pji - -p-j-i + &c, 

n'tf n 4 fc 4 , 

Then we shall have 

sin0 =s n&(l— y), 

cos0 = 1 — s, 
and taking logarithms to base 10, 

log sin0 = logn + log* - M jy + ^ + ^ +...J , 

log cos* = -j|f|s + | + l + ...I f 
or substituting for y and « their values 

log sin0 = logn + log* - — n* - ^-^ n 4 - &c, 

log COS0 = — n* - —j- vt — &c., 

writing these under the form 

log sin0 = logn + log A; — An* — Bn* — &c, 

log cos0 = — A x n* - J? x n 4 — &c, 

the values of A, B, A tJ B admit of easy calculation by means 
of a table of logarithms, tney are found to be as follows : 

log^l =10.2307828 

log£ =20.1248113 

log^l, = 10.7079041 

log.fi, = 19.3009025 
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If we do not apply these series to the calculation of log sines 
and log cosines of angles greater than 12° and require 9 
decimal places only, we may stop at the terms involving n 4 . 
The logarithms of tangents, cotangents, secants, and co- 
secants are obtained from those of sines and cosines by 
addition only. 

Although we may apply this method so long as the angle 
is not greater than 12 , it is more convenient to apply the 
following method when the angle is greater than 5° : 

sin(0 + &) _ sin0 C08&+ cos0 sini 
sind sind 

= cos A (1 + cot 8 tank) 
= 1 + k cot 5 (true to 9 decimal places), 
log *m(0 + k) - log sin0 = log(l + k cot0) 

= Mk cot# = A suppose. 
Similarly 

log cos(0 + k) - log cos0 = — Mk tan = A' suppose, 

where A, A' are the successive tabular differences. The 
values of A, A' may easily be calculated by means of a table 
of common logarithms ; as they change but slowly, the same 
values may be used for the computation of several successive 
sines and cosines. 

By means of these formulas we can calculate sines and 
cosines and therefore all the other trigonometrical functions 
of angles from 0° up to 45°, and there is no need to proceed 
any farther. 

The following formula of verification is of use to enable 
us to see whether we have allowed any errors to accumulate : 

log 2 -+■ log sin + log cos0 = log sin 2d. 

If we add 10 to the characteristic of the logarithms thus 
found we shall have the "tabular" logarithms. 
For example let us calculate sin (4°. 30'). 

Here ti=1620, . 

log^l = 10.2307828 log B = 20.1248113 

logn* = 6. 4190300 logn 4 = 12.8380600 

4.6498128 8.9628713 

The corresponding numbers are 0.00044649 

and 0.00000009 
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hence we have 

log A; = 5.68557487 

logn = 3.20951501 

-.00044649 

-.00000009 

2.89464330 = log sin 4°. 30' to base 10 
and 8.89464330 = tabular log sin 4°. 30'. 

Again, let us obtain the tabular difference between 
log sin 10°. 10'. 30" and log sinl0°.10'.40". 

log cot0 = 0.7459888 
lo g{Mk) = 5.3233592 
log A = 4.0693480 
A = 0.00011731. 



AN EXAMPLE OF THE INSTINCT OF CONSTRUCTIVE 
GEOMETRY. 

By Cecil James Monro, Trinity College, Cambridge. 

rpHERE is a class of optical illusions, as they may be called, 
arising from a readiness in the eye to aetect any simple 
geometrical relations which may exist among an assemblage 
of points presented to it. Curves of perhaps considerable 
complexity, and apparently almost of arbitrary form, are 
often as it were forced upon it; but of course always re- 
ducible to exact geometrical laws. 

Suppose two systems of lines (I will suppose them, for 
the sake of distinctness rather of language than conception, 
to lie on the same surface, and that plane), varying respec- 
tively by finitely differing values of a single parameter, to 
intersect; as many systems of polygons may be drawn 
through the intersections of corresponding pairs, as ingenuity 
may conceive relations between the parameters in order to 
determine correspondence. But, in the case of lines actually 
drawn, the eye is irresistibly led to select two of these rela- 
tions, and to form the appropriate polygon, or rather the 
simplest curve that can be drawn through its determining 
points. The principle upon which we instinctively proceed 
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is to step from one point to the nearest which would not 
require a violent deviation from a direction previously chosen : 
thus, if Mj N, M\ N\ Jf ", N" he consecutive pairs of lines, 
we shall proceed from (mn) to (mV), and thence to (m'n") 
(to designate the points of intersection by an obvious nota- 
tion), or from (mn ) to (mV), and thence to (m"n), and so on. 
The relations Detween the parameters which will prescribe 
these two courses are found by equating their sum and 
difference respectively to a constant quantity, which is itself 
the parameter of the new system. From either equation and 
those of the given systems the first parameters may be 
eliminated, and an equation results satisfied by the coordinates 
of the new series of points, which is in fact the equation of 
the simplest line that can be drawn through them. Perhaps 
there are short-sighted persons (for they seem to be quickest 
at detecting these relations) who can see the curves formed 
by proceeding by two steps of the one system to one of the 
other, or generally any of the curves depending on the rela- 
tion (m and n being the parameters) 

Am + Bn = C] 

but I can only catch those given by A ±-P = 0, and therefore 

m±n=C. 

I will now indicate a few examples which will be easily 
verified, as they may be observed every day. 

1. If each system consist of radii passing through a fixed 

!)oint, of which each makes the same angle with that which 
bllows it, then, in the case in which this angle is the same for 
both systems, the resulting systems are circles and hyperbolas 
through the fixed points. The first is evident from Euclid's 
third book: for the second, take the line joining the points 
for the axis of a, and the line perpendicular to this half way 
between the points for that of y ; let the distance of the two 
points be 2a, and the interval between consecutive radii a. 
Then 

-x— = tan wa, 
a — a 7 

~^~ =tanna; 

x+a 7 

and, if m and n be eliminated by means of the equation 

m + n = - , 
a 7 
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« being an arbitrary constant, 

cc*— y* — 2 cotw.jcy — a* = 0; 

giving a hyperbola passing through the points, and having 
for its asymptotes the lines through the symmetrical point 
which make with the line joining the points angles whose 
tangents are equal to 

£ (— cote© ± cosecco). 

An example may be observed in the figure illustrating the 
reflexion of a conical pencil of rays at a plane surface in 
Goodwin's Course. 

2. Taking a pair of series of concentric circles whose radii 
are in some regular progression, we have ovals, varying of 
course in form according to the nature of the progression. 
If the progressions are arithmetical the ovals are those of 
Cassini; and when the successive differences are the same 
in both, they become confocal ellipses and hyperbolae. 

If the progressions are geometrical, so that 

p = ak m , 
p' = bk n , 
pp !tl = ab tl k c =c* or 7, 
the two systems are, first, the curves of the fourth degree, 

(r a +a 8 ) f -4aVcos*0 = c 4 , 
and, secondly, the circles, 

r* + 2a ^±-2rcos0+a 9 = O. 
1-7 

If the radii varv as some power (the i tt ) of the number 
representing the order of the circle, we get 



©Vo 1 



and find new forms of ovals, including the simpler case of 
curves of the second order and even straight lines when 

To this general class belong the two systems observed 
to result from the intersections of the waves produced by 
throwing two stones into water. Until the waves have 
spread considerably the resulting curves are scarcely dis- 
tinguishable from the ellipses and hyperbolae given by the 
case of arithmetical progression. 
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3. If the given lines are not in the same plane or in 
planes at all, the result is of course the same, and it is 
simplest in practice to consider their projections. Thus the 
apparent intersections of two rows of railings, each row in 
a vertical plane, and each rail parallel to those in its own 
row, lie in curves of the second order, when projected on a 
plane : (a case mentioned in a paper referred to in the note).* 

And generally, in the case of straight lines, if one system 
he defined by two equations containing m in the p* and p tt 
degrees respectively, and the other by two containing n in 
the of and q ,th degrees; the visual cone directed by the locus 
of apparent intersections is of a degree not higher than the 
(p +p +!)(? + ?'+ 1)*. For if u } v, to, f , 17, £ a?, y, z be 
the coordinates of the eye, a point in a line of one system, 
and a point of the cone required; f, 17, f satisfy the first 
pair of equations and their coefficients contain m : at the 
same time they are functions of the first degree of the 
quantity expressed by the equal ratios 

x — u^ y — v } z — w } - 

they may therefore be eliminated by substitution in the two 
equations, which will thus be of the first degree in terms 
of this quantity, and of the^ to andy to in terms of m. When 
this quantity is eliminated m enters into the resulting equa- 
tion in the {p+p')* degree. In the same way the corre- 
sponding equation for the other system contains n in the 
'q -f q) 1 degree. But they each contain x 1 y, z in the first 
legree and are actually therefore of the degrees p +p -f- 1 
and q + q' + 1 in terms of their variables. Further the equa- 
tion, m±n= a constant, is of the first degree. The result 
therefore of elimination is of a degree not higher than the 
(p + p'+ 1) (j-f q+ 1)* in terms of #, y, z. 

4. Take the example of parallel circular equidistant rings 
lying in a right circular cylinder. Let the axis of the 
cylinder be the axis of y, and the eye be in the axis of 
z at a distance c; the radius being a. The nearer sides of 
the rings will apparently intersect the further; let us find 
the result projected on the plane xy. If a cosd, 17, and a sin 
be the coordinates of a point in a ring, 

acos0=— , asm^ = -^ — ^, 

y y 

• Gergomie, t. xix. pp. 371-374. Note sur la thSorie Anal, du Moir£. 



igitizedbyyj( 



S 



Note on the Expansion of the True Anomaly. 229 

whence (a? -f c 2 ) rf - 2c*yr) + {<? - a*) y" = ; 

now any pair of simultaneous values of x and y gives two 
values of 17, that is to say, determines the apparent intersec- 
tion of two rings; and a value of rj being the parameter 
for each ring, we have to form the equations. 

^1 i % = a c o n8 t an t ; 
that is, h and k being arbitrary parameters, 

hx*-2c*y + hc* = 0, 

and («r-^aY + *W-<^ + *V«0. 

An example is furnished by a cylinder of wire gauze. 

Some apparent examples owe their vividness to another 
cause. The circles and hyperbolae of the firat case will be 
produced by two radii revolving, each about one point, at 
the same rate, the relation between the parameters being 
now not selected by the eye but prescribed by the circum- 
stances of the motion: and here we have the further ad- 
vantage of perfect continuity. The effect is heightened by 
increasing the number of revolving lines, as the impression 
on the retina may be thus renewed before it has time to 
fade. Hence the circles are seen in great perfection on 
looking through one wheel of a carriage in motion at the 
opposite one. If the wheels turned round in opposite ways 
we should see the hyperbolae. 



NOTE ON THE EXPANSION OF THE TRUE ANOMALY. 
By A. Cayley. 

tf the true anomaly and the mean anomaly are respectively 
denoted by w, w, and if e be the excentricity, then as 

usual w — e smu = m: and if we write X = 5lA 1 and 

1 e 

take c to denote the base of the hyperbolic system of loga- 
rithms, we have 

<*«« a sinrm 
u = m + 22" A r f 

and -^-XTrW*-*-') + \-<trt**'\ 

where, after expanding the exponentials, the negative powers 
of X are to be rejected and the term independent of X is to 
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be multiplied by £ (see Camb. Math. Journal, t. I. p. 228 and 
t. ill. p. 165). 

It is easily seen that € is the lowest power of e which 
enters into the value of A r and the question arises to find 
the numerical coefficient of the term in question; this is 
readily obtained from the formula: in fact considering first 
a teri of the form ' * 

since X is itself of the order e, when the negative powers of 
X are rejected this is at least of the order e* and it is con* 
sequently to be neglected if 8 > r. But if 8 < r all the powers 
of X are negative and the term is to be rejected. The only 
case to be considered is therefore that of 8 = r, in which case 
there is a term containing €. We thus obtain from X" r c* r *( x ^" 1 ) 
the term 

*2 r 1.2.3.. .r 

In the next place a term of the form XV (X - X" 1 )* is at 
least of the order e' if s > r, or the terms to be considered 
are those for which s = or < r. But in such term the only 
part of the order e r is 

or since neglecting higher powers of e we have X = \e, this is 
and the set of terms arising from 

X r c-i r '( X - X " l >, 

e r ( r r* r^ 1 r* \ 

18 2 r l 1 ■ f l■ f 1.2••' + 1.2...(r-l) + *1.2...rj , 

the last term being divided by 2 because arising from a term 
independent of X. Hence the first term of A r is 

<f ( r r* r* ) 

2 ? t 1 + I + L2'- + 1.2...rJ J 

a result which it may be remarked is contained in the general 
formula given in Hansen's Memoir " Entwickelung des Products 
&c." Leipzig Trans., t. II. p. 277 (1853). 
The preceding expression is 



YT^)l r * <r * dx > 
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and to find its value when r is large, we have 

jafc*dx - f (y + r) r e' v ^dy = ^c - " j (l + ^Vtfy 

•'o 

-fe-ie*" dy 

J 

or neglecting all the terms except the first, this is 

= V2wrr r c" r . 

Hence multiplying by — eV r / , 1 x aad observing that 
when r is large, we have, by a well known formula, 
r(r+l) = V27rrr r c" r , 

we obtain finally the result that when r is large the first 
term of A r is approximately 



(!)'• 



I take the opportunity of mentioning the following some- 
what singular theorem, which seems to belong to a more 
general theory: viz. it w — e sinu = fti, then we have 

log(l — e cost*) =s - log(l — ae cos^), 

where (f> — tan£ = fit, 

provided that the negative powers of a are rejected and a 
is then put equal to unity. 
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To shew this, we have by Lagrange's theorem, observing 
that 

-T- .F(l— e cosw)=e sinw.F'(l — e cosw), 
F(l - e cosu) = F(l - e cosw) + - sutmF' (1 - e cosw) 

+ — -T- BirrmF (1 — e cosm) + &c, 

and the coefficient of € in F[l — e cosu) is 

ty q r— 1 

, ft , — tt \- F r cosrm + — - JF . cos^w sin'w 
1.2... (r— 1) (r r 1 ^ l 

~ (r ~\ } i r ~ 2) *U gg (cos-^ sin'm) + &cj , 

where Fr = F r {\). 

Hence in particular when Fx=logx, F r =(— y l 1.2...{r— 1) 
and thence the coefficient of € in log(l — e cosuj is 

— \ - cos r m — T cos^*m sin*m - — -7- (cos^«t sin'wi) — &c > . 
\r 1 1.2 rfm v J 

continued as long as the exponent of cosm is not nega- 
tive. Now in the expansion of - log(l— ae cos$) where 

<f> — tan<£ = m the coefficient of e* is aT l cos r £ which 

OL T 

(by Lagrange's theorem) is equal to 



-H 



cos r wi — z — t cos r " x m sinm tanm 
La 



— T7T* j— ( r cos'" 1 ??* sinwi tan'm) — &c }• 



fm — &c. >■ , 



m - j - of" 1 cos'ro - - of* cos^wi sin'wi 

(r 1 

— — aT* cos^wi sin* 
i.« 

where the series is continued indefinitely, but if we reject 
the negative powers of a and then put a equal to unity this 
is precisely equal to the former expression for the coefficient 
of e r and the formula is thus shown to be true. 

2, Stone Buildings, W.C., 
17** Nov., 1857. 
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ON THE GENERAL LAWS OF OPTICAL 
INSTRUMENTS. 

By J. C. Maxwell. 

the optical effects of compound instruments have been 
generally deduced from those of the elementary parts 
of wnich they are composed. The formulae given in most 
works on Optics for calculating the effect of each spherical 
surface are simple enough, but, when we attempt to carry 
on our calculations from one of these surfaces to the next, 
we arrive at fractional expressions so complicated as to make 
the subsequent steps very troublesome. 

Euler (Acad. K. de Berlin, 1757, 1761. Acad. R. de 
Paris, 1765) has attacked these expressions, but his investi- 
gations are not easy reading. Lagrange (Acad. Berlin. 
1778j 1803) has reduced the case to the theory of continued 
fractions and so obtained general laws. 

Gauss (Dioptrische Untersuchungen, Gottingen, 1841) has 
treated the subject with that combination of analytical skill 
with practical ability which he displays elsewhere, and 
has made use of the properties of principal foci and prin- 
cipal planes. An account of these researches is given by 
Prof. Miller in the third volume of Taylor's Scientific Memoirs. 
It is also given entire in French by M. Bravais in Liouville's 
Journal for 1 856, with additions by the translator. 

The method of Gauss has been followed by Prof. Listing 
in his Treatise on the Dioptrics of the Eye (in Wagner's 
Handworterbuch der Physiologie) from whom I copy these 
references, and by Prof. Helmholtz in his Treatise on Phy- 
siological Optics (in Karsten's Cyclopadie). 

The eaniest general investigations are those of Cotes, 
given in Smith's Optics, II. 76 (1738). The method there 
is geometrical, and perfectly general, but proceeding from the 
elementary cases to the more complex by the method of 
mathematical induction. Some of his modes of expression, 
as for instance his measure of " apparent distance," have never 
come into use, although his results may easily be expressed 
more intelligibly; and indeed the whole fabric of Geome- 
trical Optics, as conceived by Cotes and laboured by Smith, 
has fallen into neglect, except among the writers before 
named. Smith tells us that it was with reference to these 
optical theorems that Newton said " If Mr. Cotes had lived 
we might have known something." 

VOL. II. R 
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The investigations which I now offer are intended to 
show how simple and how general the theory of instruments 
may he rendered, by considering the optical effects of the 
entire instrument, without examining the mechanism by 
which those effects are obtained. I have thus established 
a theory of "perfect instruments/ 1 geometrically complete 
in itself, although I have also shown, that no instrument 
depending on refraction and reflexion, (except the plane 
mirror) can be optically perfect. . The first part of this 
theory was communicated to the Philosophical Society of 
Cambridge, 28th April, 1856, and an abstract will be found 
in the Philosophical Magazine, November, 1856. Proposi- 
tions VIII. and IX. are now added. I am not aware that 
the last has been proved before. 

In the following propositions I propose to establish certain 
rules for determining, from simple data, the path of a ray of 
light after passing through any optical instrument, the posi- 
tion of the conjugate focus of a luminous point, and the 
magnitude of the image of a given object The method 
which I shall use does not require a knowledge of the in- 
ternal construction of the instrument and derives all its data 
from two simple experiments. 

There are certain defects incident to optical instruments 
from which, in the elementary theory, we suppose them to 
be free. A perfect instrument must nilfil three conditions: 

I. Every ray of the pencil, proceeding from a single 
point of the object, must, after passing through the instru- 
ment, converge to, or diverge from, a single point of the 
image. The corresponding defect, when the emergent rays 
have not a common focus, has been appropriately called (by 
Dr. Whewell) Astigmatism. 

II. If the object is a plane surface, perpendicular to the 
axis of the instrument, the image of any point of it must also 
lie in a plane perpendicular to the axis. When the points 
of the image he in a curved surface, it is said to have the 
defect of curvature. 

III. The image of an object on this plane must be similar 
to the object, whether its linear dimensions be altered or not ; 
when the image is not similar to the object, it is said to be 
distorted. 

An image free from these three defects is said to be 
perfect. 

In the figure (fig. 1) let A x a x a x represent a plane object 
perpendicular to the axis of an instrument represented by I., 
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then if the instrument is perfect, as regards an object at that 
distance, an image -4 2 « ? a, will be formed by the emergent 
rays, which will have tne following properties: 

I. Every ray, which passes through a point a, of the ' 
object, will pass through the corresponding point a, of the 
image. 

II. Every point of the image will lie in a plane perpen- 
dicular to the axis. 

III. The figure -A 2 a 2 a t will be similar and similarly 
situated to the figure A x a x d x . 

Now let us assume that the instrument is also perfect as 
regards an object in the plane B x b x f3 x perpendicular to the 
axis through B L and that the image of such an object is in 
the plane BJbJz and similar to the object, and we shall be 
able to prove the following proposition: 

Prop. I. If an instrument give a perfect image of a plane 
object at two different distances from the instrument, all 
incident rays having a common focus will have a common 
focus after emergence. 

Let P x be the focus of incident rays. Let P x a x b x be any 
incident ray. Then, since every ray which passes through a x 
passes through a 8 , its image after emergence, and since every 
ray which passes through b x passes through i 8 , the direction 
of the ray P^i, after emergence must be a 8 i 8 . 

Similarly, since a B and y3 8 are the images of a x and A, 
if P l aJ3 x be any other ray, its direction after emergence will 
be omS,. 

Join a x a x , b J3,, « 2 a 2 j bJJ 3 ] then, since the parallel planes 
A x a t a x and B % o x &i are cut ^y ™ plane of the two rays 
through P, the intersections a v a x and b J3 X are parallel. 

Also, their images, being similarly situated, are parallel 
to them, therefore a t a % is parallel to bJ3 % , and the lines a % b % 
and aj3j are in the same plane, and therefore either meet 
in a point P 8 or are parallel. • 

Now take a third ray through P xJ not in the plane of the 
two former. After emergence it must either cut both, or 
be parallel to them. If it cuts both it must pass through 
the point P 8 , and then every other ray must pass through J^, 
for no line can intersect three lines, not in one plane, with- 
out passing through their point of intersection. If not, then 
all the emergent rays are parallel, which is a particular case 
of a perfect pencil. So that for every position of the focus 

R2 
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of incident rays, the emergent pencil is free from astig- 
matism. 

Prop. II. In an instrument, perfect at two different dis- 
tances, the image of any plane object perpendicular to the 
axis will be free from the defects of curvature and distortion. 

Through the point P x of the object draw any line P % Q X 
in the plane of tne object, and through P x Q x draw a plane 
cutting the planes A& in the lines a x a x1 ^/S,. These lines 
will be parallel to r * Q x and to each other, wherefore also 
their images, a a a 8 , bjz^ will be parallel to P x Q t and to each 
other, and therefore in one plane. 

Now suppose another plane drawn through P X Q X cutting 
the planes A x and B in two other lines parallel to P X Q V 
These will have parallel images in the planes A % and B 9l 
and the intersection of the planes passing through the two 
pairs of images will define the line P^Q % which will be parallel 
to them, and therefore to P x Q xJ and will be the image of P X Q X . 
Therefore P 2 Q 2 , the image of P X Q. is parallel to it. and there- 
fore in a plane perpendicular to tne axis. Now if all corre- 
sponding lines in any two figures be parallel, however the 
lines be drawn, the figures are similar, and similarly situated. 

From these two propositions it follows that an instrument 
giving a perfect image at two different distances will give 
a perfect image at all distances. We have now only to 
determine the simplest method of finding the position and 
magnitude of the image, remembering that wherever two 
rays of a pencil intersect, all other rays of the pencil must 
meet, and that all parts of a plane object have their images 
in the same plane, and equally magnified or diminished. 

Prop. III. A ray is incident on a perfect instrument 
parallel to the axis, to find its direction after emergence. 

Let afi x (fig. 2) be the incident ray^ Aa x one of the planes 
at which an object has been ascertained, to have a perfect 
image. Aa 9 that image, similar to A x a x but in magnitude 
such that A % a = xA x a x . 

Similarly let BJb 2 be the image of B t b tJ and let B % b t =yB x b x . 
Also let A B x = c x and AJS t = c 8 . 

Then since a 8 and b % are the images of a x and b xy the line 
F t a 2 b t will be the direction of the ray after emergence, cutting 
the axis in F tJ (unless a? = y, when ab becomes parallel to 
the axis). The point F 9 may be found, oy remembering that 
A x a x = B x b x} A 2 a t = xA x a x , Bjb a = yB x b x . We find — 

AJF.-c.—. 
*y-x 
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Let g 9 be the point at which the emergent ray is at the 
same distance from the axis as the incident ray, draw g a c 9 
perpendicular to the axis, then we have 

F % G % ^-. 

V * y-x 

Similarly, if <x t l3 x F x be a ray, which, after emergence, 
becomes parallel to the axis ; ana G<g x a line perpendicular 
to the axis, equal to the distance of the parallel emergent 
ray, then 

1 ' l x — y 1 ' * x — y 

Definitions. 

I. The point F x1 the focus of incident rays when the 
emergent rays are parallel to the axis, is called the first 
principal focus of the instrument. 

II. The plane G x g x at which incident rays through F x 
are at the same distance from the axis as they are after 
emergence, is called the first principal plane of the instru- 
ment. F X G X is called the first focal Length. 

III. The point F y the focus of emergent rays when the 
incident rays are parallel, is called the second principal focus. 

IV. The plane G % g^ at which the emergent rays are at 
the same distance from the axis, as before incidence, is called 
the second principal plane, and F % G % is called the second focal 
length. 

When x=y, the ray is parallel to the axis, both at inci- 
dence and emergence, and there are no such points as F and 
G. The instrument is then called a telescope. x(=y) is 
called the linear magnifying power and is denoted by /, and 

the ratio - 1 is denoted by n, and may be called the elongation. 

In the more general case, in which x and y are different, 
the principal foci and principal planes afford the readiest 
means of finding the position of images. 

Prop. IV. Given the principal foci and principal planes 
of an instrument, to find the relations of the foci of the inci- 
dent and emergent pencils. 

Let F X F (fig. 3) be the principal foci, G X G % the principal 
planes, Q t the focus of incident light, Q X P X perpendicular to 
the axis. 
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Through Q x draw the ray Q t g x F x . Since this ray passes 
through F x it emerges parallel to the axis, and at a distance 
from it equal to G^g^ Its direction after emergence is 
therefore Q 9 a 2 where Gg a = G x g x . Through Q x draw Q x y 
parallel to the axis. The corresponding emergent ray will 
pass through F v and will cut the second principal plane at 
a distance G t y % — G x y^ so that F t y % is the direction of this 
ray after emergence. 

Since both rays pass through the focus of the emergent 
pencil, Q 2 , the point of intersection, is that focus. Draw 
QJP t perpendicular to the axis. Then P, Q x = #,7, = Gff^ 
and G x g x = G 9 g % = P % Q 9 . By similar triangles F X P X Q X and 

P x F x :F x G x y.P x Q x :[G x g x =)P 9 Q 9 . 
And by similar triangles FJP 9 Q 9 and F 9 G 9 y 9 

P 1 Q l (=G t y a ):P,Q t ::G t K:F i P t . 
We may put these relations into the concise form 

and the values of F 9 P 9 and P 9 Q 9 are 

These expressions give the distance of the image from F t 
measured along the axis, and also the perpendicular distance 
from the axis, so that they serve to determine completely the 
position of the injage of any point, when the principal foci 
and principal planes are known. 

Prop. V. To find the focus of emergent rays, when the 
instrument is a telescope. 

Let Q x (fig. 4) be the focus of incident rays, and let Q x a x b x 
be a ray parallel to the axis ; then, since the instrument is 
telescopic, the emergent ray Q 9 a 9 b 9 will be parallel to the 

axis, and QJP^l.QA- 

Let Q x dJS x be a ray through B xJ the emergent ray will 
be Qja^B^ and A 9 a 9 =l.A x a x . 

Now *a_3&-!£4. £&_!£, 

Afr- A t * t - l.A fll A A Aft* 

so that * ■ = -7^ = w, a constant ratio. 

Jf % iS A AM. 
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Car. If a point be taken on the axis of the instrument 
bo that 

then CP t = n*CP x . 

Def The point C is called the centre of the telescope. 

It appears, therefore, that the image of an object in a 
telescope has its dimensions perpendicular to the axis equal 
to I times the corresponding dimensions of the object, and the 
distance of any part from the plane through 6 equal to n 
times the distance of the corresponding part of the object. 
Of course all longitudinal distances among objects must be 
multiplied by n to obtain those of their images, and the 
tangent of the angular magnitude of an object as seen from 

a given point in the axis must be multiplied by - to obtain 

that of the image of the object as seen from the image of 

the given point. The quantity - is therefore called the 

angular magnifying power, and is denoted by m. 

Prop. VI. To find the principal foci and principal planes 
of a combination of two instruments having a common axis. 

Let i, I (fig. 5) be the two instruments, GJ?F Q^ the 
principal foci and planes of the first. G x F x F 2 G£ tnose of 
the second, T X $A>F % those of the combination. Let the ray 
9\9%9\9% P a88 through both instruments, and let it be parallel 
to the axis before entering the first instrument. It will 
therefore pass through F 2 the second principal focus of the 
first instrument, and through g % so that G^ f = G x g x . 

On emergence from the second instrument it will pass 
through <f> t the focus conjugate to F v and through y 9 ' in the 
second principal plane, so that G t 'g' = #/.?/• $* 18 ky ^e- 
finition the second principal focus of the combination of in- 
struments, and if r t y, be the second principal plane, then 

We have now to find the positions of <f> t and T a . 
By Prop. IV., we have 

*■*■ f^f; ' 

Or, the distance of the principal focus of the combination) 
from that of the second instrument, is equal to the product 
of the focal lengths of the second instrument, divided by the 
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distance of the second principal focus of the first instrument 
from the first of the second. From this we get 



M 2 X 1 

f.f: 



or <?,'<£,= "''-J'-T.t'i 



Now, by the pairs of similar triangles 4>&JgJ, ^^.7. an< * 

F t a; g ;, F t a^ 

Multiplying the two sides of the former equation respectively 
by the first and last of these equal quantities, we get 



G a F % .a;F : 
fj: 



i> 8 = ^i-ri 



Or, the second focal distance of a combination is the product 
of the second focal lengths of its two components, divided by 
the distance of their consecutive principal foci. 

If we call the focal distances of the first instrument f v and 
f^ those of the second// and^', and those of the combination 

f\t f*7 an< * P ut F % F \ ^ d 9 then the positions of the principal 
foci are found from the values 

4 F =•£*£ , F'6 =-^U* , 
9r*i j > *iVi ^j 

and the focal lengths of the combination from 

/l- d ' /8 ~~3"~ - 

When d=0, all these values become infinite, and the com- 
pound instrument becomes a telescope. 

Prop. VII. To find the linear magnifying power, the 
elongation, and the centre of the instrument, when the combi- 
nation becomes a telescope. 

Here (fig. 6) the second principal focus of the first instru- 
ment coincides at F with the first of the second. (In the 
figure, the focal distances of both instruments are taken in 
the opposite direction from that formerly assured. They are 
therefore to be regarded as negative). 
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In the first place, F^ is conjugate to F, for a pencil whose 
focus before incidence is F. will be parallel to the axis be- 
tween the instruments, ana will converge to FJ after emer- 
gence. 

Also if G.ff l be an object in the first principal plane, 
G % g will be its first image, equal to itself, and if Eh be its 
final image 

FG' G'F' f'f 

GJF /, ' 

m 

Now the linear magnifying power is -^ — , and the elon- 

F'H % 

gation is -^77 , because F^ and H are the images of -F, and 

G x respectively ; therefore 

* = -•£ and n=££ 

If 
The angular magnifying power =■ m as - = — yj . 

The centre of the telescope is at the point (7, such that 

When n becomes 1 the telescope has no centre. The effect 
of the instrument is then simply to alter the position of an 
object by a certain distance measured along the axis, as in 
the case of refraction through a plate of glass bounded by 

Sarallel planes. In certain cases this constant distance itself 
isappears, as in the case of a combination of three convex 
lenses of which the focal lengths are 4, 1, 4 and the distances 
4 and 4. This combination simply inverts every object with- 
out altering its magnitude or distance along the axis. 

The preceding theory of perfect instruments is quite in- 
dependent of the mode in which the course of the rays is 
changed within the instrument, as we are supposed to 
know only that the path of every ray is straight before it 
enters, and after it emerges from the mstrument. We have 
now to consider, how far these results can be applied to 
actual instruments, in which the course of the rays is changed 
by reflexion or refraction. We know that such instruments 
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may be made so as to fulfil approximately the conditions 
of a perfect instrument, but that absolute perfection has not 
yet been obtained. Let us inquire whether any additional 

general law of optical instruments can be deduced from the 
iws of reflexion and refraction, and whether the imperfec- 
tion of instruments is necessary or removeable. 

The following theorem is a necessary consequence of the 
known laws of reflexion and refraction, whatever theory we 
adopt. 

If we multiply the length of the parts of a ray which are 
in different media by the indices of refraction of those media, 
and call the sum of these products the reduced path of the 
ray, then: 

I. The extremities of all rays from a given origin, which 
have the same reduced path, lie in a surface normal to those 
rays. 

II. When a pencil of rays is brought to a focus, the 
reduced path from the origin to the focus is the same for 
every ray of the pencil. 

In the undulatory theory, the "reduced path" of a ray 
is the distance through which light would travel in space, 
during the time which the ray takes to traverse the various 
media, and the surface of equal " reduced paths' 1 is the wave- 
surface. In extraordinary refraction the wave-surface is not 
always normal to the ray, but the other parts of the propo- 
sition are true in this and all other cases. 

From this general theorem in optics we may deduce the 
following propositions, true for all instruments depending on 
refraction and reflexion. 



Prop. VIII. In any optical instrument depending on 




medium in which the objects are, ft, that of the medium in 
which the images are, then 

approximately, when the objects are small. 

Since a is the image of a„ the reduced path of the ray 
clfl, will be equal to that of a/3 x a v and the reduced paths 
of the rays a^a, and a, J t a 8 will be equal. 
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Also because b 1 /3 ) and bJ5 9 are conjugate foci, the reduced 
paths of the rays baj> t and b^aji , and of fi x aji % and f3j*J$ % 
will be equal. So that the reduced paths 

a A ■+ b i a * = a A + A a t 

a^ + &<*„ = a^-J- ^a, 

J i a 8 + a A = * A + a A 
ft g i + a & aa 0A+ «A 
.\ a^, + a^ + a a J 9 + afi % = a t ^ t + a l i 1 + ap % + cg8 8 , 

these being still the reduced paths of the rays, that is, the 
length of each ray multiplied by the index of refraction of 
the medium. 

If the figure is symmetrical about the axis, we may write 
the equation 

fi x (afi l - afi t ) = fi 2 [afi % - a 8 i 9 ), 

where afi^ &c. are now the actual lengths of the rays so 
named. ___ 

Now ^-3A' + 4(*A + Wi 

so that afi* - afi* = aja^ x bJ3 l} 

Similarly /*, («^ t - a&) = /*, ffi*J^ • 

So that the equation 

is true accurately, and since when the objects are small, the 
denominators are nearly 2A l B l and 2.4,2?,, the proposition 
is proved approximately true. 

Using the expressions of Prop. III., this equation becomes 

1 ocy 

Now by Prop. III., when x and y are different, the focal 
lengths/, and j^ are 
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therefore *h =■ — = ^ by the present theorem. 
J% c % ^% 

So that iii any instrument, not a telescope, the focal 
lengths are directly as the indices of refraction of the media 
to which they belong. If, as in most cases, these media are 
the same, then the two focal distances are equal. 

When #=y, the instrument becomes a telescope, and we 

have, by Prop. V., ?==#, andn = - s ; and therefore by this 
theorem 

&.£ 
/*, »' 

We may find I experimentally by measuring the actual 
diameter of the image of a known near object, such as the 
aperture of the object glass. If be the diameter of the 
aperture and o that of the circle of light at the eye-hole 
(which is its image), then 

I-- 

1 0' 

From this we find the elongation and the angular magnifying 
power 

n = ^?. and m = ^ -* . 

When fi t = /*,, as in ordinary cases, m = -* = — , which is 

6 o 

Gauss' rule for determining the magnifying power of a tele- 
scope. 

Prop. IX. It is impossible, by means of any combination 
of reflexions and refractions, to produce a perfect image of 
an object at two different distances, unless the instrument 
be a telescope, and 

; = n = ^-2, wbI. 
/V 
It appears from the investigation of Prop. VIII. that the 
results there obtained, if true when the objects are very small, 
will be incorrect when the objects are large, unless 

a A + *A : «■& + a A ;: A A : A A 

and it is easy to prove that this cannot be, unless all the 
lines in the one figure are proportional to the corresponding 
lines in the other. 
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In this way we might show that we cannot in general 
have an astigmatic, plane, undistorted image of a plane object. 
But we can prove that we cannot get perfectly focussed 
images of an object in two positions, even at the expense of 
curvature and distortion. 

We shall first prove that if two objects have perfect 
images, the reduced path of the ray joining any given points 
of the two objects is equal to that of the ray joining the 
corresponding points of the images. 

Let a t (fig. 8) be the perfect image of a x and /3, of /3,. Let 

A Pi = a » B A = 1>» A«. = «»7 B A=h AA = C ,> A A = c r 
Draw aj) x parallel to the axis to meet the plane B if and 
aJD* to the plane of B 9 . 

Since everything is symmetrical about the axis of the 
instrument we shall have the angles D^BJi^DJBJii^O, 
then in either figure, omitting the suffixes, 

= <? + a* + b*-2ab cos0. 

It has been shown in Prop. VIII. that the difference of 
the reduced paths of the rays afi 1} a l /3 l in the object must 
be equal to the difference of the reduced paths of a t b %} ajl % 
in the image. Therefore, since we may assume any value 
for 0, 

p l */(a* + b*-rc*-2a x b l cos0) - /*,%/« + b* + c* -2aJ> 9 co*0) 

is constant for all values of 0. This can be only when 

and M,V(«A) =/**V(aA)> 

which shows that the constant must vanish, and that the 
lengths of lines joining corresponding points of the objects 
and of the images must be inversely as the indices of refrac- 
tion before incidence and after emergence. 

Next let ABC, DEF (fig. 9) represent three points in 
the one object and three points in the other object, the 
figure being drawn to a scale so that all the lines in the 
figure are the actual lines multiplied by fi x . The lines of the 
figure represent the reduced paths of the rays between the 
corresponding points of the objects. 

Now it may be shown that the form of this figure cannot 
be altered without altering the length of one or more of the 
nine lines joining the points ABC to DEF. Therefore since 
the reduced paths of the rays in the image are equal to those 
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in the object, the figure must represent the image on a scale 
of fi t to 1, and therefore the instrument must magnify every 
part of the object alike and elongate the distances parallel 
to the axis in the same proportion. It is therefore a teles- 
cope, and m=l. 

If fi t =fi %1 the image is exactly equal to the object, which is 
the case in reflexion in a plane mirror, which we know to 
be a perfect instrument for all distances. 

The only case in which by refraction at a single surface we 
can get a perfect image of more than one point of the object, 
is when the refracting surface is a sphere, radius r, index 
/*, and when the two objects are spherical surfaces, concentric 

T 

with the sphere, their radii being — , and r; and the two 

images also concentric spheres, radii /-tr, and r. 

In this latter case the image is perfect, only at these 
particular distances, and not generally. 

I am not aware of any other case in which a perfect 
image of an object can be formed, the rays being straight 
before they enter, and after they emerge from the instru- 
ment. The only case in which perfect astigmatism for all 
pencils has hitherto been proved to exist, was suggested to 
me by the consideration of the structure of the crystalline 
lens in fish, and was published in one of the problem-papers 
of the Cambridge and Dublin Mathematical Journal. My 
own method of treating that problem is to be found in that 
Journal, for February, 1854. The case is that of a medium 
whose index of refraction varies with the distance from a 
centre, so that if /a be its value at the centre, a a given line, 
and r the distance of any point where the index is /*, then 



/* = /*( 



a* + r*' 



The path of every ray within this medium is a circle in a 
plane passing through the centre of the medium. 

Every ray from a point in the medium, distant b from the 
centre, will converge to a point on the opposite side of the 



2 

centre and distant from it -=- 

b 



It will be observed that both the obiect and the image 
are included in the variable medium, otherwise the images 
would not be perfect. This case therefore forms no excep- 
tion to the result of Prop. IX., in which the object and image 
are supposed to be outside the instrument. 

Aberdeen, 12th Jan , 1858. 
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ON THE AREA OF THE CONIC SECTION, REPRE- 
SENTED BY THE GENERAL TRILINEAR 
EQUATION OF THE SECOND DEGREE. 

By N. M. Ferrers. 

OUPPOSE that the position of a point P is determined by 
reference to a triangle ABC; its coordinates x y y, z 
denoting respectively the ratios of the areas of the triangles 
PBC, PCA, PAB to the triangle ABC, so that x, y, z are 
connected by the identical relation 

sc+y-f s = l. 

Our object is to find the area of the conic section repre- 
sented by the general equation 

Ax* + By* + Cz* + 2A'yz + 2B'zx + 2 C'xy = 0. 

If the conic section be orthogonally projected, the values 
of the coefficients, the values of x } y, s, and the ratio of the 
area of the conic to that of the triangle of reference, will 
all remain unaltered. Hence, if A denote the area of the 

triangle, 8 that of the conic section, — will be a function 

of the coefficients only. To find the form of this function, 
we observe (1) that it must be of dimensions, (2) that it 
must vanish when the relation among the coefficients is such 
that the conic section degenerates into two straight lines, (3) 
that it will be infinite when the conic section is a parabola, 
i.e. touches the line x + v + z = 0. 
Hence, 8 vanishes when 

AA m + BB" + CC* - ABC - 2A'B' C - 0, 

and is infinite when 

A"-BC + B'*-CA +C" -AB 

+ 2 (B'C'-AA') + 2 (CM'- BB) + 2 {A'B'~ C(7') = 0; 

whence — , being of dimensions, must be some function of 

{AA" + BB'* + CC" - ABC- 2A'B' C')* 

[A^BC^B^CA+C^AB^2{BC , -AA f )^2{C'A , -BB)^2(A , B-CC , )} i ' 

Kepresenting this fraction for the present by F, suppose 
f-#(F). 
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To find the form of ^, suppose the conic section to be 
the circumscribed circle, and the sides of the triangle of 
reference a, b, c ; then, 

a' ~ 5' ~ c* ' 

. v 4aW 

wnence r - ^ + ^ + c4 _ 2jv _ J<w _ 2 ^. , 

also it is known that 

8 = WSV 

A ( « + J« + < .«_2JV-2cV-2a»o ,, ) l 

= 2*r(F)*. 
Hence, 

_ 2w [AA m + BB" + CC" - ABG - 1AB' C) A 

{A , ^BC^B^CA^C , ^AB+2{BC , -AA')+2(G'A'-BB , )^[A , B , -CC f )} 

the required expression. 

A similar method may be applied to determine the area 
of the conic section, when it is denned by the relation between 
the distances of its several tangents from three given points. 



I 



DIRECT INVESTIGATION OF THE QUESTION 
DISCUSSED IN THE FOREGOING PAPER. 

By A. Catley. 

rpHE position of a point P being determined as in the fore- 
-*■ going paper, let a, /8, y denote in like manner the 
coordinates of a point 0, we have 

a+£ + 7=l, 

and consequently if £, 17, ? are the relative coordinates 
x — a, y — /8, z - y, we have 

The expression for the distance of the two points 0, P 
is readily obtained in terms of the relative coordinates, viz. 
calling this distance r, we have 
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where, if 7, m, n are the sides of the triangle ABC, we have 

And it is to be remarked that these values give 

MN+ M + LM = J(2mV + 2nV + 2ZW - P - w 4 - n 4 ) = 4 A 1 , 

if A denote the area of the triangle ABC. 
Consider now a conic 

i«, V,/, #,*)(*, y,*)", 

and suppose as usual that &, V, €f, if, <5, ?# are the inverse 
coefficients and that K is the discriminant, suppose also for 
shortness 

P-(K,»,«,*,*,*)(1,1,1)'. 

The coordinated of the centre being a, /8, 7, we have 
«-?(«• *,«)(!, 1,1), 
0-y<*, *,*)(!, 1,1), 

7-i(«^ *,«)(!, 1,1), 

and writing as before £, 1;, f for a; - a, y - /8, 2? - 7, so that 
f , iy, f are the coordinates of a point P of the conic, in rela- 
tion to the centre, we have x y y, 3 respectively equal to 
f + a, q + j9, f+7, and the equation of the conic gives 

(a, ...)(? + «, *+£, ?+7) 8 = 0, 
which may be written 

(«, ...)(e, v, ?r 

+»(«,-)(«,AtXUO 

Now observing the equations 

IT 

(«» *>£)(«>& 7) = p f 

(A, *>/)(«, ft^-Jr 

(ft /> c )(«> ft If) = p , 
VOL. II. 8 
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we have 
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(a, ...)(a, /?, *)(£>, n-£(e + f + o-°. 

(a, ...)(«, iS, 7)* 



j(a + )3 + 7) = p, 



and the equation of the conic gives therefore 

and we have as before 

f + i» + f=0. 

To find the axes we have only to make 

a maximum or minimum, & 17, f varying subject to the pre- 
ceding two conditions, this gives 

(«,*,*)(fcl»tt + ***+f*-°> 
(M,/)(fcl,0+ xM l + /*-0, 

and multiplying by £ , »;, ?, adding and reducing 



which gives 



-p + V-0, 



Substituting this value, and joining to the resulting three 
equations the equation 

We may eliminate jf , 17, & /*> an* 1 tne ' re8mt » 



KL 




1 






/ 
1 



c + -^3l l 



KN 
iV 

1 



= 0, 
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which may also be written 

(«\ *,*•,*•, *,*)(!, 1,1)* -0, 

where (S', ...) are what (®, ...) become when a. b. c are 

.." ,. x KL . KM KN . . A , 
changed into « + -5-5 , 6 + ^rr , c + -^ , we in fact have 

*' - « + w {bN+ cM) + W MN > 

and observing the value of P the result consequently is 

P+^{(h + c-2f)L + {6 + <t-2ff)M+{a + b-2h)N} 

+ j£ 4 (MN+ NL + LM) - 0, 
which may also be written 

P t r t +PKr^{{b+e~2f)L+(^a^2ff)M^[a+b~2h)N}+iA*K t =0. 
Hence if r a r, are the two semiazes, we have 
, ,_4A'JP 

r i r i ~~ pa I 

and the area is 7rr t r ft which is equal to 

V(P 8 ) f 
which agrees with Mr. Ferrers' result. 

The formula r* = L? 4- Jf*/ 1 + N? which is assumed in the 
preceding investigation may be proved as follows : 

Writing a, i, o (instead of *, w, n) for the sides ot the 
fundamental triangle and A, 2?, (7 for the angles, the equa- 
tion in question is 

r* = bc co*A £* + ca cos JSiy* -f ab cosCJ?. 

Now writing a, £ f 7 for the inclinations of thfe line r to the 
sides of the triangle, we have 

ff=7-«, 

S2 
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Moreover taking for a moment X, /i, v to denote the per- 
pendiculars from the angles on the opposite sides, we have 

X as c sini? = b sin (7, 

/i, = asin(7=c sin .4, 

v = tsin^4 = a sini?. 
And 



v r sina r sin/9 


r- 


r sin7 


the values of (■*, 


rfj f* consequently are 




r* sin'a 


r'sin 8 /? 




r* sin*7 



6c sinUsinC^ ca Bin (7 sin-4 ' oi sin-4 sini?' 

and the equation to be proved becomes 

_ cos-4 sin* a cosi? sin'/? cosC sin*^ 
"~ sin B sin (7 sin G sin-4 sin-4 sini? ' 

or what is the same thing 

sin-4 sini? sinC 

= sin-4 cos-4 sin" a + sin B cos 2? sin*/3 + sinC cosC sin* 7, 

or again 

4 sin-4 sin B sin C 

= &m2A (1 -cos2a) + sin2i? (1 - cos 2)9) + sin2 C (1 -00327), 

or putting for -4, J9, C their values in terms of a, /9, 7 this is 

- 4 sin (/3 - 7) sin (7 - a) sin (a - £) = sin(2/9 - 27) (1 - cos 2a) 

+ sin (27 - 2a) (1 - cos2/3) 

+ sin (2a - 2)9) (1 - COS27), 

which is an identical equation ; it is most readily proved by 
writing a?, y } z for tana, tan/9, tan7; the equation thus 
becomes 

or multiplying out 

- (y- *)(*-*) (*-y) = S (y-«) (1 + y«) «" 

= Soj* (y - «) + irysSa? (y - *), 
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that is 

-(y-«)(«-*)(a-y)-2a^(y-«)-rf(y-#)+3^(«-*)+^(«-y), 
which is an identity. 



[The value of r* may also be found as follows : 
r* is a rational homogeneous function of £, 17, f of the 
second degree; hence, since 

and therefore 

ft»f-r-^-r, 2^=i,»-f-f, a^^r-r-y*, 

r* must be r expressible under the form if" + Jfi/ + Nl? ; and 
it remains to determine Z, ilf, ^. 

For this purpose, suppose the two points, whose distance 
is sought, to be 2?, 0, then 

f = 0, 17 = 1, ?=1, and r = a. 

Hence Af+N=a\ 

Similarly N+L=b% 

therefore L = — , M = , N = , 

A i A 

the same values as those already given. — N.M.F.] 
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ON THE FACTORIAL NOTATION. 

By H. W. Elphinstone, M.A, Trinity College, Cambridge. 
(Continued from p. 128.) 

12. To expand v*\ l xa?\ l into the mm of a series of 
factorials having x as their base. 
Let 



x 



i as 



+ ^^M 1 +B^^r+&c.+^aTM 1 + Mff\\ 



Then introducing the factor x+l=x+b+n—n 

-se + J + n-l- (»-l) 



we have 



= x + n — (n-b) t 



l +... 



-a J -(n-l)^J 

-(n-i + l)) 
whence we see that 

A Ut ~A t -n, B H , = B t -(n-l)A„ O lM ^C t -{ H -S)B„ 

and bo on, or forming a table 

ABODE 



8=1 


-n| 
i 











2 


-2n 


+ n*r 











3 


-3n 


-h 8fi § r 


- nT l 








4 


-4?* 


+ Gn*!- 1 


- 4w»r i 


+ n*r 





5 


-5?* j + lOn 8 )- 1 


-10/i'r 1 


+ 57Z 4 !" 1 


-nT 1 



Now considering the numerical value only of the coefficients 
of these factorials and calling the order of the column u, we 
see that 

(&,«)-(6-l)(«-l)+(ft-l)«, 
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which is a property of the binomial coefficients. It follows 
that 

rfwr - an»-»i«r t+ 5J ^ *^'- ?f ^ aT-Y+ftc. 

With the following similar formulas n> 6, 

aT'sT -d^|- 1 + wW l -*" 1 | l + &c. 

13. To determine the coefficients -4, J?, (7... in the 
equation 

{x + a l )(x + a i )...[x + a n ) = Ajc n \ l + Bjz n ' l \ l +...+ N n , 

where the subscribed indices n on the right-hand side shew 
that there are n factors on the left. 
According to our notation 

oj+« l =^i l « i r+^ l , 

so that -^1 = 1) A — a u 

Also 

Introducing the factor 

x + r — l+a r — r+l=a; + r — 2 + a r — r + 2=5...= a: + a r , 

we have (aj + aj (aj + aj ... (aj + a r ) 

- A-i^ 1 1 '(aH-r-l+^-r +1)+ J^^aT 1 I , (»-H-2+a l .--r+2)+&c. 

+...+ -R, w (a; + a r ) 

= ^ r „ 1 af| 1 +5 r _ 1 ^r+CU )rf y, | I +...+€vB iM| . 

+(«-r+l)4j +{a r r+2)B r J 

It follows that 

A=A^, B=B^+(a r -r+l)A„, C^C^a-r^y&^&c., 

ending with 8 r = a r R r ^ 

on which we may remark that A r * l for 

A r = A,_ l = A r ^=...= A l = L 
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On the Factorial Notation. 



The other coefficients can be readily obtained by the follow- 
ing tables : 



I 


II 


III 


IV 


V 


• «« • 


°. • 


«. • 


°. * 


°. 


• 


«,-1. 


a t — 1 . 


a 4 -l. 


a,-l 




• 


a,-2. 


a 4 -2. 


a.- 2 






• 


a 4 -3. 


«.-3 
a.-4 



I 


5 


II 


P 


C 


in 





2> 


«i 


JB, 


«• 


M 


o. 


°, 


o* 


A 


«,-l 


A 


«,-i 


(«,-i)A 


o t 


a 4 -l 


(v-i)tf. 


A 


a,-2 


■». 


a 4 -2 


(a 4 -2)2J, 


c< 


c 8 -2 


K-2)C 4 


A 


a 4 -3 


A 


o»-3 


(a-3)5 4 C s 




a, -4 


A 











et cetera. 

The law of the first table is obvious. The second table 
is formed as follows : 




as 

number 

the number in the same horizontal line and preceding column. 

and the number in the same column and preceding horizontal 

line : a number in either of the columns P, Q, J2L &c. is the 

product of the numbers in the same horizontal line and two 

preceding columns. 

As an example, let us transform 

(a?+2)(*-l)(a>+7) 
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into such a form 



1 II 

2 -1 
-2 



III 

7 
6 

+ 5 



I B 


II 


P 


G 


III 


: Q 


D 


2 2 


-1 


-2 


-2 


7 


-14 


-14 


-2 


6 





-2 






5|5 













(aj + 2)(x-l)(« + 7)=:aJ ,, | 1 + 5aj 2 l 1 -2a? , | 1 -14, 

It is worth while taking particular notice of the case in 
which we wish to put x n under the above mentioned form ; 
for in this case the quantities Cj.a,, ...a n are all equal to 
each other and to zero, so that the columns I, II, III, &c. 
are all identical, and we need write down the first one of 
them only. 

If we nave any expression 

V*" + Vi^ 1 + &c - + a o> 
we can easily put it under the given form, by putting each 
of the quantities x* } as"" 1 , &c. under that form and taking their 
sum after multiplying them by the coefficients a , a n _^ &c. a 
respectively: ana here we may observe that the operation 
of transforming x* gives us the coefficients for the transfor- 
mation of all lower powers of x. 

Suppose for instance that we were required to find the 
finite integral of 

2ia? + 1 8a; 4 - %a? + 50a? - 20a; + 7, 



I 


B 


P 


C 


Q 


D 


R 


E 


























-1 


- 1 


+ 1 


+ 1 


- 1 


- 1 


+ 1 


1 


-2 


- 3 


+ 6 


+ 7 


-14 


-15 




-3 


- 6 


+ 18 


+ 25 








-4 


-10 
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Hence x 5 = x B \ l -10x'\ l + 25x 9 \ l -l5x*\ l + x , \ l 
x*= s 4 l l - 6* 8 r+ Ta^l 1 -^ 1 ! 1 

x* = *Y- 8arT + *T 

x* = *T-*T 

x = a; 1 ! 1 



So that the integral expression becomes 



24 



(g-l)T 



-240 

+ 18 



(*-!)* 



(g-i)T 



+600 v / ' -360 
-108 +126 

+ 9 
+ 50 



(g-l)T 



+24 
-18 
- 3 
-50 

-20! 



(*-lJT 



+7x 
+ C 



(a?-l)T (aj-l)*! 1 te-l) 4 ! 1 

= 24 l J ; — 222^ — -p- + 489 V , ' 
6 5 4 

o 2 

If this had been done by the method given in Pearson's 
Finite Differences (Art. 30), we should nave had to solve 
6 equations containing 6 unknown quantities* 

If we wished to express (x + a t ) (x + aj •.. (a? + aj under 
the form Ax n \~ % -f Bx 1 ]' 1 + &c. our tables would be 



I 


II 


III 


IV 


V 


• «, • 


«. • 


«. ' 


«« ' 


«. 


• 


a t +l. 


a,+ l. 


a 4 +l. 


a,+ l 




.|a, + 2. 


o 4 + 2. 


o, + 2 




• 


a 4 +3. 


a, + 3 








. 


a„ + 4 
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2« 



-« 


.» 


.« 


.a 


ja 


J* 


jw 


J* 


to 


> 




9 


»» 


.« 




:? 


# 






P 


P 


.<* 


_o 






.« 


.? 






£ 


£ 


J3 




„*> 


.«» 


b 








•« 




:? 


b 

.a 




Ja 


JSJ 









to 



* X 



<© 



to 



tq 



0Q 



%i 


o? 


.« 


.a 


-a 




5*4 


+ 


+ 


+ 


+ 


j» 


CD ^ 


*»• 


o» 


to 


>-* 




J* 


Jw 


J* 


J» 


Jw 


.. O 












§ 




.a 


*a 


«° 




I 


4- 


+ 


+ 


- a 


t© 


to 


1— 




CD 

IT 


J* 


J* 


J» 




+ 


+ 


+ 


+ 


J* 
-a 


#— -^ 


to 


to 


»-» 




+ 




v "~ - ' 


v """' 












£ 


■S 


.Q 


P 


_Ci 


: 


© 


a 








*. 




+ 


+ 


+• 


-a 


c* 


H-* 




S 








c 








» 


.Q 


„^ 




£L 


+ 


+ 


M 


*-• 


to 


►— 












39 








O 


b 


b 


b 


*-h 


w 


10 




S3 - 








CD 




a 




o 




4- 


»a 


* 




>-* 




cd 








3 

o 




J* 




»-►» 
a 




.a 


b 


CD 




+ 


» M 










3* 








O 
C 




JS 


Js 










P- 








ST - 

I 






.a 






J» 


*-h 






„» 


o 








S3 

s 










>« 



b 

i— i 
< 



< 

©5 
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The methods given in this and the following article are 
particular cases of methods given by Nicholson. 

14. To transform the fraction 

1 A A 

7 ; r-7 ; r -. ; r into the Series -^ + -5+fTi + & C « 

(* + «,) (a; + a 8 )...(a> + aj an 1 x** l \ l 

Assume 

(* + oJ(» + aJ...(« + " aT 1 ! 1 + a^ 1 + aTY + ° CC ' 
Then since a? + a w = #-*•»- 1+a. — (n — 1) 

= a: + n +a n — n 

= jr + n+l+a 1l -(n+l) 
= &c, 

i 4* 

(aj + a t )...(a! + aj x*~ l \ l {x + n- l+a n -(«-!)} 

+ . . ^ 

4. Q*=i L& C 

+ a^T^+n+l+a.-n+l) + 

arT + a^Y + ^l 1 
These two series will be rendered identical by the assumptions 

4=4-,, 5.=-4>.-(«-i)}+2J,.„ CL— -BA-»)+cUt 

and so on, for in that case we should have 

4. A _ -4 K- («-i)} 

a- 1 ! 1 [x + n-l +a n -(n-l)} x*\ l ~ x H \ l {x + a.) ' 

-i,{q,-( n -l)}^„, i?. _ i?. 

»"l , (aj+ n + «.-n) afT "" a^T (» + «0 ' 

-^.(q.-n) + C n . 1 C. (7, 

x^flx + n + l+a.-ln + l)} a?"! 1 ~ aTT (a> + <0 » 
and so on. 

Each of the quantities A will equal 1 as may be Been 

from the series A » 

1 *T + x 1 ^ + &c '' 
which is satisfied by A n =\, B t = (7 = &c. = 0. 
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Our tables will be 

1 



II 



III 



-*. ' -«, -a* 



— a 



1-a, . 1-tf, . 1-a, l-a 4 

2 -a, . 2-a t . 2-a, . 2-<? 4 

• • • ■ 

. 8-a 8 . 3~a f . 3-a 4 
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. 4 — a s . 4 — a 4 



. 5 — a 



I 


5 


II 


P 


C 


iii 


(1)0 -a, 


*, 


1-a, 


P,(l-a.) 


q 


2-a, 


(2)l-a, 


A 


2-a, 


J f (»-«0 


c, 


3 -a, 


(3) 2 -a, 


B t 


3-a, 


5,(3 -a.) 


4 


4-a, 


(4)3-a 4 


A 


4-a 4 


A(4-«<) 


c 4 


5 — a 4 



<2 

(2- O| )0, 
(3-a,)tf, 

(5-a 4 )<7 4 



The same law holds as in the other cases. 






A B 
If we had to transform it into the form —^ + _»„" •+ &c. 



the table would be 



sr " ifv 



I 


5 


II 


P 


a 


in 





D 


(1) -«, 


A 


-(«, + !) 


-P, 


4 


-(«! + ») 


0, 


A 


(2) -(a,+ l) 


B t 


-(a, + 2) 


-P, 


4 


-K + 8) 


Q. 


A 


(3) -(a. + 2) 


A 


-(a. + 3) 


-P. 


c. 


-(a. + 4) 


Q. 


A 


(4) -(a 4 + 3) 


A 


-a 4 + 4 


-P. 


4 


-(a 4 + 5) 


Q. 


A 


(5) -(a, + 4) 


A 


-a, + 5 


*. 


4 


-(a, + 6) 


Q> 


A 


(6) - a. + 5 


A 


-a, + 6 


*. 


o. 


-(a. + 7) 


Q. 


A 
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Example 



On the Factorial Notation. 

1 

(a>.-l)(a;-3)(a-5) , 

-1 . -3 -5 



. . -2 



+ 1 



-1 



-2 



-1 



-1 



i b ii p c in e z> iv it 



1 











-1 











3 


1 


3 


3 











-1 


6 


2 


12 


15 


+ 1 


15 


15 






Answer 






15 



15 



^T + a> 6 l 



If we wished our series to proceed according to negative 
powers we should have to form a table as follows : 

B P P D 



-a, 



-a A 



B x 


-a,B, 


c, 


-"A 


*, 


-«A 


o. 


-a/7, 


*. 


-«A 


o. 


-«.0. 


A 


-*A 


c. 


-»A 



A 



42 230 



? ~ ~* + ^ 



{x- 1) (x + 3)(a: + 5) ~ a* a; 1 T ^ 



a* 



1 


2? 
1 


P 
1 


C 
1 


Q 
I 


-8 


-2 


6 


7 


- 21 


-5 


-7 


35 


42 


-210 



D 
1 

- 20 

-230 
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15. Some of the following formulas put the analogy 
between factorials and indices in a striking light: 

F(xA)ar\ l = F{m)aT\\ F(xD)x m =F(m)x m ....(l), 

{xA)T l u = x n \ l A n u, (xD) n \- l u = x n iru (2), 

F(xA)x m \ l v = x m \ l F{xA + mE) v, F{xD)x m v = x m F{D + m)v 

(3). 

The first two of which are given in Mr. Carmichael's Calculus 
of Operations. 

If U=A + A l x*\ t + Aj?\ t +..., 

it follows from (1) that 

F(xA)U~F(p)A t + F(l) Aftr + Fp) ^I' + Ac. ...(4), 

F^) u =m A ' + m A ^ t+ W) A ^ 1 ^ 

Analogous to the formulas 

F(xD) F= F{0) B t + F(l) B t x + FQt) B#? + &c, 

F^) r ^W) B '> + F\r)^ x+ W) B ^ +&c -' 

where V=B t + 3 i x+Bjt + Bjt+&c 

16. Any equation of differences of the form 

Ax a \ l & a *+Bxfi\ l tfu+&c**Fx>\ 1 +Qx 1 \ 1 

can be immediately solved by the formulas of the last article, 
for it becomes 

A (xAVTm + BixAY^u + &c. = -RcT + Qx*\\ 
i.e. F{xA)u=*Px'V+Qx*V, 
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where a, i, &c. are the real unequal roots of the equation 

F(z)=Q. 

Mr. Carmichael gives the solution of 

Ax*\ l A a u + ...= 0. 

Let the proposed example be 

a?\ l A*u- 4x , | l A , t* -2ajM x Au + 4 = ;c 4 + 7af+14af + 8a:, 

or (sA) 8 | l i«-4(a5A)Yw- 2aAtt -f 4 = a; 4 + 7aj" + Us" + 8a?, 

Now transforming factorials into powers on the left-hand side 
of the equation and powers into factorials on the right, by 
the methods given in Art. (13), we have 

(xA)*u - {xA)*u - 4 {xA) u + 4 =* x*\ l + a>'| 1 . 

Now the roots of z*-z % - 43 + 4 = are + 1, +2, — 2, so 
that we have 



-Ffe^^l+^jO 



1 VI' + ^afi' + ^T+^V+OifT 



2^(4) ' T 2^(3) 
^'^f^'+^ + iWV + O- X 



17. Any expression, each of whose terms is of the form 
Cbfl 1 ^! 1 * 7 ! 1 ..., where a + /8 + 7 +...= *» is called a func- 
tion of the 171 th factorial degree, or more shortly a homogeneous 
factorial function. 

Let u m be such a function, then 

(xA x +yA w +zA t +...)u m = ^xA 9 +yA w +z* 1t +...)Cx'\ l yfi\ l z t \ x 
= (a + + 7 )SCkTy'| 1 « ir r 

or writing v for xA K + yA r + sA, +..., 

and generally ^(v)w„ =* F(m)u m . 
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Now if U be any algebraical function it can always be 
pat under the form 

t7=w + w l +...4-w w ; 

therefore F{v) U= F(0) u + F(l) u x +. ..+ F{rn) u m , 

If in these three formulas v stood for xD x +yD w + «/),+.. . 
and u m meant a function of m dimensions, we should have 
known formulas of the Differential Calculus. 

18. Since 

« xA f& *A 

(1+a) «(l+a) *(l + a) "(1+a) \ 

It follows (expanding and equating coefficients of like powers 
of a) that 

X .|I "-*| !«,! 1/? |1 X 7|l |^> 

where a + /8 + 7 + =*n. 

But since (*A J-1" 1 = a*TA/. 

It follows that 

ri i €/ ""* i-i 1 i/^i 1 rr... "» 

or if V. denote the operating symbol formed by changing 
any term Ca'tfc*... in the expansion of (a + 6 + c-f ...)* into 
C&\ l A m *]p\ l &f.... It follows that 

All equations of partial differences of the form 

may obviously be put under the form 

The solution will be given by the evaluation of the symbolic 
form 



u -?W) a+ m ' 



VOL. II. 
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Now the value of the first term of this solution is per- 
fectly definite, and can be had at once by the formula of 
Art. 18. If the roots of the equation 

are all real and unequal, the arbitrary form of the solution is 
of the form 

w. + w, + t* tf +...+ W,-, 

where a, ft, c...t, are the values of the roots, and t* a , u k ...i are 
homogeneous factorial functions of the degrees a, ft, c.ij 
whose forms are arbitrary. We see here that the number 
and character of arbitrary functions in a solution are un- 
affected by the number of independent variables that the 
equation may contain, and are dependent solely on its order. 

The reader is requested to compare Mr. CarmichaePs 
Calculus of Operations, p. 35. He will see that the very 
same symbols interpreted differently give the solution of a 
partial differential equation. 

Example. 

a?\ l A m *z + 2xyb x & 9 z + yTA r "« = m + n , 

where m , w are given homogeneous factorial functions of 
the «i th and 71 th degrees respectively. 
This becomes 

v,*=0„.4 0„. 

Hence z = ^ (©„ + ©.) + ^ 
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NOTE ON THE CONDITIONS THAT THE EQUATION 

OF THE SECOND DEGREE SHOULD REPRESENT 

A CIRCLE OR SPHERE. 

By N. M. Ferrers. 

t propose in this note to investigate the conditions that the 
general equation of the second degree between a, £, 7, 
may represent a circle, and that that between a, £, 7, o, may 
represent a sphere. Commencing with the former case, and 
x considering the coordinates a, /8, 7 of a point P to denote 
the ratios of the areas of the triangles PBC r PGA, PAB 
respectively, to that of the triangle of reference ABC, suppose 
the curve represented by the equation, 

Aa % + B& + C<f + 2A'&<i + 2B'<vaL + 2CaP = % 

to cut the side BG in the points a l5 a„ GA in ft,, ft 8 , AB 
in c,, c 2 . Then 

A\.A\ = Ac r Ac % . 

Now —r 1 = frj =* 7 lf if 7 t be the value of 7 corresponding to c 1} 

* 

aai V = y * 7 « c * 



Now st every point in the line OA, we hare 

7 + a = l, 
whence A{l-y)'+Oy' + 2B'y{l~y) = 1 
or {A+C-2B , )j , + 2{B'-A)y + A=0' y 

therefore 7j7f= __^__ 



' y 



and AA ^^og y, 



similarly Ac t . Ac t = 



4+0-25' 

4 + 5-2C" 
t2 
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whence, since Ab x .Ab % *= Ac x . Ac t1 

a , C+A-2B' A+B-2G 
we nna 75 = * 

B+C-2A' 



by symmetry, 

as necessary conditions that the given equation should repre- 
sent a circle ; and, since they are two in number, they are 
sufficient. 

Hence the conditions that the equation, 

Aa* + B& + Of + Z>8*+ 2[ab]a0 + 2[cd^yB +2[ac]ay+ 2\bd]08 

+ 2[ad]a8 + 2[bc]l3y = Q, 

may represent a sphere, are readily deduced. For if ABOD 
be the tetrahedron of reference, then supposing P to be any 
point in the face BGD^ we shall have 

APCD : APDB : APBO:: : 7 : 8. 

And the section of a sphere by a plane is a circle, hence, 
(CD) denoting the length of the edge GZ>, &c., 

+ 2?- 2 [cd] _ D + B- 2 [bd] _ B+ C- 2 [be] 
(CD)" " (BD) % " (BG) % 

_ A + B-2[ab] _ A + C-2[ac] A + D-2[ad] 
(ABf " {AC)* " (AD)* ' 

which conditions, being five in number, are sufficient. 

It hence follows that the equation to the sphere circum- 
scribed about ABCD is 

(AB) 9 a/3+{ CDY<yS+{A Cfay^BBYfiS+iADYaS+iB^fiy^. 
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-1 

ON THE MULTIPLE INTEGRAL pdxdy...dz, 

WHOSE LIMITS AREj> 1 =a 1 a?+J l y+...+A l «>0, 

p % >0, -»p n >% AND x*+y" +...+ ** <1. 

By Dr. Schlaefli, Professor of Mathematics at the University of Bern. 

Section L 

T IMITED merely by the last inequality, this integral (ex- 
hibiting for n = 2, 3 the area of a circle or the volume 
of a sphere with the radius 1) was, long ago, ascertained to 

be 7r* : T f ? + 1 ] .* But I do not know that the similar 



'6*0 



generalization of the integral representing a sector of a circle 
or a spherical sector on a triangular base has hitherto treated 
of. 1 or this purpose, there must besides be given n limits of 
the linear and homogeneous form p>Q. For if the number 
of such limits were less than n, the integral can quite easily 
be reduced to a number of integrations equal to that of the 
linear limits given : and if there were more than n such limits, 
the integral may oe resolved into several others having each 
only n such limits. We shall therefore here confine our 
attention principally to the integral with n linear limits. 
A short view of its properties may previously be given. 

1°. The number of integrations to be performed can be 

reduced to - or — — , according as n is even or odd. 

2°. The number of independent elements, as a function 

of which the value of the finite integral is to be looked on, 

. n(n-l) r . r 
is — ^ — l ; for if 

p = ax + by + . ..> 0, p' = dx + b'y 4 ...> 0, 

where a' + &" + ...= 1, a* + V* + ...=» 1, be any two of the 
given limits, we may define aa + bb'+... to be one of these 
elements. But, moreover, the proposed integral can, in n 
different ways, be divided into 1.2.3. ..fn— 1) similar functions 
of such a special character that each nas only (n — 1) of its 
elements connected by algebraical relations with those of the 
proposed function, while all the rest are equal to zero. 

• See a paper by M. Catalan in Liouvillo's Journal, L vi. p. 81, 
where he refers to t. IV. p. 336. 
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* " 3°. For every value of n greater than 2, there are a deter- 
minate number of cases where this function at the same time 

becomes a rational part of the total integral ir* : T f - + 1 J , 

while each of its (n — 1) elements is the cosine of a rational 
part of 7r. In this view the number n = 4 yields the greatest 
variety of possible cases ; and to give the reader a previous 
idea of the strangeness of the subject, I may mention that 
the total integral fdwdxdydz (tc* + or + y* + z* < 1) = £?r* 
can be divided into 14400 superposable parts by means of 
linear and homogeneous limits. The word "superposable" 
involves the conception of linear and homogeneous substitu- 
tions such as do not change the form of the sum of squares 
of the four variables, while the effect of these substitutions 
consists in bringing any two of those parts to a complete 
formal coincidence. It will be readily perceived that for 
n = 3 the regular polyhedrons fall under this point of view. 

Section II. 

We require some previous definitions. 

One equation or any number of equations, not above that 
of the variables, being given, we are wont to call solution any 
set of values of the variables which satisfies the system of 
equations; and if we conceive all such solutions together, 
provided the system does not determine the values of the 
variables, we shall have the idea of a continuum, in which 
every solution is closely surrounded by other solutions, so that 
we may continuously pass from one of any two different solu- 
tions to the other through mere solutions. Such a set of solu- 
tions forms a simple continuum which we may call a curve, 
whereas the whole continuum is to be called an w-fold one 
when the number of variables exceeds by m that of the equa- 
tions. But we may also be allowed, abstracting from any 
given condition to embrace in one conception all the sets oi 
values of the variables, and then, against the ordinary practice, 
to continue using the term solution. And the whole of such 
solutions not subject to any condition, if there be n variables, 
may then be called the n-fold totality.* Thus a single solution 
and the totality are the utmost ends of a row, at the inter- 
mediate stages of which range the different sorts of continua, 

* The n-fold totality is in fact space of n dimensions, a solution is 
a point in such space* and the intermediate continua of 1, 2, ... or (*» - 1 ) 
equations are the loci which in such space correspond to surfaces and 
curves in ordinary space of three dimensions. — A. C. 
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according as they are represented by 1 or 2 or 3, ... or n— 1 
equations. 

We will also use the term coordinates instead of the 
cumbrous one "values of the variables belonging to some 
solution." 

As two solutions may more or less deviate from each 
other, and as the set of differences between their like-named 
coordinates, changing as it does with every linear transforma- 
tion, does not give us a proper and consistent idea of the 
deviation being in itself a single thing, we may say that 
the square root of a quadratic and homogeneous function of 
those differences, such as never to vanish for real values of 
them, shall represent the deviation or distance between the two 
solutions. Again, since, by the help of linear and real 
substitutions, such a quadratic function can always be trans- 
formed into a sum of the squares of the differences of coor- 
dinates, we will distinguish any coordinate system in which 
this most simple expression of distance takes place from any 
other in which it is not so, by calling the former a system of 
orthogonal coordinates. Accordingly, eveiy system of linear 
substitutions for the differences of orthogonal coordinates, 
which does not interfere with the above condition of orthogo- 
nality, may be called an orthogonal transformation. The ma- 
trice of the coefficients of substitution, has then the well known 
properties ; 1°. that its determinant is absolutely equal to unity, 
we add, to the positive unity, since we may always arrange the 
new variables so as to effect this result ; 2°. that its minors are 
equal to the corresponding primary elements, in such manner 
that the matrice turned about its positive diagonal becomes that 
of the inverse substitution. Other properties are evident from 
the definition itself. The subject of this paper requires that 
we shall mostly employ orthogonal coordinates. 

Again, we shall call a linear continuum every one that is 
merely determined by linear equations, whose number, of 
course, is less that n, the order of the totality. Let this 
number be n — m, we shall then say such a linear continuum 
sometimes to be one of n — m conditions, sometimes to be one 
of m dimensions or an w-fold one, the latter predicate pointing 
out the number of independent variables. As the two cases 
of one condition and ot one dimension will often occur, we 
want shorter denominations for both. In the former case 
we shall use indifferently the words equation, polynome, con- 
tinuum, when no mistake is to be feared ; in the latter case 
we shall adopt the word line or radius, this latter in parti- 
cular when the lines considered depart from a common solu- 
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tion. In general, we shall not shun employing the language 
of geometry, whenever it contributes to shortness and clear- 
ness. As for instance, if a system of equations (whether linear 
or not) be satisfied by every solution of another system of a 
greater number of equations, we shall then say that the former 
continuum passes through the latter, or that the latter lies in 
(or upon) the former. This same idea may also at times be 
expressed by the notion of dependency ; so an equation (whether 
linear or not) is said to depend upon several others, when it 
is satisfied by every solution of the system of all the latter, 
that is. when the former continuum of one condition passes 
througn the latter continuum of more conditions than one. 
Morepver, at least as regards linear continua, we shall use 
this word dependency in a still larger sense. A linear w-fold 
continuum is determined by m + 1 independent solutions ; now 
if an (m -+ 2) tl1 solution lie upon that continuum, we shall say 
this new solution to depend upon those m + 1 solutions : and 
hereby the meaning of the word independent just employed 
has also been explained. The primary importance of this 
notion obliges us some longer to dwell upon it. Let us con- 
ceive n — rn equations linear and homogeneous with respect 
to the n+ 1 variables w y x.y } ... z ; if we then, at haphazard, 
take ra+1 solutions (a , o 0l o , ... A ), (a,, ...), ... (a m , ...) of 
this system, it will be easily seen, that there is no other 
solution of the same system but can be brought into the form 
w»a * + a *,+...+ %* m , a? = fy +..., ...*«ty +..., # where 
*o> *i> ••• *m denote arbitrary factors, the m ratios of which are 
very proper to put in evidence the m dimensions of the con- 
tinuum under consideration ; for we ought to have subjoined 

that the n ratios — f - , ... - represented coordinates. In an 

w 7 to 1 w * 

other view, if a linear continuum of one condition q = passes 
through, or depends upon, one of m conditions p x = 0, p % = 0, 
...^ = 0, it then necessarily follows that q=^a t p t +...+ a WJ p w , 
where a t , a 9 , ...a m denote any constants. In one word, de- 
pendency and linear expressibility are exchangeable notions 
both for solutions and for polynomes. On this occasion it is 
proper to remark that in the w-fold totality there cannot be 
more independent (linear) polynomes than n + 1. 

When all that falls under consideration is passing in an 
nt-fold linear continuum, then by a suitable transformation of 
coordinates we can make m of them disappear from the n — m 
equations; and since the n — m remaining coordinates must 
therefore vanish, we shall keep only m free variables, and 
so, in fact, all will be just as if we were merely concerned 
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with an w-fold totality. On the other hand, if it be not the 
continuum itself, but the mutual relation or position of the 
linear equations determining it which is to oe considered. 
we may then neglect ail the m disappearing variables ana 
deal only with the n — in variables, the vanishing of which 
determines the continuum. Both these points of view will 
be often employed hereafter, and it imports much to dis- 
tinguish them well. 

Let r be the distance of two solutions 0, P, and a, J, ... h 
the orthogonal coordinates of P. if be taken for the origin ; 
having then r^a' + ^-f ...+ A , we may define a, i, ...A to be 
the projections of the radius r. This limited line 0P, having 
r for its length, contains all solutions (x=*at y y — btj ... #*= kt) 
for which 0<f<l. Now let P be a third solution, inde- 
pendent of and P, give it the coordinates a' &', ... A', and 
call r its distance from 0. As then the tnree solutions 
determine a linear double continuum (a plane), we may adopt 
the geometrical term angle in its proper meaning, in order 
to indicate the mutual position of the two unlimited lines 
OP, OF j and on having duly transformed the coordinates 
and again restored the primitive ones, we shall find 

rr co*0=*aa'+bb' +...+ AA', 

where denotes the angle included by the two lines. 
A linear continuum of one condition 

p = ax + by +. . .+ hz + h — 

has two sides corresponding to the inequalities p>0 and 
p<0. Though it be indifferent, in general, by what con- 
stant factor soever we multiply the equation, yet, as regards 
the two sides, we must distinguish between a positive and 
negative factors. To escape ail ambiguity we will always 
suppose the coefficients such as to make a* + J 8 +...+ A 8 = 1 
ana reject the idea of a multiplication by - 1. unless we 
should want to interchange the two sides. It is then easy 
to show that, if (a;, y, ... z) be any solution P of the totality 
and (a?',y', ...*') a solution P of the given equation, the 
radius r = V{(# - «)* + (y' - y) 8 + ••• + («' - *)*} becomes a 
minimum when x=x — apj y=y-bp, ...z' = z- hp. In 
this case r is =p or =—p } according as p is positive or 
negative, that is, according as the free solution P lies on 
the positive or negative side of the equation. The line 
(x + ar y y + br y ...z + hr), where r means an indeterminate 
length, may then be called a normal to the equation, a, 6, ... h 
being the cosines of direction of this normal. Now if there is 
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given another equation p' = dx + b'y + . . .+ h'z + k' » 0, where 
also a' 2 + J"+...+ A' 5l =l, on having drawn a normal to it, 
we call the supplement of the angle between the two 
nonhals the angle included by the two equations p = 0, p = 0, 
and we therefore put — cos « ad + W +. . .+ AA'. The reason 
why we prefix the negative sign to cos is that the angle 
is a kind of simple integral taken between the limits p > 0, 
p >0, which vanishes only when the limits are p>0, (—jp)>0, 
that is, when the limits are such as not to allow the solution 
the smallest deviation from the equation j? = 0. But then 
we have a = — a, V =» — £, ... A' = — A, and consequently 
cos0 = a 2 + 6*+...+ A*«l, = 0, which agrees with the above 
statement. 

An 97z-fold and (n — m)-fold linear continua may be called 
normal to each other, when there is a system of orthogonal 
coordinates such that the former continuum comes to be 
represented by the equations x m¥l = 0, x m+2 = 0, . . . x n = 0, and 
the latter by the equations # ; = 0, a? 9 = 0, ...aj w = 0, where 
a? t , a> 2 , ...<B n denote the coordinates. Every two lines, one 
lying in the former and the other in the latter continuum, 
will then make a right angle ; and so will every two linear 
continua of one condition passing respectively through those. 

A few words may suffice to show now we are to judge of 
the mutual position of two linear continua, being respectively 
of p and q dimensions. If p + q > «, then (n — p) +(« — ?)< w, 
that is, the 2n-p — q equations of both continua determine 
a linear continuum of p + Q — n dimensions as their common 
intersection. We then orthogonally transform the coordinate 
system so as to have p -f q — n of its axes in this intersection, 
and, neglecting the corresponding dimensions, we are only 
concerned with a totality of 2n— p — q dimensions, and the 
given continua will be replaced respectively by one of n — q 
and another of n — p dimensions. Thus tne question is re- 
duced to the judgment of the mutual position of two continua 
whose numbers of dimensions are together equal to that of 
^the totality. On the other hand, if p + q < w, we make to pass 
through a common origin two continua parallel to the given 
ones; they will determine together a linear continuum of 
p+q dimensions, which we regard as a totality; and the 
question is reduced to the same case as before. Now if 
p + q = n and p><h we conceive an orthogonal coordinate 
system having q of its axes in the second continuum ; then 
the remaining p axes will determine a linear continuum which 
intersects the first continuum in one such of n - 2q =p — q 
dimensions ; in this we assume p — q of the remaining p axe3. 
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Causing then the corresponding dimensions to disappear, we 
are concerned with a totality of only 2 q dimensions and nave 
reduced the first continuum to q dimensions, while the second 
has kept its complete number q of dimensions. And so at 
all events we are lastly led to consider two linear continua 
each of q dimensions, having one common solution only and 
situated in a totality of 2<y dimensions. I now assert that, in 
general, it is always possible to dratf in each continuum from 
the common origin q axes orthogonal among themselves, and 
such that each of them makes an oblique angle with the 
corresponding axis in the other continuum, but right angles 
with the q — 1 other axes of this other continuum. Thus the 
mutual position of the two linear continua merely depends 
upon the values of the q oblique angles. 

In order to complete what has been said, we must remark 
that any q independent lines, departing from a common 
solution and situated in a j-fold linear continuum, may be 
regarded as its axes, for that every other line in it, which 
also departs from that common solution, can be simply re- 
presented by linear compositions of these axes. 

Conceiving all coordinates to be fractions with a common 
denominator w (to be regarded in a manner as the (n + l) th 
coordinate), we may call parallel any two linear equations 
which cannot consist with each other unless w be = 0, that 
is, which have their complete intersection lying in the in- 
finitely distant equation w =* 0, or in a word, which differ oply 
by the constant term. Two lines are parallel when deter- 
mined by [n — 1) pairs of parallel equations, or, what is the 
same thing, when the homologous projections of limited 
portions of them are proportional. 

The general idea which in the n-fold totality answers to the 
area in plane and to the volume in space may be termed 
measure, and for a wholly limited portion of the totality we 
assume as the unit the entirety of the solutions comprised in 

0<a?<l, 0<y<l, ...0<s<l. 

Thus we obtain the integral pdxdy...dz as an expression of 
every limited portion of the totality. 

A limited portion of a linear (n — w)-fold continuum must 
have the same measure as in the (n — w)-fold totality, where- 
fore the most natural way of evaluating it will be that we 
orthogonally transform the coordinates so that the m equa- 
tions of the continuum contain no more than m coordinates ; 
then if x^, x TO+9 , ... x H be the other coordinates (disappear- 
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ing from the equations), the integral f**^dx m . l dx 9 ^...dx n will 
be the required measure. Now restoring the primitive or- 
thogonal system, let 



p = a t x l + ajc t +...+ a t p u **0, [t = 1, 2, ...m] 

be the equations of the continuum and M the measure of its 

>ortion. form all the determinants of the rectangular matrice 
i / i 

and let 22* denote the sum of their squares, 



a,, a. 



i> "«> 



[t-1. 2 ...m] 
we shall then have as many equations of the form 



RJ~*dx l dx t ...dx n _ m = 



V-»+lJ "ft-mt*) 



a- 



•■wH' %~ m44# 



...a. 



M, 



as there are determinants in the matrice. Now, since the 
conception of an infinitely small portion of measure of a 
curved continuum of m conditions does not imply any more 
difficulty, we may at once state this consequence : 

Let j x fo, a> t , ... xj = 0, f = 0, ...j^ = be the m equa- 
tions of a curved continuum, form all the determinants of the 
rectangular matrice 



ft, 


4L 

dx, 1 


dfi 


d A 


ft, 


ft 


ft 


d& 
'"dx n 


df m 
dx,' 


ft, 
dx t y 


ft 


...ft 
dx 



call 22* the sum of their squares and let F(123...wi], for 
instance, denote that determinant which answers to the cnosen 
combination of indices of coordinates ; then the measure of a 
limited portion of the continuum will be 



r 



F(T23.7^) dx^dx^ ...dx n 
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For a continuum of one condition /(#„ a? t , ...aj = 0, we 
therefore get among others the expression 

An m-fold curved continuum may also be represented by 
equating the n coordinates to so many functions of the m 
independent variables t t1 1 %1 ... t . Then if R be the square 
root of the sum of squares of all determinants comprised in 
the rectangular matrice 



dx t 


dx 

dt ( 




dx n 
'"IF, 


[• 


-ii 


2,3,. 


>.m\ 



the measure of the continuum will be f m Bdt l dt i ...dt m . As 
a particular case we may point out that .the measure of a 
simple continuum (curve) is js/(dx* + dx* +. . .+ dx*). 

" P\iP%\ •••i 7 n+t be (n-f 1) independent linear functions of 
the n coordinates, there will be an identical equation 

*iPi + *%P* +• • • + **«#•« " °» 
where none of the constant coefficients a vanish; for this 
is the meaning of the term " independent." The polynomes 
p being intended to serve as limits, we may for greater 
simplicity replace op by p so that the identical equation 
becomes ^+^+...+^, = 0, where we may suppose the 
constant V to be positive. Now let us consider the integral 
fdx 1 dx t ...dx n with the limits p x >0 } P 9 >0, «...p« +1 >0; it 
is evident that no p can surpass C\ the proposed integral 
therefore contains no other elements than such as give all the 
p?s finite values. Again, it must be possible to express the co- 
ordinates x ti x %J ...x n in terms of all thejp's except any one ; for 
if not, the n employed p'a would be connected by an identical 
relation, against the supposed independency. Consequently 
every solution within the given limits has all its coordinates 
finite, whence the integral is also finite. It is also obvious 
that any alteration whatever of the signs of the boundaries 
would destroy the possibility of enclosing a finite portion of 
the totality. The final conclusion may be thus stated: 

" At least n + 1 linear equations are required to enclose 
a finite portion of the totality : for this purpose it is sufficient 
and necessary that there should be no identical relation con- 
taining less than all the polynomes ; and the problem is then 
solved in one way only. 
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When more than (n ■+• 1) linear equations bound a por- 
tion of the totality, we still want a detailed statement, by 
what other equations and how far each single equation is 
bounded, in a word, we want a knowledge of the figwre of 
each bounding equation, and this itself anew requires the 
same thing for an inferior totality, and so on, till we have 
attained to the bounding lines or edges of the first given 
portion of the highest totality. We propose to caff the 
bounded portion of the totality polyschemon, and the bound- 
ing figures of descending ordere its perisckemons, if need be 
primary, secondary, ...w-ary perischemons, or inversely: peri- 
schemons of no dimension (the vertices), of one (the edges), of 
two (the plane faces), of three (the polyhedrons), of four, ... of 
n — 1 dimensions. There arises an inconvenience, it is true, 
from this mode of expression, namely that the vertices or 
perischemons of no dimension, in a manner, correspond to the 
bounding linear equations or primary perischemons, the edges 
to the secondary ones, and so on. It would perhaps be more 
suitable to regard the vertices as perischemons of the first 
ascending order, and so on. 

Eulers theorem on polyhedrons still holds good for these 
polyschemons of the «-fold totality. For if we conceive a cohe- 
rent net of primary perischemons and let a , a,, a^ ... a n _ iy a 9 
respectively denote the number of the vertices, the edges, the 
plane faces, the polyhedrons, ...the bounding linear equa- 
tions, and lastly the number zero or unity, according as the 
net is open or encloses a true polyschemon, the relation 

will exist. It is to be proved in a successively ascending 
way. 

If we let pass through the origin n linear equations 

p i= =0, p % = Oj •"Pn**® suc k M not *° ftdfil any identical 
relation 2ap = 0, the 2n limits 

°<i\<*i> °<P* <A .> -0<A< A . 

will enclose a finite portion of totality which we may call a 
paralleloschemon. Its measure is A 1 A a ...A n : A, if A denote 
the determinant formed by the coefficients in the equations 

^ = 0. Or, if (a„ a t , ... a n ) be the solution of the linear 
system i>, = A l5 i> 8 = 0, /? 8 = 0, ...i> n = 0, and so on, the measure 

• i i 

is also a l} a 8 , ... a n . That is, the measure of a parallelo- 

[i=l,2, ...n] 
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schemon is equal to the determinant formed by the pro- 
jections of its n edges departing from one vertex. This 
proposition can be proved, exactly as in Geometry, by taking 
away and adjoining superposable portions, always in ascend- 
ing from a lower totality to the next higher. Calling base 
the measure B x of the perischemon p, = and height its dis- 
tance h t from the parallel perischemon, then JBfa is the 
measure of the paralleloschemon, B x being equal to the square 
root of the sum of squares of the minors corresponding to 
the first horizontal line of the above matrice. If be the 
angle between the perischemons p = and p % = 0, ana if their 
common secondary perischemon have the measure (7 t8 , the 
measure of the paralleloschemon will also be Bfi^ sin0 18 : <7 12 . 
Again, if we let pass through the extremities of the n 
edges departing from the origin a new equation p n+i = 0, we 
shall have enclosed a polyschemon of the simplest kind, and 
its measure will be the (1.2.3. ..n)-th part of that of the parallelo- 
schemon. Hence it follows that in general, 

«n a * ...«,[» = 1, 2, 3, ...n-f 1] 

denoting the coordinates of the w + 1 vertices of such a 
simplest polyschemon, its measure will be 

i i i % 

l,a t , <* t ,a s , ...a. 

[i= 1,2,3, ...n+1] 

Section III. 

The first traces that I know of a theory of the general 
equation of the second degree appear in Laplace's Micanique 
uSleste on the occasion of the secular perturbations of the 
solar system. The problem there solved, translated into the 
language here adopted, is that of finding the principal axes 
of a quadratic equation in direction and magnitude, when it 
is written down in orthogonal coordinates and with real 
coefficients. The answer shows that the directions and 
squares of the lengths of the principal axes are all real. A 
perspective treatment of the same subject would show that 

there are only or (according as n is even or odd) 

different kinds of equations, one of which admits of no real 

n n— 1 
solution ; the number of the real kinds therefore is - or — — . 
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As for example, when n = 3. there are only two general 
kinds, the rectilinear one ana that which contains no real 
right line. 

We do not dwell farther on this general subject, but 
we proceed to one of its most particular cases, the general 
spheric equation x* + x£ + ...+ x * = a 2 ; the origin here 
assumed may be called centre and the constant a radius. 
For the curved continuum itself, represented by this equa- 
tion, I propose the term polysphere or n-sphere ; thus, a pair 
of points in a straight line will be a monosphere, the circle a 
disphere^ and the spherical surface properly so called a tri- 
sphere. These terms are very harsh, but 1 do not know how 
to avoid this. 

Although in the title of this paper I have suggested the 
conception of a portion of the totality, enclosed by the spheric 
equation and n linear equations passing through its centre, 
yet by preference it will be the corresponding portion of the 
polyspheric continuum which comes here under consideration. 
This, however, is for the present purpose but a slight modi- 
fication. 

Of primary importance is the following transformation 
of coordinates: 

x % =rcos0„ a^rsin^cos^, x t *=r sin^, sin^cos^, ... 

x^ x — r sin^ sin<£ 8 sin £ 8 ... sin $ n _^ cos^_„ 

x n =r sin0j sin ^,... sin ^^ sin^, 

The new coordinates r, £ t , 9 , ...^^ may be termed spherical 
coordinates. When these are varied one at a time while all 
the rest are left constant, the solution will trace out the 
following elements of way : 

rfr, rd<f> iy r sin^tty,, r sin^ sin£ 9 rf0 8 , ..., 

r sin0 l sin<k...8in<k_ a rf<k l _ 1 , 

whose cosines of direction form an orthogonal system ; whence 
the product of these way-elements, viz. 

r*" 1 sin*^ sin* ^...sin*^, 8in£ M <fr<ty l <ty t ...<ty._ l 

represents the element of totality, elsewhere expressed by 
dx x dx % ...dx % . It is also clear that the element of the polyspheric 
continuum with radius 1, which in terms of toe original 
coordinates might for instance be expressed in the form 

— dx t dx t . . .dx n under the condition x* + xf + . . .+ x* = 1 , is 
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now expressed by 

sin-ty sin"-> i ...8iii , £,-. *™<l>*-*<fyi<l<l>%"- d< l>»-ii 

which call a> for the moment. If then K be a portion of 
the totality bounded by the polyspheric continuum and by 
linear continua passing through the centre, and if 8 be the 
corresponding portion of the polyspheric continuum, we shall 
have 

hence K= — . 

n 

We are, of course, allowed to substitute 8 for K in our 
future reasonings, assuming also for shortness a = 1 ; and 
we propose the following terms for the different forms of 8. 
If there be no linear boundaries, 8 may be called the total 

polyspheric continuum, having for its measure 2ii* : T I - J ; 

if there be any number greater than n of linear boundaries 
passing through the centre, we may say that 8 is Kpoly-> 
spheric polyscnemon, and if that number be n, we may call it 

a plagioschemon, as having its — ^ — - arguments, that is, 

the angles between every two of the linear boundaries, all 
arbitrary and so in general oblique; but in the particular 
case when the linear boundaries p x1 p t , ... » form a series 
(only invertible, but not cyclically permutable). in which each 
makes an arbitrary angle only with its immediate antecessor 
or successor, while it makes right angles with all the rest, we 
shall use the term orihoschemon* As for instance, the rect- 
angular spherical triangle is of this last kind ; for its sides 
form a series whose middle term, the hypothenuse, makes 
oblique angles with the extreme ones, while these, the ex- 
treme terms, include a right angle. The single parts, of 
which the whole enclosed figure consists, may be called 
perischemoTis primary, secondary, ... (n— l)-ary, with the 
meaning that a primary perischemon has some secondary 
ones for its own perischemons, properly so to be called, and 
so on. The ultimate and penultimate perischemons we may 
call respectively vertices and sides. 

^P\)Pti •••jp w be n linear polynomes without constant term 
and not connected by any identical relation, we are now to 
VOL. II. U 
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consider the plagioscheifaon 8 having p x > 0, p % > 0, ...p n > O 
for its boundaries and the angles included oy any two of 
them, (12), (13), ... (1»), (23), ... {(w-l)n} for its arguments, 
so that for instance (12) denotes the angle between p x >0j 
p 8 >0. To avoid ambiguity we assume each argument to 
be positive and less than ir. The coefficients in the poly-* 
nomes p count as n (n- 1) arbitrary constants; but since the 
possibility of transforming the coordinates orthogonally im- 
plies \n\n — 1) disposable constants, we may subtract this 
number from the former, and so we bring the number of 
independent constants to be ^w(n-l). We may therefore 
assume the \n[n— 1) arguments of 8 to be the indepen- 
dent variables of which 8 is a function. Now we are at 
liberty to conceive the coordinate system such as to have 
a? t , a? 8 , ...# vanishing together with p y . />,, --.jp^- If we 
then omit ail terms in a?,, a? 9 , ... x^ from the remaining poly- 
nomes p^, Pm¥a •••i > « an< ^ divide them by the positive 
square root ofthe sum of the squares of the coefficients 
°* ^m+ij x m+v '" x »y we s ^^ indicate the polynomes thus 
altered by 

p {' 123. ..m\m 4-1}, p {(123.. .m), tfi + 2}, ...p {(123. ..m), «}. 

When subjected to the condition of being all positive, these 
will determine that perischemon 8{(123...m)} of the *»-th 
descending order, which is the intersection of the poly- 
spheric continuum and the linear one of the m conditions 
j? i= =0, ^, = 0, ...^ = 0, yet bounded, of course, by the re- 
maining polynomes p m ^% p^y • ••#„• Let, for instance, 
{(123...m), (m-M) (m + 2)j aenote the angle between 

^{(12...m), «t+l}>0 and jp{(12...w), to + 2}>0; 

then all such angles will be the £(n — m) (n - m — 1) argu- 
ments of the perischemon 8{(12&...m)}. There are, in the 

whole* (*) (*~ J =» Qj (*~ ) arguments of the order 

under consideration. At last come arcs of circle (the sides), 
as #{(345. ..«)}, of which each is its own argument, that is, 
£{(345...n)}«((845...n) t 12}. Since the number of sides is 

* For shortness we put 
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\n (n — 1), we may also conceive the plagioschemon 8 to be 
a function of its sides. The aggregate number of all such 
angular quantities inherent to S ) inclusively of the arguments 
properly so called and the sides, is 



ioro-'-o 



The mode in which they are connected together and ulti- 
mately depend upon the arguments of 8 } may be thus stated. 
The angles between every three polynomes such as 

2>{(12...m),i\, p{[\2...m),j\ p {(W.-.m), k], 

belonging to one perischemon £((12...«n)}, namely 

{[li...m),jk], {(12...m), ft}, {(«...«), # 

are capable of being viewed as the angles of a spherical 
triangle having 

{{U...mi)Jk), {(12...«y), ft}, {{I2...mk),ij\ 

for its sides, opposite in this order to the angles. The argu- 
ments of o being given, those of each perischemon may 
therefore be successively calculated by the help of such 
relations as 

cosHl2j, **J - ^^ 2i] gin{(1 ^ 2fc j , etc., 

etc. 

From this sort of concatenation it is also plain, that the 
supplements of the arguments will be the same Junctions of 
the supplements of the sides which the sides are of the argu- 
ments. 

Let us also attempt to represent the arguments of any 
perischemon immediately by those of the given plagiosche- 
mon 8. It is plain that we must put 



pp {(12...tn), %} =Pi + \p t + \P, + ...+ \j> l 



m> 



and determine the constant factors X by the help of the con- 
dition of the new polynome being orthogonal to each of the 
polynomes p t , p %i "-p m ) whence they, together with p, must 

U2 



Digitized by LjOOQ 1C 






284 On the Multiple Integral fdxdy. . .dz. 

fulfil the equations 

1— p 1 — \ 1 co8(tl) — X t cos(t&) — ...— \ m cos(im) = 0, 

— cos(l«) + X t — X f cos(12) -...— X m cos(l*n) = 0, 

-cob(2i) -X 1 cos(21) + X t -...-X w cos(2m)=0, 

— cos (mi) — \ cos (ml) — X t cos (w2) — . .. + X m =0. 

Let t, pj X change into *, <r, /& ; the sum of the products of the 
coefficients of the polynomes i^ + X^, +X^p 1 +...+ X » w and 
Pk+ Pi Pi + /**&+••• +A*«P» w ^ then obviously be the same 
as if tne latter polynome were replaced by p^ since the 
former must be orthogonal to p lf p tf "*p m . Consequently 

p<rcos{(l2...«n), ik\ 

= cos(iJfc) + X x cos(li) + X f cos (2k) +...+ X m cos[mk). 

Hence, putting for shortness 



A(*123...m 



)- 



— coe(t£) . — cos(tl) . — cos(i!2) ....— cos(tVi) 

— cos(li) . 1 . — cos(12) . ..•— cos(lro) 

— cos(2&) . — cos(21) . 1 



— cos(*wifc) . — cos(ml) . — cos(m2) , 



and indicating this determinant by A(i*123...t») when k — i 
and therefore — cos(tfe) = l, we get 

pa cos{(12...w), ik] . A (123. ..m) + A (? 123.. .m J =0, 

-p\A(123...w) + A (tl98...m) «*0, 

-<r*.A(123...ro) + A (&123...w) =0, 
and therefore 

A(*123...m) 

cos{(123...»t), *} — V{A ( f l23...m)}.V{A (ftlS8...m)} ' 

where the square roots are meant to be positive. Hence also 
by a well-known property of determinants it follows that 

• if/iot \n A(tfcl23...m) A(l2 3...m) 

sin* {(123... m), tfrj == A ). 10Q /. , y \ 00 (. 

lx " J A (il23...m) A(«123...wi) 
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After this preparation we are at liberty to throw the 
bounding polynomes into the forms 

A- x « 

p % »— x x cos(12) + x t sin(12), 

p % =- ^008(13) -a? a Btn(l3) cos{(l), 23}+a? 8 sin(13)sin{(l), 23}, 

X-m f«-X-l 

^ w =-2 a; x n sin[{123...(/»-l)},/tt?n].cos[{123...(X-l)},\m], 

A-l fu-1 

[for m=l, 2, 3, ...n], 

Mi 

where at the end -cos[{123. *.(*» — 1}, «m] = l. We then 
call the solution (a? t = 0, x^ = 0. ... x^ x = 0, a? w = 1) the summit 
^ of the plagioschemon #, and, accordingly, the perischemon 
/S{(n)} its 6a«e. Now let fall the normal AM from the summit 
A upon the linear continuum [p n = 0) of the base, and put 
its length AB=s\nh. From the centre draw a radius 
through Bi its extremity will lie upon the polyspberical 
base 8 {{n)\ and may be called the foot of the circular arc 
AC=h, which are we assume to be the height of the plagi- 
oschemon S. It is clear that sin h is nothing else than tne 
value of p n at the solution A and therefore equal to the 
coefficient of x n in this polynome ; hence 

sinA = sin(ln) sin{(l), 2n} sin {(12), 3n} sin {(123), 4n) 

...sin[{l2...(n-2)}, (n-l)n], 

where a permutation of the indices 1, 2, 3, ... n — 1 is allowed. 
The coordinates of the foot C are 

a? l = tanAcos(ln), o; t = tanAsin(l«)cos{(l), 2n}, ..., a? w =cosA. 

Lastly, let P be any solution situated in the polyspherical base 
&{(n}} and call <f> its arcual distance from the summit A, or 
the angle between the radii OA and OP. Now if we con- 
ceive a space (or linear treble continuum) to pass through 
the three radii OA, 00, OP, its intersection with the poly- 
spherical continuum will be a spherical surface and A Or will 
be a right-angled triangle upon it, of which AP— is the 
hypothenuse. Let L APC = 0, then sin h = sin <f> sin 0. Around 
P pick out of the base 8 J(n)} an element <r of n- 2 infinitely 
small dimensions and join all its solutions by circular arcs 
with the summit A ; hence will arise a small part of the poly- 
spherical continuum, reaching from A to P and having no 
finite extension other than this arc; and when we cut it 
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at P normally to the tangent of the circle, the measure of 
the transverse section will be <r sin0. But when the above 
mentioned part is produced up to the equation x n = (whose 
intersection with tne polysphere call equator relating to A as 
pole) } its section may be denoted bj a> and may be called the 
equatorial element corresponding to <r. 

On this mode of viewing rests the demonstration of the 
following lemma: 

Section IV, 

Lemma. If every element of a plagioschemon 8 be multi- 
plied by the cosine of its arcual distance from one of the 
vertices, which may be regarded as the summit, then the 
sum of all these products will be the (n — l)-th part of the 
product of the measure of the base and of the sine of the 
height. 

Dem. Let A be the summit, Q the solution at which the 
element lies, put the arc AQ=fy and the coordinates of Q 

a^sin^r.a:/, x % = sin ^.a> t ', ..., 3^ = sin ^r.a?' M) a^cos^r; 

the element of the polyspherical continuum will then be 

sin*"*^r(fyr.», 

where » = —,<&,'<&,' — dx^ [for a? l " + a: t "+...+a! ,, ll _ 1 *=l] 

x i 
denotes the corresponding equatorial element. Now, to find 
the integral 

J** cos^r x sin*"*^-^,© 

extended to the whole plagioschemon S, we first suppose 
x\ a?,', ... x' H ^ l constant and integrate from ^r = to ^ = £ 
belonging to the base (p n = 0). We get 

-J-- r*sin"- l A.«. 
n — l' ^ 

But, as we saw before, the normal section at the base is 

• »-* i • /% sin A 

sin 0.»=*<r sin0=-: — 7 <r % 
T sm<f> ' 

whence the integral becomes 

sin A ^ 

which was to be proved. 
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This lemma enables us to prove the following fundamental 
theorem : 



Section V. 

Theorem. " The first derivatives of the measure of a pla- 
ffioschemon, taken with respect to its arguments, are the 
(n — 2 Vth parts of the measures of the corresponding secondary 
periscnemons;" or 

dS=^ls{(l2)}d{n) + S[{lS)}d(13)+... 

+ flf{(n-l)n}rf{(»-l)n}l. 

Dem. In order to vary the single argument (12), let us 
vary only the polynome p x ; it becomes 

(l+k x )x x + k % x t + k t x 9 +...+ k m x uJ 

where &„ &„ ... k n denote infinitely small quantities. As the 
sum of the squares of the coefficients must remain equal to 
unity and the arguments (13), (14), ... (In) constant, there are 
n — 1 conditions just sufficient to determine the n — 1 ratios 
k t : k % : ... :k m . The first condition 

(1 +*,)■ + */ + V+-+V-0 

degenerates into k t = ; for quantities of the second order 
may be neglected. But hereby the conditions altogether have 
become just such as if they should determine the coordinates 
of the vertex 8{(lM5...n)}. If now we regard this as the 
summit of the perischemon SUl)} and accordingly #{(12)} 
as its base, in acting then as if there were not the dimension 
x x and so applying the former results to an (n- l)~fold 
totality, we shall begin to look on the value of x % at the 
summit as sinA, the sine of the height. Again, from the 
equation 

-cos{(12) + <?(12)}=-cos(12) + £,sin(12) 

which furnishes the angle (12) + rf(12) between the varied 
polynome p x ' = x x -rk % x +«..+ * n a? ll and the unaltered one 
© s = — o; 1 co8(12) + aLsin(12), we mfer k % = d{12). Therefore 

\i Ki •••^t h ave ™* e 8ame rat *° *° ^e homologous coordi- 
nates of the vertex #{(1845. ..n}} which d(12) has to sinA. 
Hence, if tf> denote the arcual distance (from the last-men- 
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tioned vertex) of any solution (0, x %J x 9J ... x H ) lying upon the 
perischemon #{(1)}, we shall have 

and therefore p' = x. + -r-4- d{12). Now the boundaries of 
rx ' Bin A v ' 

dS are^p^O, ^/ >0 > or 0<-a; 1 <^£ rf(12), while the 

remaining boundaries are the same as for 8 itself; but since 
x is infinitely small, these remaining boundaries must be 
allowed to be taken as if x x were = 0, that is, we may, if 
we please, substitute for them the boundaries of #{(1)}, v * z - 

»{(l).2}, p((l),3}, ...p{(l),nl. Consequently we get dS 
by aading all the elements of #{(1)}, each multiplied by 

. ^ d(12) ; it then follows from the foregoing lemma, that 

d8 = Sr X ^ b «" ^{(12)}.BinA = ^ S[(12)}.d(12), 

which was to be proved. 

This form of the theorem has the inconvenience that it 
is not capable of being followed down to n = 2. To avoid 
this, we may return to the first proposed integral 

^=r^^.---^.(<+<+---+^ t < 1 > A>o,i> t >o,...i).>o), 

which we saw to be - /S, and in like manner we may intro- 
duce as a portion of the linear continuum (^ = 0, i> t = 0), 
having the polyspherical continuum and^> 8 > 0,p 4 >0, *..p n >Q 

for its boundaries, K {(12)} = -^-jj 8 {{12)}. The present 
theorem then assumes the more general form 

«-I{r (M) |* W)+ rK U » < i M ) + _ 

+ 2T{(H-t)n}rf{(n-l)n}L 
When n = 2, this equation reduces itself to 

dK= ±K {(12)} d (12); 

here K is a sector of a circle, (12) is its angle at the centre, and 
2T{(12)1 is the measure of the centre in a totality of no dimen- 
sion, which can be nothing but unity. That is to say : the 
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differential of a sector of circle with radius 1 is half the diffe- 
rential of its angle at the centre. By integrating, we get 

When n = 3, the general theorem gives us 

dK= \ [2T{(12)} rf(12) + K[[U)} d (13) + JT{(23)} <*(23)] ; 

here IT is a spherical pyramid, of which the spherical triangle 
8 is the base; (12), (13), (23) are the angles of £; KU12)] 
is the length of the radius reaching to the vertex #{(12)} 
and therefore =1. To determine the constant of integra- 
tion, we cause K to vanish by assuming jp t =p f »- p^ which 
gives (12) = it, (13) - (23) = 0. Thus we get 

2T=£{(12) + (13) + (23)-7r}, or £=(12) + (13) + (23)-ir. 

It may be observed that each angle as a transcendental 
quantity implies one integration only, and that so the pro- 
blem relative to space does not increase the difficulty at all, 
but reduces itself to that relative to the plane. The same 
thing occurs again in every totality whose number of dimen- 
sions is odd. 

In the fourfold totality the plagioschemon ABCD has the 
same configuration as a tetrahedron in space, save that its 
primary perischemons are spherical triangles. We may then 
say that its derivative taken with regard to the argument 
along the edge AB is equal to half this edge or side AB. If 
we conceive all the sides infinitely small, the present theorem 
leads, in fact, to a known expression of the volume of a 
tetrahedron in space. 

In the fivefold totality the perischemon 8 {(12)1 becomes 
a spherical triangle, the area of which we already know; 
we have therefore 

-£L = i[{(12), 84} + {(12), 35} + {(12), 45} - *]. 

Hanging, in the complete expression of dS, the thirty terms 
similar to {(12), 34} a (12) according to the five combinations 
such as (1234), and observing that half the group alluded 
to is the complete differential of a tetraspheric plagioschemon 
with the arguments (12), (18), (14), (23), (24), (34), if then 
5(1234) denote this plagioschemon and 5(12345) the pro- 
posed pentaspheric one, we shall have 

dS (12345) _ \d {8 (1234) + etc.} - J d {(12) + etc.}. 
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In order to determine the constant of Integration we assume 
all the arguments to be right angles, so that we obtain 

8 (12345) m - and 8 (1234) = ^ . 
It then follows that 

S(12345) = \{8 (2345) + etc} - J [(12) + etc.} + ^ ; 

or there is reduction from five to four dimensions, just as in 
the case of space. We should at once follow up this obser- 
vation, if we did not in the first place choose to disengage 
the expressions from Gramma-functions and powers of ir. 

Section YL 

We shall henceforth put 

J n dx l dx t ...dx n =/(123...w) x pdx x dx % .„dx^ , 

fxf + xf+...+ x*<l\ /*/ + «,•+...+ *.■ < 1\ 

VPi >0 > A >0 * •••A > °/ U,>0, a? f >0, ...x m >0/ 

or, what is the same thing, 

n 

JT(123...».) = i ** x /(123...n), 



■6+0" 



flf(ia8...»)-i-i-/(188...n) f 

r| 



■©• 



and we shall call if (123... n) an n-sphenc plagioschematic junc- 
tion. Every such function becomes unity, when all its argu- 
ments are — . We have, for instance, 

/(12) - 1 (12), /(123) =/(12) +/(13) +/(») - 2, 

/(12345) =/(2345) + etc. - 2 {/(12) + etc.} -f 16. 

The fundamental theorem now assumes the form 

#(123...n)=*/{(12), 34.. .n} df (12) + etc. 

Let us first suppose each of the m bounding polynomes 
PiiPti "'Pm t0 ^ orthogonal to each of the w — m remaining 
oneB i > «+i)i ? m+4) * 9 'Pn m Nothing prevents us from disposing of 
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the coordinate system, so that in the former polynomes appear 
only the coordinates x l9 x# ... x m . Hence if these should also 
appear in any one of the latter polynomes, we might, from 
the corresponding m conditions of orthogonality, infer that 
the determinant of the coefficients in the former polynomes 
vanishes, which on account of their independency must not 
be admitted. The latter polynomes therefore can only con- 
tain the remaining coordinates x^ v x mW ...x n . Let now 

x i + x % +— + X J - C08 *^ 
^•M-y,"!*, «^=y,«ntf, ...x H =y^sm0, 

and conceive the m former coordinates at first to be constant 
and the integration to be only performed with respect to the 
latter coordinates; then the corresponding limits, on having 
introduced the variables y, will plainly be the same which 
they before were in terms of a? , o? m+9 , ...a^; but the limit 
y* + y* + . . .+ y % w * < 1 is to be added. Hence it follows 

JT(123...w)=/{(7n + l)(m + 2)...w} 

x/" Ax^ m .dx x dx % ...dx m .dy 1 dy % ...dy w ^ 

and by restoring the original coordinates 

-/{(» + l)(m + 2)...ii} xj^dx^^dx^dx^..^ 

If we here assume the latter coordinates first to be constant, 
we obtain in like manner as before 

^(123...7i)=^(w+l)(w+2)...ti}x/(l2...»i)x ^dx x dx % ...dx n ; 

V x t >0 } ...x n >0 ) 
and hence, lastly, 

/(123...n)=/(12...w) x/{(» + 1) (m + »)...«} ; 

or to express this in words, if the polynomes bounding a 
plagioschematic function form two sets such that all the 
polynomes of the one set are orthogonal to all those of the 
other set, this function will be the product of two lower 
functions corresponding each to one of the two sets. 

Since, as is easily seen, /(l) = 1. the first polvnome being 
orthogonal to all the rest causes /(123...n)=/(23...n); and 
when the m first polynomes are orthogonal not only to all 
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the rest, but also among themselves each to each, the eqna~ 
tion/(123...») =/{(«* + 1) [m + 2)...n} will exist. 

When two plagioschematic functions differ from one 
another simply by the opposition of signs of one bounding 
polynome, their sum will be double the function bounds 
only by all the remaining polynomes. To express this 
proposition in symbols, we write f[p tl p^ •••jpj instead of 
/(123...n); so we have 

For since, in the integral arising from the union of the two 
functions, the polynome p l has disappeared, the sum will be 
the same, what polynome soever be substituted for © , as for 
instance one which is orthogonal to all the rest. The con- 
sequence is obvious. 

Section VII. 

Reduction of a perissospheric plaffiosehemon. 

In order to distinguish the two cases of an even and odd 
number of dimensions we shall use the terms artiosphere and 
perissosphere ; and as to the reduction above announced of 
a peris8ospheric plagioschematic function into linear terms 
of artiospneric ones, we now state the following general 
theorem: 

Theorem. " If f^ x be a plagioschematic function bounded 
by the polynomes p , p ti ...jp^, and if 2/^ denote the sum 
of all (2m)-spheric functions Xounded by any 2m of those 
polynomes (it is assumed that f *= I), then 

/** -£(-WKh. (i), 

where the coefficients a are defined by the expansion 

ta " -1*153^+15 (2) '" 

Dem. If we differentiate the equation (1) with regard to 
any argument of /^ +1 , as for instance to (12), the last term 
(— l) n a n on the right-hand side disappears, and we get 

A~ {(12)1 -?(- )VSC*. {(12)}, 



a similar equation, wherein only the number 2n + 1 of dimen- 
sions is replaced Dy 2n — 1 and the bounding polynomes by 
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p{{U\ 3}, />{(12), 4}, ...p{(12\ n}. If then the truth of 
the theorem were admitted tor the (2w— l)-sphere, we 
might infer (1) from integrating this latter equation (or 
rather the complete differential equation to be deduced from 
it), though having still to prove that the constant (— l)*a n of 
integration has been duly determined. In fact, if we suppose 
all arguments of f to be right angles and consider that the 
sum 2^^,- counts tor as many terms as 2w+l elements can 
be combined by 2w — 2t, then the equation (1) will become 



-^-Msm), 



or, divided by 1.2.3... (2n+ 1), 

g (~r = t-n . 

£ 1.2.3.. .(2n-2i)' 1.2.3.. .(2i + l) 1.2.3.. .(2n + 1) ' 

which same equation is also found by equating; in the expan- 
sion of cosa; x tana; = since (where tana; is to be replaced by 
the series (2)) the coefficients of a?** 1 on both siaes. The 
constant of integration therefore would be exactly determined, 
if the theorem hold good for 2w — 1 dimensions. Now, since 
a = 1, a x = 2 and for the trisphere the equation f z = 2£ — 2 is 
true, the theorem is generally proved. 



Section VIII. 
Dissection of a plagioschemon into orthosehemons. 

We go on to a very important reduction which brings 
the number of arbitrary arguments of the considered n-spheric 
function from \n (n — 1) down to n— 1. 

When the polynomes ® lf p^ ...p n bounding a plagio- 
schemon 8 are in this order orthogonal each to all others 
but the antecessor and successor, so that only the n — 1 argu- 
ments (12), (23), (34), (45), ...{(n-l)n} may be oblique 
angles, we call 8 an orthoschemon, and our aim here is to 
show that every n-spheric plagioschemon can be dissected 
into 1.2.3. ..(n—1) orthosehemons, the arguments of which 
are connected with those of the given plagioschemon by 
trigonometrical relations. 

To illustrate the conception of an orthoschemon, we lay 
down such a coordinate system that each of the bounding 
polynomes contains one more coordinate than its antecessor, 
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which must be admitted as always possible, 
see the polynomes coming into these forms: 



p t =-x t cos(12)+x t sin(12), 

A - -*,cos{(l), 23} 4 * 8 *in{(l), 23}, 

p A = -» s cos{(12),34}+a? 4 sin{(I2),34} r 

+ o? l ,sin[{123...(n-2)}, (n-l)n]. 

The bounding polynomes and arguments of the perischemon 

8[(m)} are 

J>IW>™ 1J- gin{(m-l)m} * 

and for every index t different from wi— 1, wi, »i + 1, we have 

i>{(m),t}= j p,; 

and moreover 

r/ x ^ A x / -o cos{(w — 2) (m— 1)} 

cosffm), (m - 2) (m - 1)} = ^ — /v lX . ;J , 

u ; ' v ' v /J Bin (w- l)m] 7 



cos 



r/ \ / «w o\-> cos{(*» + l) (w + 2)} 
{(m), (ro + 1) (m + 2 } = \ v f '\ t T» " , 



t{m(m + l)} 

cos{(m), (w — 1) (m + 1)} = cot {{m — I) m} cot{wi (m + 1)} ; 

besides 

{(m),i(i+l)} = {/(7+l)}j when i=l,2,3, ...wi— 3,m+2, ...n— 1; 

and all the other arguments of 8{(m)} are right angles. 
Hence we may readily infer that all perischemons of an ortho- 
schemon, whatever their number of dimensions be, are them- 
selves also orthoschemons, and that the polynomes, by which 
each of them is bounded, follow the same order (though 
interrupted by gaps) as their indices in the original ortho- 
schemon* 

The least number of orthoschemons, into which a spherical 
triangle can be divided, takes place when, from any vertex, 
a perpendicular arc is let fall upon the opposite side ; I mean 
the two right-angled triangles. But in a more general 
manner we may also get six, that is 1.2.3, such triangles by 
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drawing from any inner point three arcs perpendicular to 
the sides and other three arcs up to the vertices. To save 
the imagination from dealing with negative parts, we may 
suppose all the arguments of a given plagioschemon to be 
acute angles, and we may take an inner solution as a point 
of departure for the dissection. The analytical formulas next 
suggested by this restrained mode of viewing would then 
nevertheless restore the somewhat impaired generality. In 
the fourfold totality we are helped by the idea of a tetranedron 
where we let fall from an inner point perpendiculars upon 
each face and take their feet anew as points of departure for 
dividing each face in six right-anglea triangles ; then these 
twenty-four triangles will determine so many tetrahedrons, 
having that inner point for a common summit. One such 
corresponds, for instance, to the permutation (1234), if we let 
#{(l)j, #{(2)}, #{(3)}, #{(4)} denote the faces of the original 
tetrahedron #; and we may point it out as follows, irom 
the inner point A we let fall upon the face #{(1)} a perpen- 
dicular whose foot let be A (1) ; from this we draw a per- 
pendicular to the edge #{(12)}, being the intersection of the 
faces 8{{1)} and #{(2}}, and call A (12) its foot; from this 
we follow the same edge up to the vertex #{(123)}. which 
we may likewise consider as a foot A (123). Then A, A (1), 
A (12), A (123) are the vertices of the tetrahedron, or rather 
ortnoschemon, which we were to point out as corresponding 
to the permutation (1234) ; its faces follow this order : the 
first coinciding with £{(1)}, the second passing through 
#{(12)} and A, the third passing through #{(123)1, A and 
A (1), the fourth passing through A y A (1) and A (12) : the 
first stands perpendicular upon the third and fourth, and the 
second upon the fourth; wherefore the term orthoschemon 
applies here. 

The order to be followed in the dissection of any plagio- 
schemon being now sufficiently explained, we go on to 
analytical expositions. Let us assume one permutation, as 
for instance this (123... n), to be a rule on which we are 
to proceed, and let us therefore take, what must be allowed, 
an orthogonal coordinate system such that each of the polj- 
nomes p l} p tJ ...p n contains one more coordinate than its. 
antecessor, while the index of each additional coordinate 
agrees with that of the polynome (see (a) in Sec. 3.). This 
system is so arranged that we may immediately read off from 
it also the polysomes bounding the perischemons #{(1)} 9 
#](12)}, #[(123)}, ...#{123... («-2)}. Indicating the 
polynomes in the usual manner and for conformity those 
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of 8 by p(l), ^(2), ...p[n) instead of p x ,p %1 ...p nJ we have 
by a sort of reversion 

P {W )m ] .y(Pcoiy+i>(«.) 

e tv " ' sin(lw») ' 



[«t = 2, 3, 4, ...n], 

j>{(l),2}cos{(l), 
sin{(i; 
[til = 3^ 4, ... n\y 

j>{(12),3}co8{(1S 
sin{(: 
\fn = 4, 5, ... wj) 



{(M) TO} .y{(i),»}«»Ki) ; y+j> {(!),«} 

^ U " i sin{(l), 2m} 



{(123)jm} .Ftti^gi^g^H+y {(»)> »t 

•^ u " ' 8in{(12), 3»»} 



^[{^...(n-^mj- 

j>[{12...(«-3)},n-2]co8[{l2...(w^-3){,(«-2)i»]+p[{12...(w-3)} > TO] 
sin[{12...(n-3)}, (n-2)m] » 

[*n = n-l,n], 
and, lastly, 

p[{l2...(n-l)}, »]-»„- 

j>[{l2...(n-2)} > n-l]co8[{l2...(n-2)},(w-l)«3+p[{l2...(n-2)} ) n] 
sin[{l2...(n-2)}, («-l)n] 

This inverse system gives us the coordinates of every solution 

«.-*(*)> ^-P{(l)ia}» *-*{(")>»}> ^=^{(123), 4}, ..., 
when the polynomes p (1), » (2), ...jp (n), that is the distances 
from that solution to the linear continua bounding /S, are 
known ; it therefore enables us to represent these coordinates 
appropriate to the permutation (123.. .n) in a way indepen- 
dent of the accidental coordinate system. It is worth remark 
that the equation of the polysphere changes into 

P {(!)}'+* {(1), 2}'+i» 1(12), *Y+1> {(123), 4}«+... 

or, what is the same thing, into 

1 . p(l) . p(2) . p(S) p{n) 

p(l) . 1 . — cos(12) . — cos(13) — cos(ln) 

p (2) . - cos(21) . 1 . - cos(23) - cos(2n) 



p (n) . — cos(nl) . - cos(n2) . - cos(n3) . >.. . 1 



= 0. 



Digitized by LjOOQ 1C 



On the Multiple Integral pdxdy...dz. 



297 



An immediate proof of this equation results from considering 
that the determinant is nothing else than 



X X tJ '" X » 


*« »,»•••*, 


coefficients mp (1) 


coefficients injp(l) 


« «_p(a) 


« « p (2) 



and that, since each rectangle here contains one horizontal 
line more than it contains vertical ones, the expression must 
identically vanish. 

Now if we state the as yet moveable solution to be the 
common vertex A of all the orthoschemons which we have 
to cut out, then the letter p^ as a sign of polynome belonging 
to an indeterminate solution, may be exchanged for a, as 
a sign of the polynome belonging to -4, so that 

a(l), «{ v l),2}, a {(12), 3}, ... a[{l2...(n- I)}, *] 

will be the coordinates of A in the peculiar system above 
adopted. Those of the successive feet -4(1), -4(12), ,4(123), ... 
will then readily result from this set by rejecting as many of 
its first terms as is indicated by the order of the foot and 
dividing all the rest by the square root of the sura of their 
squares. Again, let j„ j , ... q n denote the polynomes bound- 
ing the orthoschemon relative to the permutation (123. ..w); 
then q x =p (1) ; q t passes through 8 {(12)} and -4, and, apart 
from a constant Factor, it may therefore be written 

in general, q m passes through S{(\2...m)} and -4, -4(1), 
A (12), A (123), ... A {12.. .(m- 2)}, which condition is satis- 
fied by 

-a[{12...(m-l)}, w]p[{12...(r*-2)}, m-1] 

+ a[{l2...(w-.2)},m-l] j p[{12...(m-l)},m], 

and lastly for q n which passes through A, A (1), A (12), 
... A {123...(w — 2)J we obtain a formula subject to the same 
law. It may be observed in passing, that the expression just 
written is identical with 

a[{l2...(*»-2)}, w-l]|?[{12*..<m-2)}, m] 

- a [{12... (*n- 2)}, m] j»[{l9...(m-2)}, m- 1] 
the whole divided by 

sin [{12... (m- 2)}, (w-l)m], 
VOL. II. X 
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and that therefore it remains the same, however the indices 
1, 2, 3, ...w — 2 be permuted, but that it changes its sign 
by permuting m — \ and m. Hence we get an idea of the 
adjacency of different orthoschemons. As regards the sign 
of q m , we must make that (a(l), a{(l), 2}, a [(12), 3}, ... all 
being supposed positive) it oecome positive for the opposite 
vertex A {12. ..(m- 1)}. This being already the case, we 
have not to change the sign. Since p [{12. ..(w- 2)}, m — 1], 
|?[{12...(tfi— 1)}, rri] themselves are the coordinates a? , x m 
in the peculiar system above employed, we may regard their 
coefficients (in the above expression = constant x q n ) as the 
base and perpendicular of a plane right-angled triangle, and 
we may accordingly put 

_ q[{H,.,(m-2)},m-l] 
tanjv,- a[{12...(iii-l)} f m] ' 
so as to have 

j^-cos^.^t}^...^^)}^-!]^^^.^^...^-!)},^]. 

This agrees completely with the above mentioned mode of 
representing the polynomes bounding an orthoschemon. Now, 
if L (12), L (23), L (34), ... L {(n- 1) n\ denote the arguments 
of the orthoschemon under consideration, we have 

cosZ(12)=cos/8 1 , cosZ(23)=sin/8 1 cos)8 a , C08Z(34)=sinj8 a cosi8 8 , 

cosz (45) =sin£ 8 cos£ 4 , ... cosZ. {(n — 1) n] = sin/8^ cosjS^. 

Disregarding a constant factor, we may also write the 
equation q m = thus : 

— cos(tl).— cos(i*2).- cos(i!3).... — cos{t(m— 2)}.a(i).p(t) =0, 

[t=l, 2, 3, ...rn] 

where — cos(iV) is to be replaced by 1. For it is plain first, 
that this determinant vanishes at every solution of the perische- 
mon SUl2...m)} and at A ; secondly, that it is orthogonal to 
PU),i>(2),i>(3), ...i>(m-2), or, briefly, to S[{12...(m-2){]; 
consequently, that it passes not only through A, but also 
through A (1), A (12), A (123), ... A {12.. .{m - 2)}. Also, 
this form shows that any permutation,. whether of the indices 
1, 2, ... w — 2, or of the indices w+1, w + 2, ...n, has no 
influence here. We may hence readily infer the number of 
orthoschemons which have the unlimited linear continuum q m 
for a common boundary. 

What has hitherto been said, will, I think, clearly show 
how to find the arguments of all 1.2.3... a orthoschemons, 
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into which the given plagioschemon can be dissected from an 
arbitrary inner solution. Nor do I think it necessary to 
dwell on the simplifications which the general formulas will 
undergo when applied to a vertex as a solution of departure 
for the dissection. 

Section DL 
To reduce perwsospherical ofthoschemom to artiospherical ones. 

At first sight this problem seems to be already solved to- 
gether with that relating to plagioschemon s ; and for any small 
number of dimensions there is not much difficulty, it is true, 
in applying the former general formula to the more special 
problem here proposed. But in proceeding thus, it is scarcely 
possible to attain to a general law ; and so we prefer under- 
taking to solve the present problem immediately without 
recourse to the former formula. 

The nature of the subject in question gives rise to a pre- 
liminary remark. If /(123. . .n) be an orthoschematic function, 
where the figures refer to the bounding polynomes, and if 
some of these polynomes be taken away, so that their signi- 
ficant order is here and there interrupted by gaps: then, 
in the new function formed by the remaining polynomes. 
the polynomes of each continuous series will be orthogonal 
to all those not contained in the same series, and therefore 
the function itself will break up into as many orthoschematic 
factors as there are continuous series between the gaps. For 
instance, if i + 1 < m < w, then 

/{J23...i.m(m+l)...w}=/(123...t)./{w(w+l)...n}. 

In the following proposition only artiospheric factors can be 
employed. ■*.»■' • 

Theorem. ^Let^^ be an orthoschematic function bounded 
by 2n + 1 polynomes given in their characteristic order, take 
away from this 2t-f 1 polynomes in all possible ways, but 
so that each continuous series between two gaps should con- 
tain an even number of polynomes, and let 2/^,,. denote 
the sum of all the functions corresponding to these combi- 
nations (any such function being indecomposable or a product 
of functions, according as the series is continuous or inter- 
rupted) : then the formula 

holds good." 

x2 
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Bern. It may first be asked, in how many ways 2t + l 
terms can be struck out from the series 1, 2, 3, ...2n + l in 
such manner that an even number of terms is left in every 
continuous group. Beginning from the left hand we put 
the letters of the alphabet in their order under each dngU 
figure struck out and under each pair of the figures not 
struck out ; thus we come to employ n + t + 1 letters, of which 
those written under the figures struck out will form some 
combination of the (2i+ l)-th class. The same combina- 
tion cannot arise from another arrangement of the figures ; 
and reciprocally given any combination whatever (to this 
class) of the letters, it is easy to find the corresponding 
arrangement of the figures, and there is one such arrange- 
ment only. Consequently, the number of such arrangements 
of the figures is that of the combinations of n + i + 1 letters 
without repetition to the (2i + l)-th class. The sum 2/^.* 

therefore contains ( _ . k % ) terms. 



Now, for a preliminary trial of the constants in the asserted 
formula, we assume the 2n + 1 polynomes to be all orthogonal 
among themselves ; each function / having then unity for its 
value, the question is whether the formula 






be true. If h n denote the sum on the right-hand side, we 
have 

hence h n = A 1t _ 1 = h^ =. . .= h = 1, which was to be proved. 

In differentiating then the asserted formula with respect 
to any one of the arguments of j^.,, we shall meet with 
the same formula, but applying now to 2« — 1 dimensions, 
and in like manner for every other argument. If, therefore, 
the corresponding formula be true in the (2n — l)-fold totality, 
the equation obtained from the complete differentiation of 
the formula will be also true, and thence by integration 
the formula itself is shewn to be true ; whence by integrating 
follows the truth of the original formula, since it already 
appears that the constant of integration is exact. To corn- 
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plete the demonstration it is only necessary to add that the 
equation 

/(123)=/(23)+/(12)-l 
is satisfied. 

We subjoin two more examples to be made use of here- 
after: 

/(12345) =/(2345) +/(1234) +/(12)/(45) 

- {/(«) +/(34) +/(23) +/(12)} + 2, 

y[1234567)=/(234567)+y(123456)+/(12)/(4567)+/(1234)/(67) 
-{y(4567)+/[3456)+/(2345)+/(1234)+/(34)/;67)+/(23)/(67) 
+/(23)/(56)+/(l2)/(67)+/(12)/(56)+/(12)/(45)} 
+ 2 {/(67) +/(56) +/(45) f /(34) +/(23] +/(12)} - 5. 

(To be continued). 



ON THE n* CAUSTIC, BY REFLEXION FROM 
A CIRCLE. 

By the Rev. Hamnet Holditch, M.A., Senior Fellow of Gonville 
and Caius College, Cambridge. 

WHEN a ray of light, issuing from a luminous point, is 
reflected from a circle, the locus of the intersection of 
the reflected ray with the next is the first Caustic : the ray 
however may be reflected a second time and will produce 
the second Caustic : and the n* Caustic is that produced by 
a ray after n reflexions. 

The following discussion will be similar in arrangement 
to that in the first volume of this Jmmal, and the necessary 
adoption of a general method will make the consideration of 
the first caustic more simple and distinct, from the retention 
of n in the operations ; and the results formerly obtained for 
theirs*, will oe interesting verifications of those now obtained 
for the n* caustic. 

Three or four caustics may be seen in the reflections of 
a mourning ring on a sheet of paper, the second a very 
beautiful object ; they were pointed out to me by Professor 
Miller, and led to this investigation. 
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The luminous point being L (fig. 1), the centre of the 
reflector, and LB CD the course of a ray ; let OL = a, OA = 6, 
LALB=6, and OBL the angle of incidence = a: x and y 
the coordinates of P, a point in the n 1 * reflected ray, measured 
from the centre. 

Therefore AOB=0-a, 

BOC=ir-2aj 

when CD is the second reflected ray, but if it be the n*, 

£00a(»-l)(*--2a); 

and therefore L A OD = (2n - 1) $tt - (2wa - 0), 

sin-4 02) = sin (2ra — 1) \ir cos(2na — 0), 

and cob AOD = sin (2n — 1) \ir sin (2na — 0). 

Let 2na-0 = P] then, as sin(2n-l)i7r = -(-l) ,, y 

sm^02) = -(-l)*cosP, 

cos^02) = -(-l) n sinP. 

Also OM + PS== 02), or a? cps^l 02) + y sin^l 02) = b sina ; 

therefore a; sinP+y cosP=- (— 1)" b sina is the equation to 
the 71 th reflected ray, which might also have been found from 
knowing the coordinates of its two ends. 

If this equation be differentiated on the supposition of 
x and y being constant, x and y will be the coordinates of 
a point in the caustic ; but it will be well to establish a few 
preliminary formulae for reference, and find the values of two 
or three quantities which will frequently occur. 

Let then the above equation, which is that of the tangent, 
be put under the form 

x sinP+y cosP=-4 (1), 

and differentiating, while x and y remain constant, 

x cosP-y sinP=-jp = 2? (2) ; 

therefore, also -TpSinP+ ~^cosP=0 (3), 

bjr subtracting (2) from the complete differentiation of (1). 
Differentiating (2), 

-jpCosP— -^sinP=a? sinP+y cosP+ -rp=A + ^p = 0...(4), 
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or ^ vnP+Q cosP — C (5), 

and differentiating (4), 

dP Wir IP^^'dP Bmr+ dP CMr+ dP 

=$=* «• 

From (1) and (2) 

a? = -4 sinP+ 2? cosP> , . 

y = .4 cosP— B sinPj 






I <8 »- 



^5 = - sin P+ 2> cosP. 

IT (•). 

J = - a cosP- D sinPJ 

To find the quantities B and O; since 
Jsina = asin0, 
b cosada = a cos0d0, 
and as P=2na-0, dP« 2nda - d0 

rt , Jcosada 2nacos0— icosa , 

= 2?ida 3- = 2 da: 

a cos? a cob0 ' 

therefore 

n _<L4_ ^ cosada , .»_ aft cosa cos fl(-l)* • . 

^-dP"" dP ( l) ~ 2nacos0-icosa il0,# 

/ -x« 7T» ai (cos sin ada-l- cosa sin 0d0) 

Again, (-1) dP= — - — s 3 — ^ * 

' v ' 2na cost* — b cosa 

Ja cosa cos (2na Bm0d0 — b sin a da) 

da a cosfl , d0 _ 5 cosa 

dP~" 2na cos0 — 6 cosa dP~" 2wa costf — i cosa' 
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therefore 

, iy» dB _ o& (a cos'fl sing -f b cos* a sin 0) 

ab cosa cosfl (2nab sinfl cosa — ab sina cos0) 

n s 

a* cos'fl sin ^ -fay cos* a sing 

a*i cosa cos0 sin (9 (2nJ cosa — a cos#) 

arintf r7 

= , v 5 {(a 9 cos*0 + y cos* a) (2na cos0 — 6 cosa) 

— ab cosa cos0(2nfi cosa— a cos0)}; 

Also, -4=>-(--l)*Jsina = --(-l)"asin0; 

therefore (7= -4 + -tt, 
aJr 

= aS "! x7 ' (2na 8 cos 8 0-y co8 8 a-2wacos0-icosa I 8 ) 

- a8iD ( g( ) 7 1)n (2na» cos 8 - 8* V cos 8 

+ 12nVJ cos"0 cosa — 6nay cos0 cos 8 a), 

&co8al 

.(12), 



or C=- "^ 9m . 2g ^ *)* {(n 8 -l)a 8 co8'fl+3Kaco8fl-&co8aT'} 
(27iacos0-4cosa) 8U ' J 



where the bracket is a positive quantity. 
The equations (7), thus become 

«.=_(_ i)» „i n (rinP+ - - cmP — \ 



»- t-^^tnS^sa-Hl 



(18), 



from which the curve may be traced ; for if any value of 
be assumed, sina= — v— is known, and therefore P= 2wa — 0, 
and therefore x and y are known. 
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An easier way of tracing would be by putting 

2n tana - tan = tan Q, 
for then 

* \ tan"#/ sm"# sin# * 

and if <f> be the angle the radius vector makes with the 
axis of a?, 

, y sinP-cosPtan# . ,- ~ 

or <£ = #-P, 

and a table for values of r and <f> may thus be made. 

The curve may however be sufficiently traced from re- 
markable points hereafter found. 



On the Asymptotes. . 

These take place when the coordinates of the curve are 
infinite, or when (13) 2n tana — tan0 = O; which, combined 
with b sina = a sin0, give 



sina = — L 



sm 



4V(4n 9 -l) 
- V(4nV z y) 



aV(4n*-l) 



(14), 



which substituted in (1) the equation to the tangent, that 
equation becomes the equation to the asymptotes, agreeing 
with first caustic, number (14). 

Hence there are asymptotes only when b > a and < 2na. 

Hence also when there are asymptotes to the first caustic, 
there are asymptotes to all the caustics. 

Since tan# = 2n tana, and therefore positive, 6<%ir } and 
there is no ambiguity of sign, and therefore only one asymptote. 

If there be no asymptote to the first caustic, the n and 

succeeding caustics will have asymptotes, when n > — . 
The perpendicular from the centre on the asymptote 
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Intersections of n tt Caustic with the Reflector. 
These will take place, when a? + y" = ft*, 

1 =8in ' a J 1 + (2* tan,- tan?)' } fa " B W» 

C ° r<X "" (2» tana- tan 0)*' 

2n tana — tan0 = T tana ; 

tan0 = (2n ± 1) tana ; 

is always < \ir (15). 

Hence every two successive caustics intersect each other in 
a point in the reflector. 

From (15), combined with b sina = a sin0, we derive 

a 8 2^Tl>-i' 



therefore 
therefore 



8in»0=- 



sin a = 



cos'0 = 



4n(w±l)a* 

4n(n±l)b* 
V-o? 
4n(n±l)a* 



a«)j 



4n(n±l)6 f 

and therefore the values of x and y are known from (13), 
but they may be simplified; for, since 

2n tana — tan0 = Ttana, 

tf=-(-l)*Jsina(sinP*^^ 

=±(-l)"icos(P±a), 

y=(-l)*j8ina(T^ cosPWT(-l)"J(sinPcosa±co9Psina) 

=T(-l)"Jsin(P±a), 

or *-±(-1)'6cob {(n±l)a-0}| . 

y = qF(-l)"isina{(n±l)a-0}j K } 

are the coordinates of the intersections of the n a caustic with 
the reflector, where the upper or lower signs must be taken 
throughout. 
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The intersections are impossible if sin*0> 1, or (16) a> J, 
and also if sin 8 be negative, or (16) b > a (2n± 1). 

Generally, there are two points of intersection ; but only 
one in the first caustic, for the lower sign would make sin# 
infinite ; and only one in the n* caustic, if b > (2n — 1) a, 

and <(2n + l)a. 

If i = a, or the luminous point be in the reflector, it 
touches the caustic at that point. 

It is easily seen that (17) contains the coordinates of the 
extremities of the ri h reflected ray, and if this ray be that 
which produces the first intersection of the caustic with the 
reflector, its other extremity will be the second intersection, 
though this ray does not produce the latter, a fact for which 
it is not easy to assign any h priori reason. 

If the luminous point be without the reflector , the jF caustic 
is wholly within. 



For (13) ^^ =-cos*a + - 



for tan f 0= „ , tA — 1>x rrrrr. i fr° m b sina = a sinflj- , 



(2ntana — tan< 
is negative if 

(2n tana — tan 0)* > tan* a ; 

therefore if (2n — 1) tana > tan 0, 

n- a 6* tan* a 

*tan'a> „ , , — , - , , 

6' tan' a 
V + ^-Pjtan'V 

or 2n— 1 1*> -= — r-5 — tstz — *- * 

1 a*+(a*-i") tan'a' 

which is so, for the first side is not < 1 and the second w, 
unless J = a and tana = 0. 

If a = ^7r, sin0=-, and a? + y* = ft*, which shew that if 
a 

a tangent be drawn from the luminous point to the reflector, 

the point touched is a point in the n" 1 caustic. 

Hence all the caustics touch each other and the reflector at 

that point. 

Cusps. 

When there are cusps, -^ is a vanishing fraction; and 

therefore from (8), (7=0; and C can only vanish when 
sin20=:O, or in the three cases, when = 0, w, or fa. 
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Case(l). If = 0, a = 0, and P=2«a- 0«O; 

and therefore from (13) 

_ . .« JsinacosP _ / ^ aft cosa cosfl cobP 
~" * ' 2w tana — tan0~* * ' 2na cos0 — b cosa 



2na-i' 
Owe (2). If 0=7r, a=0, and P=— jt, then a^-l)* ^ , y 

-'(-u'sn* < 18 > 

are the coordinates of the two cusps in the axis of a?, corre- 
sponding to as and = w. 

One cusp fails when a = J ; if the light be outside, in both 
cases = 7r, and the cusps correspond to a = 7r, and a = 0j 
and the expressions are the same as before. 

Case (3). If = £ir, sin P= sin(2na - £ir) = - cos2no, 

cosP=sin2#a, 

and x = + (- 1)* a cos2na| , . 

y — (-l)»a sin2naj 

are the coordinates of the cusp outside the axis of a?, a being 
determined from a = 6 sin a. 

This cusp only exists when the light is within, for sina= ^ ; 

and as a?+y* = a% it and the light are equally distant from 
the centre ; it is evidently also at the foot of the perpendicular 
from the centre upon the n* reflected ray, and its direction 
therefore perpendicular to the radius vector. 



Maxima and Minima afsi and y. 
take place when -^ , or 
— tanP==0; therefore sin [2na — 0) = 0, 



Those of y take place when -^ , or 



and 2na — = mir ; therefore sin = sin2na coswwr = - since, 

or b sina = + (-l) m a sin2na (20), 

from which a may be determined; therefore from (13), 
y = (— i) w +*-i j gijja ig a maximum or minimum value ofy, its 
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position being known from sc = (— ly*"* 1 — — - — 

r e K J 2ntana-tan2na , 

and the several values of a must be found from the equa- 
tions (20), viz. 

b sinaTa sin2na = 0. 

The value determined will be a maximum or minimum. 

according as y-ji is ?, or (7 and 9) as A.G is ±, or 

sin a sin20 ,. A A A « • • 

* — j ; or according as 2n tana — tan 2na is posi- 

2nacos0 — 6cosa 7 ° r 

tive or negative. 

We have for the maxima or minima values of #, -y- =* 0, 

dy ' 

or tanP=ao; and therefore 2na - = (2w + 1) £w ; 
therefore sin0 — — cos2na sin (2m + 1) ±tt = - sin a, 

or b sina = — (— l) m a cos2na (21), 

whence the values of a corresponding to the two suppositions 
m = and wi = 1. 

Therefore from (13), a? = (-l) m+ "" 1 J sin a is the value of 
a maximum or minimum of a?, its position being determined 

from v= (- lY*** & Sing 

* * ' 2n tana + cot2«a ' 

The above value of x will be a maximum or minimum, 

according as -p™ ia * or as A.C, or according as 

2n tana + cot 2na 
is positive or negative. 

In the first caustic, 2n tana + cot 2wa = — ^~i ) "*" 

dicating a maximum, as shewn in a former communication. 

Radius of Curvature. 

Si »» !--«*,;> (i+$)--j£,, 

— == C cosP from (8), 



dP U \dx) COS»P' 
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and the product of the first two, divided by the third = (7, or 
radius of curvature 

= - **' slp2g (- ^^ {(n^^a'cos'g+S^cosg-ftcostt)'} 
(2na coB0-b cosa) 8 lv ' v 7 J 

(22). 

There is no point of contrary flexure ; for it has been 
shewn that the values which make the denominator vanish, 
belong to the asymptote. 

The radius vanishes at the cusps. 

When the light is external ; at the point where the circle 

touches the caustic, b = a sin and cos is negative ; and 

4n" — 1 
therefore radius = , i, and is independent of the position 

of the light. 

If the light be in the circumference, 0=a = £ir, but as 
£?r is the greatest limit of a and the least of 0, cosa = — cos0 ; 
and therefore radius 

tt M -l+3(n+l)* _ 4tt(tt+ i)b f t 1 \ 

or less than that of the circle, as it must be. 
At the intersections of the caustic and reflector 

(2n±l)a coB0 = b cosa (16); 

and therefore radius 

= 2na sin0 {/i*- 1 + 3 (n± 1)*} =4n (n± 1) (2n± 1) a sinfl 

- 2 (2n ± 1) V{» (* ± 1)} V{(2n ± 1) a* - &*}. 

Hence two successive caustics not only intersect one another 
in the reflector (15), but have the same radius of curvature 
there. 

There is a point equidistant with the outer cusp and light 
from the centre which admits of simple determination, and so 
is useful in tracing the curve, and corresponds to n tana=tan#, 
for then 2n tan a — tan = tan ; and therefore 

* —(-!)• i sin a (sinP+ cosP ¥j£\ , 

/ i\»l • /sinPcosfl „\ 

y= (-1)5 8^—^ cosP), 



or x = (- 1)" a cos (2na — 20,} 

y = (-l)"asra(2na-20)j 



(23), 
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ft 9 -a» 



where cos"0 = 

and sin*0 = 



(7i a -l)a 8 



{n*-l)a*} 



from the equation &sina = asin0 and the one above, or 
bxi, na>b, and n> 1, which shew that the light must be 
within the reflector and that the first caustic does not possess 
this point. 

The radius of curvature here = s-g rs (n* — 1) cf cos*0 

nV cos 8 v ' 

_ 2V(n'~l)V(nV-y) 



On fAe Incijnentjbrm of the n tt Caustic. 

If the luminous point be in the centre of the reflector, 

all the 71 th reflected rays will pass through the centre; let 

it be removed to an infinitesimal distance a, and the caustic 

will then spring into existence. 

r-. , . . /, a sin 

Since 6sina = asin0, a = — t — ; 

and on referring to (13) 

. _. ^ * • /% 2nasin0cos0 . A 
sinP=2na coscf — sin0=s= ^ sin0 f 

« a • /% * 2wa sin*0 
cosP= cos0 + 2na sin0 = cos0 H 7 > 

« A a a 2wasin0 . A 
2wtana — tan0= r tan0, 

and expanding to the first power of a, we have 

cosP cos*0 2na cos 5 

2n tana — tan ~~ sin0 b sin0 ' 

sinP y, 

— - — ^ = cos0, 

2n tana- tan 

therefore x = (- 1)* U + -y^ cos 8 0J 

and . y = (-i)*^sin"0 
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Let a?+(-l)*a = aJ 1 , 

^ * f I /2na 8 \* 

therefore a^ + y = ( — y- J , 

the equation to the incipient form. 

All are similar and their linear dimensions, as 1, 2, 3 

The luminous point is the centre of all the even onesj and 
a point at an equal distance from the centre of the reflector 
on the opposite side, is the centre of all the odd ones (fig. 2). 

When the light is at a small finite distance, the even 
caustics group round the light, and the odd ones round a 
similar point on the opposite side, the outside cusps being 
all in a circle through the luminous point; the successive 
cusps (19) are equidistant from each other, by the chord of 

an arc whose sine is ? and the directions of the cusps are all 

tangents to the circle. The first twelve caustics are repre- 
sented in fig. 3, their tails getting gradually longer, until the 
twenty-fifth, which has an asymptote. 

If the light move away from the centre, and a = 5 and 
b = 6, as in the first caustic, in order that they may be com- 
pared together, the second and third caustics will be repre- 
sented in figs. 4 and 5. 

As the light still moves away ; on reaching the reflector, 
the asymptote disappears, and the curve is then known to 
be an epicycloid ; and afterwards the curve is wholly within, 
as in fig. 6, where the luminous point is at a distance of one 
diameter from the centre of the reflector; and finally, when 
the rays are parallel, the ultimate form is again an epicycloid. 

Length of the n tt Caustic. 

The length of the ray (fig. 1) = LB+ (n - 1) BC+ CP, 
PD = MN-NS=x smAOD-y cobAOD; 
therefore since sin-4 OD = — (- 1)* cosP, 
cos^l OD = - (- 1)" sinP, 

PDfrom(13)= f a8iDg f , ; 
x ' 2ra ; (ana — tan 7 

therefore CP- 1 cosa - jr-r — * and LB= b — \ a ' . 

2ntana — tarn? • sin0 
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Therefore, the length of the ray 

A . ^ b sina . , 2wa* cos*0 

=2w0cosa— acostf— t-t — a =2n0cosa 



2n tana-tan^ ~~ "" 2nacos0-£cosa ' 

therefore length of the caustic 

« x 2ra* cos*0 ~ , rtoX 

= 2nScosa-- 2 — r + C (23). 

2naco80 — b cosa v ' 

The length of the ray is a minimum at the outside cusp. 

~ dL a sina cos# 2a* cosl sin0 

For r— ^ = + 



2nd0 coaa — 6 cosa + 2na cos0 

a* cos*0 (a tana cos — 2na sin0) 

which vanishes when cos = 0, that is, at the outside cusp; 
in which case, 

d*L _ a sina sin 2a f sin*0 
2nd(P ~" cosa b cosa 

2a» 



= a tana + 



& cosa 1 



which is positive, as a is always positive. 

The length of the ray is a maximum at both the cusps 
in the axis, when the light is within. 

At the first cusp a and = 0, and at the second a = 0, 
and = it, and for both, we find 

b{2na cob 0- &)' d*L t MAft .m« 
2w? dF * ' -3(6-nacos0), 

and therefore, at both cusps -^ is negative. 

Hence, in estimating the length of any part, we must 
proceed from the outside cusp and to the cusps m the axis. 

When the light is outside, at the first cusp a = it ; and 
at the second a = 0; in both cases being tt; and from the 
general value 

b(2na + b cosa)* d*L ,, . ^ . rt , 7 .„ 
W ^ = -cosa {(n 8 - I) a 8 + 3 (i cosa -na)'}, 

which is negative at the first and positive at the second cusp. 
The length of the ray is therefore a minimum at tne 
first cusp and a maximum at the second, when the light is 
outside. 
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In estimating the length of the Caustic, we must there* 
foreproceed in this case from the first to the second cusp. 

Thus, before the Caustic has an asymptote, (fig. 3.) we 
have 



at-4 (0 = 7r at B 



(0 = 71 



a (a = 

ma -J 



therefore length of ray at A = 2nb + « j. i 

£=2nV(& f -a*); 

C=2nb- d 



2na — b* 
therefore branch AB = 2nt> + z 1 — 2n V( ^ - a 1 ) J 

BC=2nb-J^.-2nJ{b*--a*). 

2na-b TV ' 

When there are asymptotes, it will be sufficient to con- 
sider the length of the parts within the reflector, (fig. 4) ; 
and here it is well to observe that, as th$ Caustic cuts the 
reflector when 

tan0 = (2n-l) tana, 

has an asymptote when 

tand = 2n tana, 
and again cuts the reflector when 

tan0 = (2n + 1) tana, 

and there being a cusp when = £ir; the whole of the 
first asymptotic branch and the other up to the outer cusp 
are produced by rays to the right. 

From the expression for the length of the ray, 

2na* 



L at A = 2rib 
L at B = 2nb + 



2na - b y 
2na* 



2na + i' 

L at C the third cusp — 2n V(i* - <**)• 
At the intersections 

tan0 = (2n±l) tana; 
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4.v ~r r « r 2wa coft tana 

therefore. Zi = 2nb cosa — 

' Ttana 

= 2nb cosa ± 2na cos 0. 
But from (15) 

008 *= r-7 — m "d cos'a= - , v <XL , ' : 
4n(n±l)a* 4n(n±l)6" 7 

therefore, L at Intersections 

= 2V{»(«±l)}V(6*-a*), 
that is, 

£ at E= 2 V{« (n - 1)} J(V - a"), 

i) = 2V(»(»+l)j •J{b*-a t ). 

Hence for the parts of the caustic within the reflector, 

JS— »V{»(»-1)} ^ , -« , ) + 2«J-2^j, 

5 round to 0=2wJ + -^^ i -2»V(J , -o*j, 
2na + i >v " 

and CZ) = 2 V{» (»» + 1)} V(P - o*) - 2« V(& § - a 1 ) 

= 2V(i 1 -a»)[V{«(n+l)}-n]. 

Having applied the formula for the length to the two 
forms when the light is within, we hare for the form when 
the light is without (fig. 6), 

length of ray at A = - — -—jr — 2nb 9 

B=2rib + - =; 

2na + b 7 

therefore length of semicaustic = 4nJ — r-sni — t» ; which, 

when the light is infinitely distant = b. 

If C be the point where the curve and reflector touch ; 
the part from 



C\oB=-J{a*-b^+2nb+^-* r .. 
v ' 2wa + 6 



T2 
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The first part is imaginary, and they approach to an 
equality as a increases. 

The farm of the Caustic, at the Cusps in the Axis. 
At the first, a = 0| , at the second, a= 0) ; 

therefore, ^1 = 0, C = 0, sinP= 0, and cosP= ± 1 ; 

the upper sign belonging to the first cusp. 

Referring to the table of values at the beginning; we 
have, at the cusps, 

x-±B\ 

y= or 

dx 

dp =0 \ 

dp VJ 

d*x n 
dP = ±D ) 

dP* V) 
From (9), ^ = - D cosP+ C sinP- D cosP= T 2D. 

Hence, if p be the increment of P from either cusp, to 
the point (Z, Y), 

X~x±Dtf\ 

or, transferring the origin to the cusps, 
X* 9 _ 

To find Dj it is only necessary to differentiate sin 2 in 
the expression for the value of (7; let (7= IT sin 20; 

therefore Z) = ^=2iTcos20 Jp= 2 ^|p> 

and dP=2nda-d0 = 2n^^ dd-dd: 

cosa ' 
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., - dd I cosa b 

therefore -tt* = 



dP 2na cosd - b co&a ±2na — b* 

md K - k»l~-by lH , -iK+»fe*»-»)1i 

are the equations at the first and second cusps in the axis. 

For parallel rays, -p = T ^ (- 1) w » , 
and the forms are alike, but in opposite directions. 

The form at the Outer Cusp. 

If (fig. 1) CD be the direction of the cusp, transform 
the coordinates into others (X, Y) parallel and perpendicular 
to CD, and let AOD = #; 

therefore X=x sin(?-y cos<?) 

Y=x co*Q+y sinQ) ' 
but x = A sinP+ B cosP) fr . . # 

y = 4cosP-PsinPJ ° mU; 
therefore X= — A cosP + P sinP ) 

Z= ^sinP + PcosPj ' 

by making P = P+ (?, and therefore -^ = 1 ; 

therefore ?£=> - B coaB + A anS + ^painB + BcoaB 



= { A + Jp) B]nS ' 



-37^= B sinP -h -4 cosP + -^ cosP — P sinP 



= M+ to) cosP; 



or, ^ = (7sinP| 

^Ccosp) 



Digitized by LjOOQ 1C 



318 On then* Caustic^ by Beflexwnjrom a Circle. 

At the cusp, 
= \ir\ and.\^ = -(-l)*isma«-(-l) w a, JB = 0, C=Q) 
P+ Q= (2n-l)iw; and .-. 8inJB = - (-1)* and co&B = ) ' 
therefore (-*)=<>, (F) = a, 

(S) and (S) =o » 

" '}• 



2pi«=2>sinJB+Oco8-B 

-jp**=D cos2J — G mxR 
therefor* (*£) — (_ i)M>, 



UfH 



-3^ = -== cos.fi- Dsin.fi — D sin.B— (7 cos.fi; 

therefore (^) = - 2Z> sin.fi = 2i> (- 1)", 

and *— (-1)'1>£, 

F-o + 2(-l)-2)^; 
or, measuring from the cusp, 

therefore ^«-(-i)\d|; 

and, as before, D = 2JT cos20 -77,= - ZKjpi 

and a =-7-777, = t — - and -^=- 1, 

sm20 6 cos a rfP ' 

, X 8 27 na f 27 na» 

whence, ^ - - 6^-4 W^V 

The forms at all the three cusps are therefore semicubical 
parabolas. 
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The outer cusp being in the middle of the n* reflected 
ray, the distances between those of successive caustics are 
all equal j and those produced from each half of the reflector 
are pointed in the same circular direction. In fig. 3, where 
the reflector is of very great radius, they are nearly half 
a circumference apart. 

The Area of the n* Caustic. 

The area = b sin a \dL where L = length of caustic, for 
b sin a is the perpendicular on the tangent, and 

r _ . 2na*cos*0 
L -2nJcosa- - 5 — r ; 

2na cos — 6 cos or 

therefore 

2 area =/a sin BdL, 

= a sin 9L — a/L cos0<70, 

cosW0 



2nacos0 — Jcosa' 
cos f 



=» a sin 02/ — 2«aft Icosa cos OdO + 2na" I- 

NOW tr -7* f 

2nacos0-6cosa 

cos?0 (2wa cos 4 & cos a) cos"© (2na cos + J cos a) 
~ ^Vcos'fl-fc'cos'a " (4n , -l)a»(c/ , -tiii , «) 

- pray? {-«+(»-')+ («"-»?i»} 

, ftcosacosl (-/.-% 1 ) 
therefore 2 area = a sin 0L — 2nab /cos a cos OdO 



+ 4n' 



£Lfl-*» + p -„+£$}« 



Orffc 



2nab (( % c"-l \ 
+ 7-1 — 7 l-i — rr fl cosacos 

The several integrals which may be necessary, are 



/■ 



. sin20 

8in B 0a0«r — 



2 4 
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ba . sin cos a 



fcoBecosade^fdBine^^l -J sin*0) - ^ + ! 



2 



/^-^-"■pfM. 



or . t //i,^ lo « 



ccos0 + V(l-c*)sinfl 



or 



f »,- J -tan-j^JlDtanoi 
Jif + mfe cV(^+l) 1 c j 

fcosOcosgrfe _ oa Jtff-b*) . t { J(aV-b*) tana) 
J c»-sin»0 "T" 6c ** j ^ }' 

6 + jo log l v^-sVe) J* 

fcoa0costtc70 _ Vft' + aV) -! ( V(6* 4- oV) tana ) aa 
J c" + sin'0 6c tan j ac j 6 " 

Co*e (1). When the luminous point is outside, or a>6, 
and therefore c> 1. 

The limits of integration are from = 0) (0=0 

a = 7r} to |a = 

therefore J cos a cos dO = - — , / sin*0d0 = 0, / ._ . <fl « 0, 

, fcos0cosarf0 9ra , 7T V(oV — J*) 

and I— s — ^ttt- — r + — ^ £ i 

J c — sm"0 6 6c * 

therefore 2 area 

Mj _ 2no6 f t^ tt*,, ,. ir(c»-l) </UM-V) } 

a*-6 f ^ 

a v- y = 4 4^)' 

4n — 1 > 
therefore 2 area 



>'(2n , -l) 27m(q'-6') 47m 11 (J - 6') 1 

n'-l + (4n*-l) a ~ (4n s '-l)V(4nV-6 1 ) ' 



' 4n 5 

i whole area of w* caustic, 
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Cor. If a be infinite, then 

(«'-&')'« _*( V 3b*\ 

V(4nV-ft") " 2n V 8wV 2aV ' 

whence 2-4== — 7-=- irb* 

4n 

is the area when the rays are parallel. 

When the light is a point in the reflector, 

= w— a, and cos0= — cosa; 

therefore X =3 *** - ' cosa 

2n-fl 

and whole area or 

2-4 = |Jsinad2i = JsinaX j- ~— fcos'adbc. 

J 2n+l J J 

4n (n + 1 ) J* /a sin 2a\ - jr 

as i — I — £ — (--I J froma = — toa = 0, 

2n + l \2 4 ) lL%,UL " 2 » 

_ n(n+l)*y 
2n + l ' 

The caustic changes by a flash as the luminous point 
comes on the reflector from without, and changes by another 
flash as it leaves the reflector towards the centre ; for in the 
former case, it loses one of its cusps suddenly ; and in the 
latter, the asymptotic branches spring into existence. 

Case (2). If the luminous point be within, and 2na<b; 
that is. when the light is near the centre before the curve has 
broke mto asymptotic branches, 

i» 4n , /z 51 

then 7—5 — r-r— 5 is positive ; let it = c,*, and putting — c* 

for C* in the differential expression for the area, and observing 

= 7T> We 



= o} ^ 



that the limits of integration are from a = 0) 
easily find that the whole area of the caustic 

nWir (3 y-4wV (y-q')j ) 

7=1 (2 + (4» i -l)^ (4n ,, -l)aV(i'-4nV)J » 

Example to Case (1). Let a«2& and n«2 as in fig. 6. 



4«V~ 

471* 

4w'< 
4n* 
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The area - irb* j£| - 1 ^ > * i H - 1*899, the reflector being 

the unit. 

A rough measurement gave 1.915, by clipping and weigh- 
ing the fragments. 

The several caustics before they have asymptotes are so 
nearly similar as to be undistinguishable ; as for instance the 

second when a = — , and the twelfth when a ss — - . After 

losing the asymptotes, the resemblance is great, but more 
like that between butterflies with two, and 2n wings. 

The Equation. 

By eliminating from the equation to the tangent, we 
find 

(x sin2na+y cos2na) s/[a* — b* sin* a) 

+ (y sin2na — x eos2na) b sina = - (— l)*ab sina, 

and, by adding together the squares of (13), 

(#■+/- b % sin*a).{2n V(a f -F Bin'a) - b cosa}* 

= V cos* a (a* — b % sin* a). 

Also 2 cos2na= (2 cos* a)" - 2n (2 cos 1 a)"" 1 +..., 

sin2na = cosa(2n sina-h... to sin**"^), 

and, by removing the radical and finding the value of sin2noc 
and squaring it, in order to remove cos a ; the first equation 
will, it sin* a = s, be of the form 

Az« H * + Bz™+...= 0, 

Cz A + Dz* +...= 0, 

being that of the second; and, as z can be eliminated, the 
resulting equation will contain only A, 2?, (7, 2>... and these 
quantities being rational functions of x and y, the caustics 
are all algebraical. 

Note. The width of the visible part of any caustic farmed 
by the ring referred to, its diameter being the unit } is equal to 

IT 

sin— from (20)/ so that the nature of any visible caustic is 

known by inspection. 

Any tangent parallel to x, to any of these caustics, except the 
frst 7 is also a tangent to all its multiple caustics (18). 
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ON THE INTEGRATING FACTOR OF Pdx + Qdy + Rdz. 
By Professor De Mohgan. 

TN the following paper, such a symbol as A x means the 
partial differential coefficient of A with respect to a; as 

therein explicitly contained. 

The formula Pdx + Qdy + Rdz not being integrable per se } 

and e* being the factor which renders it integrable, we know 

that M must satisfy each of the equations 

BM^QM t +£^Q^0\ (l), 

PM % -RM S ±P % -A = Oj 

the coexistence of which, that is, of the third simultaneously 
with the other two, is necessary or impossible, according as 
the following equation is or is not identically true ; 

P{B,-Q> + Q{P-BJ+B(Q m -PJ-0 (2). 

This well known equation was, I think, tacitly admitted to 
be sufficient as well as necessary, in all or most writings on 
the differential calculus. Cauchy (Moigno II. 492) has cor- 
rected this error of assumption. By actually going through 
the forms of integration of Pdx+ Qdy + Mdz = 0, he firms 
that nothing stands in the way of reducing this to an equa- 
tion of two variables, if equation (2) be identically true. 
But this is not explicitly the whole of what we want. The 
following brief statement relative to the criterion of two 
differential equations having a common solution will, I think, 
supply the defect. 

As to equations of two variables there is little to say. 
When have y' = <f>(X) y) and y' = *ty (x 9 y) a common parti- 
cular primitive? When ^*+^ l ,^= ! V%+ ^V^ is either an 
identical equation, or possesses a solution m common with 
<f> = ^r. I might say the latter only, because it includes the 
former: but we are not much accustomed, when we think 
of an identical equation, to remember that it has common 
solutions with every equation of condition. When have 
y" — <£ (a?, y , y) and y" = ^r (x. y, y') a common particular 
primitive of the first order? When 
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is either identical, or has a common algebraical solution with 
<f> = ^r. And so on. 

Let AM x + BM y + CM u + Z> = and A'M X + &c = be two 
partial differential equations, having -4, -4' &c, and M each 
a function of x, y, and «, and a common value of M. Since 
the solution M satisfies these identically, we have, by partial 
differentiation, six equations commencing with the terms 
AM^ AM AM K , AM„, A'M^ A'M m . If we multiplv 
these severally by —A' — 2?', — 0\ J, 2?, (7, and add, all 
the terms of the second order of differentiation disappear, 
and we have a third equation (linear) between M x , M vJ M M . 
Determine these last from the three equations, say they give 
M = U. M =F, M = W: then U = V, V = W, W =U 
are the necessary and sufficient conditions of a common solu- 
tion : and the common solution is /( Udx 4- Vdy + Wdz). But 
when U } V, W take the form $, it indicates an arbitrary 
function in the common solution. 

To take the case with which this paper is especially con- 
cerned, let the two equations be 

BM,-QM M + A = 0, PM t -BM x +B=0. ...(3). 

Take the results of differentiation commencing with BM^ 
PM. BM^ PM m : multiply by P, <?, -2?, -22, and add, 
which gives 

(BB^QB t )M x ^(BB^PB M )M y ^QP^PQ^BP^BQ x )M m 
+ PA t +QB M -B(A x + B w ) = (4). 

From (3) and (4) determine the values of M x , if, M t , and 
we have as follows. Take G from PA + QB+BC=6 } and 
let A be the expression in (2) : then 

AM = P{A x + B t +C) + B{Q,-P v )-C{P t -R x )} 
Mf,= Q(A x + B l +C,)+C(R ll -QJ-A(Q x -P 1l )-...(5), 
AM % = B{A x + B y + C)+A{P,-B x )-B{B w -<tt) 

whence, in general, the common solution, if it exist, can be 
obtained : and by symmetry we see that if equations (3) have 
a common solution, then QM — PM + C- has it also. 

When A = B y - Q a B=P t -B x , C=Q X -P w , the criteria 
are satisfied, but M cannot be found, since the equations (5) 
are identical. The single equation (2) is then a sufficient 
criterion of the existence of an integrating factor. We 
might have predicted this failure of (5) before hand: for 
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we know that the complete Integrating factor contains an 
arbitrary function. 

The direct mode of finding the integrating factor is as 
follows: and it illustrates a point which all investigations 
connected with integrating factors seem to end in, but not 
directly and explicitly; namely, that the determination of 
an integrating factor is, not the preliminary of an integra- 
tion, but the integration itself. 

The condition (2) being satisfied, the equations (1) give 

Among the solutions of this we are to look for the factor. 
That is, let a = V(x, y, s), b = W(x 7 y, z) be the primitives of 

dxidyidz:: R w -Q n : P M -R x : Q s -P v (7) ; 

then the solution of (6) is M=f(V 1 W\f being any function 
whatever. What forms of f will satisfy two of the equations 
(1) ? Substitute for M in the first of these equations, giving 

QifrV.+frWJ- P(/rF,4/r*;) + <?,-P v =0. 

Substitute also in the second of (1). Between the two 
equations thus obtained, and V= V(x, y, s), TF= W(x, y, z) 
eliminate a?, y, z\ there results an equation between V, w\ 
fvi fwi the solution of which gives f[V y W) in terms of V 
and W. This solution contains an arbitrary function of the 
integral itself. For if s M Pdx + &c. be dF } then b m ^F is the 
most general integrating factor of Pdx + &c, ty being any 
function whatever. Should we only be able to find a par- 
ticular solution of the equation between V 7 W, fr 7 fwi we 
must use it as a factor in subsequent integration, as at first 
contemplated. But if we obtain the complete solution, we 
see the integral at once, in some form of tyF. 
For example take 

y z (x -h 1 ) dx + zx (y + 1 ) dy + xy (z + 1 ) dz. 

The criterion (2) is satisfied. The equation (6) is 

x[z-y) M x + y [x- z) M y + z (y -x) Jf $ = 0. 

The equations (7) give V=x + y + z, W=xyz. Substitution 
in the first of (1), of M=f( F, W\ gives, as it happens, the 
elimination of x, y, z, and produces fr— Wf^^l. The in- 
tegral of this is 

f=V+ + (V+\ogW), 

and the integral itself is t r *^^ or t^^.xyz. 
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It is not worth while to detail the method for any number 
of variables : but the following sketch of its leading points 
may have some interest: 



A 


B 


a 


D 


E 


F 


3 


9 


3 


1 





2 


4 


16 


6 


4 


1 


3 


5 


25 


10 


10 


4 


4 


6 


36 


15 


20 


10 


5 


7 


49 


21 


35 


20 


6 


&c. 


&c. 


&c. 


&c. 


&c. 


&c. 



Column A shows the number of independent variables in 
Pdx 4- &c. Column B shows the number of known functions 
P , P y , Q x% &c. Column C shows the number of equations 
of the form in (1). Column D shows the apparent number 
of criteria of the form (2) which must be satisfied : while E 
shews the number of these criteria which may be disregarded, 
as deducible from the rest ; and F 7 being V — (D — E) is the 
number of the equations (1) which must be jointly satisfied by 
the final process, all the rest being simultaneously satisfied, if 
the criteria be satisfied. 

If Ada + Bdb + Cdc be three of the terms, whether con- 
secutive or not, in P<£r + &c. and if (AB)~ X (A h — B\ be 
abbreviated into (ah), the criterion of the form (2) resulting 
from the entrance or a, J, c. is (ah) + (be) + (ca) = 0, which 
may be written (abc) = 0. By the help of the fundamental 
equation (ab) + (ba) = 0, it may easily be proved that, taking 
any four variables a, 6, c, e, any one of the four criteria 
{abc) = 0, ( bee) = 0, (cea) = 0, (eab) = 0, is implicitly contained 
in the other three. Hence, there being as many criteria 
immediately presented as there are triads of variables, the 
determination of column E is contained in the solution of 
the following question : — Given n letters, required the greatest 
number of triads which can be taken, under the condition 
that one triad out of every quaternion shall be missing. The 
answer is £(n-l)(n — 2), which is D — E. This is easily 
proved by successive induction. 
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THEOREMS ON POLAR CONICS WITH RESPECT 
TO CURVES OF THE THIRD CLASS. 

By the Rer. T. St. Lawrence Smith, B.A. 

a curve of the third class may be of the third, fourth, or 

sixth degree ; if of the third degree it has one point of 
inflexion and one cusp, if of the fourth, one double tangent 
and three cusps, if of the sixth, nine cusps — of which six 
must be imaginary. < 

Every line has, with respect to such a curve given by 
its tangential equation, a pole and a polar conic ; the ordinary 
theorems about polar comes of points with respect to curves 
of the third degree give easily, when their equations are 
interpreted as tangential ones, an equal number of theorems 
about the polar conies of lines with respect to curves of the 
third class, of which theorems the following are a few. (See 
Salmon's Higher Plane Curves, t>. 284.) 

The envelope of all lines whose poles lie on a given line 
is the polar conic of that line ; therefore 

Alt lines having their poles at infinity touch the polar conic 
of the line at infinity ', i.e. the central conic, or since the first 
tneorem may be thus stated : 

If a polar conic touch a fixed line, its polar line passes 
through the pole of that fixed line. 

"We have as a particular case, 

The polar lines of all polar parabolas intersect in ike centre 
of the curve. 

Since the pole of a line with respect to the curve must 
be likewise its pole with respect to the polar conic of the line, 
it follows that 

The centre of the curve is also the centre of the central 
conic. 

If the central conic be a hyperbola, its asymptotes are 
therefore lines whose poles are at infinity, and whose polar 
conies are parabolas, hence they must eacn be diameters of 
their own polar parabolas. 

If the curve have a double tangent every polar conic 
touches it; therefore, 

If the curve have a double tangent at infinity, every polar 
conic is a parabola. 

In this case the centre becomes indeterminate, and the 
central conic breaks up into the two points in which the line 
at infinity touches the curve. 
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If the curve have a point of inflexion, every polar conic 
touches the tangent at the point of inflexion. 

Hence, 

If the curve have a point of inflexion at infinity, no line 
with respect to it can have a polar ellipse or parabola, unless 
the tangent be also at infinity, in which case every polar conic 
wUl be a parabola whose diameters will be parallel to a fixed 
line. 

The locus of the poles of all lines passing through a point 
is a conic, which may be called the polar conic of that point, 
it is likewise the envelope of the polar lines of all the polar 
conies passing through the point. 

The polar conic of a point is also the envelope of the polar 
lines of that point with regard to the polar comes of all lines 
passing through the point. 

One of the most interesting cases (and the simplest case) of 
curves of the third class, is when they are of the third degree 
likewise, that is when they have a point of inflexion and a 
cusp. 

Such a curve may be represented by the same equation 
in both tangential and trilinear coordinates, 

a*/3-fc/ = 0* 

In tangential coordinates, 

/8 = 0, the point B, is the cusp, 

/3 = o, 7 = 0, the line BC, its tangent, 

a = 0, the point A, the point of inflexion, 

a = 0, 7 = 0, the line AC, its tangent. 

In trilinear coordinates, (fig. 7) 

a = 0, 7 = 0, the point B, is the cusp, 

a = 0, the line BC, its tangent, 

/3 = 0, 7 = 0, the point A, the point of inflexion, 

j3 = 0, the line A C, its tangent. 

We shall call for distinctness, the polar conic of any line 
or point, with reference to tangential coordinates, the tan- 

• When the same curve is expressed in both trilinear and tangential 
coordinates by the same equation 

a f /3 - * 7 » = 0, 

k will almost always be a different quantity in each system. 
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Sential polar conic; with reference to trilinear coordinates, 
le trilinear polar conic : polar lines and points, with respect 
to the two systems, we shall also distinguish similarly. 

The equation of the tangential pole of any line (a , fi^ 7') is 

2a'j8a+a' 9 j8-3£7 ,s, y = 0. 

If the line be at infinity its equations are 

a = £ = 7, 

and therefore its pole or the centre of the curve is given 
by the equation 

2a + £-3fcy = 0. 

This point is easily found, 

Cut BA in E so that BE=2EA, join the points C and 
2?, and cut the joining line in Z>, so that ED : BC= — k* } 
the point B is the centre of the curve. 

If ft be positive and less than unity, B lies on the side 
of AB remote from G\ if positive and greater than unity. 
C is between E and B ; if negative, B lies between E ana 
C) ifk=ljB is at infinity. 

The two trilinear centres of the curve (which having a 
cusp has but two exclusive of the cusp itself) lie on the 
same line EG } and with the points E and C cut that line 
harmonically. 

The equation 

2a'£'a + a' 2 £- 3W = 

now represents the trilinear polar of the point (a', £',7% the 
the trilinear poles of the line! 



la + m/3 -f ny = 




are consequently given by the equations 




2a£_a 2 _ 8ft/ # 




I m n 9 




if the line be that at infinity, 




I : m : n = sin-4 : sinl? : sin (7, 




and therefore 




2a/3 a 8 j_ 3*7* 
sin-4 ~~ sinl? ~ sinC * 




equivalent to 

2/3 sin-B=a sin-4, 




VOL. II. 


z 
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the line CE. and 

2 2 

.— R + 3^-^ = 
sin i* sin C 

two lines, real or imaginary, of the form 

and therefore forming with the lines a =1), ft = a harmonic 
pencil. 

It can be easily seen that the other tangential polar of 
the centre D is the line joining the middle points of the 
sides BC and AC of the triangle BCA. 

The following table, which can be easily understood, gives 
one or two of the most obvious properties of the polar cbnica 
of a point and a line in both systems, and shows that the 
tangential and trilinear polar conic of the same point, or the 
same line, can never coincide. 

TRILINEAR COORDINATES, TANGENTIAL COORDINATES, 

POINT. («', ft, y) LINE. 

POLAR CONIC. 

a(2flt'/8 + /3 l a)-3foyV*0. 



Touches BC (tangent to 
cusp) at B the cusp. 



Touches A C (stationary 
tangent) at A (point of in- 
flexion). 



line. la + m/8 +- ny = 0. point. 

POLAR CONIC. 
Skmy (m/3 - 2la) + nV = 0. 



Passes through C (inter- 
section of stationary tangent 
with tangent to cusp). 

Touches line AB (line 
joining cusp and point of in- 
flexion) at B (cusp). 



Touches AB (line joining 
cusp and point of inflexion). 



Touches AC (stationary 
tangent) at C (intersection of 
stationary tangent and tan- 
gent to cusp). 
Precisely as in the case of trilinear polar conies, it can 
be shown that the tangential polar conic of a point, with 
respect to any curve of the third class ? will be a hyperbola, 
when real tangents can be drawn from it to the central conic, 
and that when the point lies on the central conic itself, its 
tangential polar conic wilf be a parabola. 

The condition that the tangential polar conic of a line 
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should be a hyperbola is, that when the coordinates of the 
line have been substituted in 

A ?lE 7i-d*U_ r ^ d*U 
a*? 1 *~dxdy> ^~dtfdz' 

n _*U v_d*U j?_<W 
dzdx* dydz' dz* ' 

the functions 

A + 2J9+ (7+ 22) + 2JS7-+- F, 
and 

AE*+CB t + FB*-ACF-2BDE, 

should have the same sign ; if they have different signs the 
conic will be an ellipse, if 

AE> + CB> + FB* - A CF- 2BDE= 0, 

it will break up into two points, if 

A + 25+ (7+ 2D + 2E+ F= 0, 

(i.e. if the line pass through the centre) it will be a parabola. 
(See Salmon's iligher Plane Curves, p. 8.) 

I have not been able to find a geometrical interpretation 
of this condition in the general case of any curve of the third 
class, but for the curve 1 have been hitherto principally con- 
sidering, of the third class and third degree, such an inter- 
pretation is easy. 

Taking, as before, the points A 1 2?, (7, 

a = 0, = 0, 7 = 0, 

as the points of reference, the equation of the curve being 

P = a*0-yfc7 8 = O, 
we have 

d/3* ' ayda ' 

F= —=-<iky, 5=^g-2«, 

therefore 

A + 2B+C+2D + 2E+F=2(/3 + 2<x-Zlcy) 1 

AE t + Cl? + FB 2 -ACF-2BI>E=-2ticya% 

Z2 



Digitized by LjOOQ 1C 



332 Polar Conies with respect to Curves of the Third Class. 

the condition that the conic should be a hyperbola, therefore 
is that 

2a + £-3#y and ky 

should have different signs. 

^ ow — q7i — V\~ k *^ e perpendicular on the polar line 

from the centre, and y the perpendicular on the same line 
from (7. 

The different cases must be distinguished according as k 
is negative, positive and less than unity, or positive and 
greater than unity.* 

k < 0. The centre D lies between C and K 

The perpendicular from the centre has the same sign as 
2a + £ — 3foy, but the perpendicular from C has a different 
sign from ky ; in order that the conic should be a hyperbola, 
these perpendiculars should have different signs, the line 
must therefore not cut CE between C and D. 

k > < 1. E lies between C and 2>. 

Both perpendiculars have the same signs as 2a + £- 3&y 
and ky respectively, they must therefore have different signs 
from each other, tne line must therefore cut CD between 
C and D. 

k>\. C lies between D and E. 

The perpendicular from D has a different sign from 
2a -f /8 - Sky. while the perpendicular from C has the same 
sign as £7, the perpendiculars must therefore have the same 
sign, i.e. the line must not cut DE between D and C. 

All these cases are included in the following statement: 
A point moving from D to C in such a direction as to reach 
E before C, passes over all that part of the right line DC, 
which every right line must cut whose tangential polar conic 
is a hyperbola. 

In the value of 

AE* + GIT + FB % - A CF- 2BDE, 

• I have accidently omitted the case of * = 1, the perpendicular from 
the centre D being then infinite cannot be compared in sign with the 
perpendicular from C\ but the geometric condition requisite that the 
conic should be a hyperbola may be easily ascertained thus, the analytic 
condition is, that 

2a + fi - 37 and 7 

should have different signs. 2a + p is three times the perpendicular 
from E t which call «, therefore 3 (« - 7) and consequently « - 7 must 
have a different sign from 7, which will happen when the polar line 
cuts CE on the same side of C on which E lies, and therefore this 
case also comes under the general statement. 
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we suppressed the factor a* as it is always positive for real 
values, and it was the sign only that we were concerned 
with; but, if the line pass through A, then for such line 
a = and the polar conic will be found to be always two 
points on the line AC. 

If the line pass through (7, its polar conic breaks up into 
the point J, and some other point on BA ; if the line be CD 
itself, this other point goes off to infinity on the line BA. 

If the line pass through D its polar conic is a parabola, 
excepting, of course, the lines CD and AD ; the polar conic 
of the latter of these lines is the middle point of CA 7 and 
the point at infinity on the same line. 

Cxossmaylen, 9th March, 1858. 



ON RODRIGUES' METHOD FOR THE ATTRACTION 
OF ELLIPSOIDS. 

By A. Cayley, 

rpHE following is in substance the method given in the 
"Memeire sur 1' attraction des Spheroldes," par M. 
Roclrigues, Corresp. sur V Ecole Polyt., t. ill. pp. 361—385 
(1815). It will be seen that the method is very similar 
to that riven two years before by Gauss, see my paper u On 
Gauss' Method for the Attraction of Ellipsoias, Journal, 
t. I. pp. 162—166: the solution in fact depends upon the 
geometrical theorem therein quoted, viz. if if be any point, 
P a point of a closed surface, PQ the normal (lying outside 
the surface) at the point P, dS the element of the surface 
at that point, and if M Q denotes the angle MPQ and MP 
the distance of the points M and P, then, theorem, the 



integral 



has for its value 



// 



m dS cobMQ 



MP* 



0, - 2ir or — 47T 



according as M is exterior to, upon, or interior to the surface. 
Suppose that M is the attracted point and taking A^ P, G 
for the semiaxes of the surface of the attracting ellipsoid, or. 
if we please, for any semiaxes of an arbitrary ellipsoidal 
surface confocal with the surface of the attracting ellipsoid} 
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let P be a point on the surface of the interior similar ellip- 
soid whose semiaxes are rA, rB, r'C. The coordinates of 
M are taken to be a, 5, c, and those of P are taken to be 
a;, y, £, and the value of the potential is 



r __ [dm 



where dwi is the element of mass. 
We may write 

x = rAg , 

y = rBr), 

and then f , 17, ? will be the coordinates of a point F on the 
surface of a sphere radius unity corresponding in a definite 
manner to the point P on the surface of the internal similar 
ellipsoid. Ana if da be the element of the spherical surface, 
then we have 

dm = ABCr^drdo; 
and therefore 

V _ fr*drd* 

where, in order to obtain the value of the potential V for 
the ellipsoid whose semiaxes are A, B } C, the integrations 
must be extended over the spherical surface and from r = 
to r = l. 

Suppose that dS is the element of the internal similar 
surface at P, and let p be the perpendicular from the centre 
upon the tangent plane at P, we have 

P 
Let P be the point on the ellipsoid (A, jB, C) similarly 
situated to the point P on the ellipsoid (rA } rB, rC)) the 
coordinates of P are A% , Br), C£; and if p be the perpen- 
dicular from the centre upon the tangent plane at P , then 
P = TPo-i ana * * ae preceding equation becomes 

Po 

Imagine now an ellipsoidal surface confocal with the 
surface (A, B, C) and having for its semiaxes 

A + 8A, B+8B, C+8<7, 
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and let P ' be the point on this surface which corresponds 
with the point P on the surface (-4, P, C) ; that is, let P ' 
be the point whose coordinates are 

{A + 6A)f, (P+SP)*?, (0+80) f; 
and let P be in like manner the point whose coordinates are 

r(A + 8A)^ r{B+BB) v , r(C+8C)?; 

the points P, P' will be in like manner corresponding points 
on the surface (rA. rP, rC) and on the confocal surface 
{r (A + 8A), r{B+8B) y r(C+8C)}] and if the normal dis- 
tance at the point P of the first two surfaces is 8N } then 
the normal distance at the point P of the second two surfaces 
will be r8N. The decrement of MP will be equal to the 
normal distance rSN of the two surfaces at the point P 
multiplied into the cosine of the angle MQ, and we have, by 
a property of confocal surfaces, 

ASA = PSP= C8C=j) 8N= (suppose) £80, 

we have therefore 

8MP=-^cosMQ. 

Hence from the equation 

V __ [r*drd<r 
ABO" J MP * 
We deduce 

ABC J p MF> 

But we have 

t>d* dS 



A ABC 
And the equation thus becomes 

6 ABC" ABC ]■ MP* ' 

It may be proper to remark here by way of recapitulation 
that the course of the investigation has been as follows: 
viz. that with a view to obtaining the potential V of an 

attracting ellipsoid we have found the increment of vp/^ in 

passing from the ellipsoidal surface (A, P, C) to the ellip- 
soidal surface (A-\-8A } B+8B, O+oO), each of them con- 
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focal with the surface of the attracting ellipsoid; and that 
for finding such increment we have had to consider the two 
surfaces {rA, rB, rC) and MA + SA)y r(B+ SB), r{C+ hC)} 
confocal to each other and respectively similar to the first 
mentioned two surfaces. 

Resuming the formula just obtained, the integral with 
respect to dS, is taken over the entire surface of the in- 
ternal similar ellipsoid (rA y rB^ rC\ and if the attracted 
point M is external to the elhpsoia (Ay J9, C) it will be 
external to the interior similar ellipsoid (r-4, rB } rC) : hence 
in this case the double integral vanishes for all values of r, 
or we have 

that is the function V+ABC which represents the ratio of 
the potential to the mass, is not altered in passing from the 
ellipsoid (Ay By C) to the confocal ellipsoid 

{A + 8A, B+8B, C+SC), 

or, what is the same thing, the potentials (and therefore the 
attractions) of confocal ellipsoids upon the same external point 
are proportional to their masses; this is in fact Maclaurin's 
theorem for the attraction of ellipsoids upon an external point. 
But if the attracted point M is interior to the ellipsoid 
(A y B } G) then writing 

**.*- + £--" 

where r' is less than unity, the double integral is from 
r = to r = r' and — Air from r = r to r=l, and we have 

„ V 2tt80 



ABC" ABC 
ir80 



frdr 



irS$ 



U* + E 1 + C* ) ' 



ABC 

that is, the right-hand side of the equation is the increment 
(or taken with its sign' reversed so as to be positive, it is 
the decrement) of the function V--ABC in passing from 
the ellipsoid (A, JB, C) to the confocal ellipsoid 

(A + 8A, B+8B, C+8C), 

where $S6 = A8A = B8B = C8 C. 
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The preceding formula gives at once the potential for 
an interior point, in fact taking a, /3, 7 for the semiaxes of 
the ellipsoid and writing 

A* = o? + 6, B'^F + d, C" = t» + 0, 

and using the ordinary symbol d instead of 8, we have 

d_ V 

dd -JW + Viff + Ojtf + e)} 

, * f «' , g , c ' J 

V{(a*+0)O8 > +0)( 7 ''+0)} !«■+* + £"+0 + 7>+0 *} » 

and integrating from — to 5 = 00 , we have 

a/3y~™}^{(a t +0)(F+6)tf+e)}\a?+0 + /3'+e + >f+O *} * 

where V is now the potential for the ellipsoid whose semi- 
axes are a, j8, 7 ; and we have therefore 

To find the potential for an external point it is only 
necessary to remark that by the theorem above demonstrated 
F-r a/3y is equal to the corresponding function for the con- 
focal ellipsoid through the attracted point, that is for the 
ellipsoid whose semiaxes are V(<**+ ^)? V(h + #,), */{'!* + x )j 
where X is a positive quantity such that 



a* V c a 

, + l + ^-K 4 V+0 1 



that is in the value of V+a/Sy we have only to write the 
above values in the place of a, £, 7 ; and if we then write 
0— t in the place of the limits will be 00 , 0,, and the 
expression for the potential is 

V —"*PV)^ V{(*+W+W+^} U+0+ F+0 + v>+0 * j> 
which completes the investigation. 
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NOTE ON THE THEORY OF ATTRACTION. 
By A. Caylet. 

TMAGINE a closed surface, the equation of which contains 

the two parameters m, A. Call this the surface (w, A), 
and suppose also that for shortness the shell of uniform 
density mcluded between the surfaces (to, A), (rc, A) is called 
the shell (to, n, A). Suppose now that the surface is such — 

1°. That the infinitesimal shell (to, to + dm, A) exerts no 
attraction upon an internal point. 

2°. That the equipotential surfaces of the shell in ques- 
tion for external points are the surfaces (to, Jc), where Jc is 
arbitrary. 

Then, first, the attraction of the shell on a point of the 
equipotential surface (to, Jc) is proportional to the normal 
thickness at that point of the shelj (to, to -f 8ni, Jc) or more 
precisely taking the density of the attracting shell as unity 
the attraction is = 4-tt x mass of shell (w, to + dm, A) into 
normal thickness of shell (to, to -f 8m, Jc) divided by mass of 
the last mentioned shell. 

In fact the shell (to, to + 8m, Jc) exerts no attraction on 
an internal point, consequently if over the surface (»i, h) we 
distribute the mass of trie original shell (wi, m + dm y h) in 
such manner that the density at any point is proportional to 
the normal thickness of the shell (m, m + S?», Jc) the distri- 
bution will be such that the attraction on an internal point 
may vanish; but in order that this may be the case, the 

density must be equal to — into the attraction upon that 

47T 

point of the shell (w, m + 8w, Jc). Hence the attraction is 

Sroportional to the normal thickness, and if the whole mass 
istributed over the surface (m, Jc) is precisely eojual to the 
mass of the shell (wi, m + <foi, A), then the density at any 
point must be equal to the mass into normal thickness divided 
ny mass of (w, m + 8m, 4), and attraction =47r into density 
= 4tt x mass of shell (wi, m + d?n y A) into normal thickness of 
shell (m, m + 8m, Jc) divided by mass of the last mentioned 
shell. 

And, secondly, the attractions of the solids bounded by 
the two surfaces (n, A), (w, A,) respectively upon the same 
exterior point are proportional to their masses. 

For the solid (w, A) may be divided into shells (to, m+dm. A) 
and for this shell the equipotential surface is (m, Jc) and the 
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attraction of th,e shell varies as mass of (tw, m + dm, A) into 
normal thickness of the shell (m, m -f hm, k\ But in like 
manner the solid (w,AJ may be divided into shells (m, m+dm, AJ 
and the attraction of the shell varies as mass of (w, m+dm, Aj 
into normal thickness of the shell (m, m 4 8m, k) and the 
attractions are in each case in the direction normal to the 
shell [m, A), and therefore in the same direction ; that is, the 
attraction of the shell \m, m + dm, h) is in the same direction 
as that of the shell (tw, m + dm, AJ and the two attractions 
are proportional to the masses. Hence integrating from 
m = (if for this value the included space is zero) to m = n, 
the attractions of the solids (n, A), (n, A,) are composed of 
elements proportional and parallel, the elements of the attrac- 
tion of (n, h) to the elements of tne attraction of (n, h } ) ; and 
consequently the total attractions are in the same direction 
and proportional to the masses. Thirdly, the attractions of 
the two surfaces upon the same interior point are equal. 

A surface having the properties in question is of course 
the ellipsoidal surface 

' ** y % * 

w(a 5l + A) 4 7n(6 a + A) + 7 W (c*+A) , 

where if m varies (h being constant) the several surfaces are 
similar to each other, but if h varies (m being constant) the 
several surfaces are confocal to each other: for it is in fact 
well known that the infinitesimal shell bounded by similar 
ellipsoidal surfaces has the properties assumed with respect 
to the shell (w, m + dm. A). The first theorem in effect 
reduces the problem of the determination of an ellipsoid upon 
an exterior point to a single integration, and constitutes the 
foundation of Poisson's method for the attraction of ellipsoids. 
The second theorem (Maclaurin's theorem for the attraction 
of ellipsoids on the same external point) shews that the 
attraction of an ellipsoid upon an external point can be found 
by means of the attraction of the confocal ellipsoid through 
the attracted point ; and by the third theorem the attraction 
of an ellipsoid upon an interior point is equal to that of the 
similar ellipsoid through the attracted point; hence the 
second and third theorems reduce the determination of the 
attraction of an ellipsoid upon an external or internal point 
to that of an ellipsoid upon a point on the surface. 

2, Stone Buildings, W.C., 
1th April, 1858. 
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ON THE CLASSIFICATION OF POLYGONS OF A. 
GIVEN NUMBER OF SIDES. 

By Professor Be Morgan. 

T ET any number be distributed into parts in the several 
compartments of what looks like a genealogical table. 
Thus (fig. 8) is one way of distributing 48. 

This is one type, as we shall see, of a 50-gon. This one 
type may be varied in form, without effective variation of 
meaning, by taking any one as the common ancestor, and 
proceeding through all the degrees of affinity, in the follow- 
ing way. Say that the first 3 on the right, in what is now 
the second descent, shall be made the source : then from this 
3 springs only 5 ; from 5 spring 5, 2, 1 ; from the last named 
5 spring 2, 3, 1 ; from 2 spring 3, 2 ; from 1 springs 2 ; and 
so on. 

And it is a condition that no number n is to have more 
than n -f 1 children, except the common ancestor, who may 
have tt + 2: that is, each component may have n + 2 others 
in the first degree of connexion. 

Every number n answers to a simple polygon of « + 2 
sides : that is, a polygon in which no side cuts another side. 
The simple polygon may be either convex, or with some 
angles re-entrant. The figure shews one variety of the 
polygon of 48 + 2 sides, constructed as follows. 

When two polygons have, not a common angle, but a 
common vertex with opposite angles, so that two contiguous 
sides of either are in two contiguous sides of the other pro- 
duced, let either be said to be surmounted by the otner. 
Every complex polygon, in which some sides cut others, 
can be constructed out of simple polygons, each of which 
is surmounted by others, so tnat no two connected poly- 
gons surmount each other at more than one angle. And 
every way of distributing n, after the preceding manner, 
shews one variety of the autotomic polygon of n + 2 sides. 
Thus, consulting the preceding table, we see that one variety 
of the 50-gon is formed by surmounting a 7-gon at four 
angles by a 7-gon, 4-gon, 5-gon, and 3-gon: the 7-gon 
being surmounted at three angles (not yet used) by a 4-gon, 
a 3-gon, and a 5-gon : and so on. 

To take more simple cases. A star-shaped pentagon 
is a re-entrant quadrilateral surmounted at the re-entrant 



Digitized by LjOOQ 1C 



On the Motion of a Body referred to Moving Axes. 341 

angle by a triangle of sufficient size. A star-shaped octa- 
gon is a rhombus surmounted at opposite angles by two 
re-entrant quadrilaterals: it is also a hexagon with two 
re-entrant angles, at each of which it is surmounted by a 
triangle. 

The varieties under each species depend upon the angles 
chosen, and the manner in which the sides cut one another. 
When it happens that one figure surmounts another at two 
or more angles, the polygon degenerates, losing two sides 
for each angle of. surmountance which is added to those of 
the specific type. Thus the star-shaped pentagon is a tri- 
angle surmounted by two triangles, each of which is sur- 
mounted by one more triangle, these last triangles also 
surmounting each other. But for this last occurrence we 
should have had a heptagon : as it is, we have a pentagon. 

I was led to what precedes some years ago in an attempt 
to classify what appeared the never-ending hexagons of 
Pascal's theorem. 



ON THE MOTION OF A BODY REFERRED TO 
MOVING AXES. 

By G. M. Slessbii, B.A., Queens' College. 

1, TN problems relating to the equilibrium of a rigid 

body, the solution is in general much simplified, 
by a particular choice of the coordinate axes, to which the 
position of the body and the points of application and direc- 
tion of the forces are referred. A similar simplification of 
problems in the motion of a body, cannot be immediately 
effected, because the axes which it would be most convenient 
to use as coordinate axes will in general themselves be move-* 
able, and the ordinary equations of motion which refer to 
fixed coordinate axes, will require to be replaced by others 
which apply to the case of moving axes. It is the object 
of this paper to investigate such equations of motion for a 
particle, and to give some useful transformations for deter- 
mining the motion of a rigid body by means of moveable 
axes. 

2. The position of a particle P is given by its coordinates 
a?, v, z referred to a system of rectangular axes meeting in 
a fixed point 0, and turning about it, so as alwavs to be 
parallel to a system of axes fixed in a body having com- 
ponent angular velocities a> l} ©„, <o 9 about those axes. 
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With centre describe a sphere of radius unity, and let 
the coordinate axes meet it in the points A, 2? 7 (7, and a fixed 
straight line through in the point L. 

Also let LLOA = a, L0B=/3, LOC=y. 

Then the projection of OP on OL is x cosa -fy cos£ + z CO87 ; 
therefore the velocity parallel to OL is 

-j (x cosa + y cos/3 + z cosy) 
d& . &y o , dz . c?a . ~d£ . rfy 

And when 0Z coincides with 0-4, or a = 0, /8 = y = £7r, this 
gives the velocity parallel to the axis of x } which is therefore 

dx d/3 dy 
~dt~ y ~dt~ Z dt' 

JO 

And -7- is the velocity with which B moves from a fixed 

point coinciding with the instantaneous position of A ; there- 
fore 

d& 

dy 
and similarly -j t = — g> 2 ; 

therefore the velocity is 

hence the component velocities w, v, «? parallel to the axes are 

dx \ 

Again the velocity parallel to the fixed line OL is 

u cosa + 1; cos£ + w cosy ; 

therefore the acceleration parallel to OL is 

du dv Q dw da . ~d/3 dy 

t cosa+ -j- CQzp+ -7- cosy— wsina-3- — v smp -37 - «? siny-~ , 
eft rf* dt ' dt dt ' dt 7 



Digitized by LjOOQ 1C 



On the Motion of a Body referred to Moving Axes. 343 

and when a = 0, @ = 7 = £tt, this becomes in the same manner 
as before 

du 

hence the accelerations parallel to the three coordinate axes are 
du 

dv 1 /rtX 

~J t - *», + *», ) (2), 

dw 

Tt -«»,+»», 

where the values of w, i>, w are riven by (1). 

In the particular case in which the axes of a;, y move 
round in a plane, with an angular velocity o>, we have to 
put Oj = a> = 0, g> 8 = a>, in the above formulae, and we have 
tor the velocities parallel to those axes 

u = -j-—ya> and v = -^ + x<o (3), 

and for the accelerations the expressions 



du 



dv 
di 



+ «o». 



(4), 



formulae already known. 

In the general case, if -3T, F, Z be the components of the 
impressed force parallel to the coordinate axes, we have the 
following equations for the motion of a particle mass m 

( du 1 "\ v\ 

m \-j - va> s + uw f J = X 

m \& """*+ um *)~ Y ) ^ 

( dw \ ^ 

w, t?, w being given by (1). 

3. A body moving about a fixed point, has angular 

velocities 12 t , 12 9 , £2 8 about a system of axes fixed in space, 

and o) l? a> s , q) 9 are its angular velocities referred to a system 

n , . A i 1 j x dQ, t <Kl 9 rf& a . 

of axes fixed in the body, to express -j- 1 , -^ , -jr in 
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terms of a> l9 a> , a> 8 when the axes fixed In space are chosen 
so as to coincide at the time t, with the axes fixed in the 
body. 

Let as before the axes fixed in the body meet the surface 
of the sphere in A, B, (7, and OL be a fixed direction, 

ziOi = a,&c. 

then if 12 = angular velocity about the fixed line 0L } 

Q. = a> l cosa + a> 8 cos)8 + a> 8 COB7 ; 
therefore 



d£l da> .da . * dB 




when a = 0, {J = 7 = £tt, this becomes 




d£l x dm l d/3 dy 

lh~~di ~™*'di~ ( **di J 




, d/3 dy 
and li-"* *— ■* 




- - dQ,. da>. dQ. 9 da> 9 , dSL da. 
therefore -rf --£ so -^ = -^ and -^ = -^ 


•-(6)1 



as proved in Griffin's Rigid Dynamics, Art. 78, by a rather 
long analytical process. 

4. A body moving about a point has angular velocities 
JCtj, 12 a , J2 8 about a system of axes fixed or moveable, and 
o) l5 G>y o> 8 are its angular velocities about another system of 
coordinate axes moving in a given manner relatively to the 

other system to express -^ , &c. in terms of c^, © a , a> 8 when 

the first system of axes is so chosen as to coincide instan- 
taneously at the time t with the second system. 

Using the same construction as before, if OL be any line 
fixed or moveable and Q. the angular velocity about it, we 
have 

Q, = ©j cosa -f a> t cos/3 + a> 8 cosy, » 

dQ. d&. . da p 

- 5 - = -^co 8 a+...-a> 1 8,na J< -&c, 

and when a = 0, ft = y = ^7r, we have 

dQ. __ rf®, rf# {?y 
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JO 

Now — is the angular velocity with which the axis of ©, 

separates from that of 12 x when the two systems of axes 
coincide, and may be represented by the symbol 8 ; then 
also the velocity with which the axis of <o l separates from 
that of Q. at the instant when the two systems of axes 
coincide will be — 8 ; and making t1 2 the similar velocities 
of separation of the two other pairs of axes, we have 



<ft2 t da> a a 

-a l -as , -to.+to 



d£L t 
dt 



=^-to+to 

^1 = ^1-0^+0^ 
dt dt u * w *^ v * w * 



(7). 



5. Although the above formulae are interesting in a 
geometrical point of view, they will only be useful in 
simplifying the equations of motion of a rigid body, when 
the systems of axes are princ^ .1 axes of the body. And 
there are two cases in which they may be used for that 
purpose. 

6. First, when the body is such that the moments of 
inertia about two principal axes are equal, in that case all 
axes in the plane of these two will be principal axes, and 
if X2 , J2 a be the angular velocities about two principal axes 
fixed in the body, and ©^ © a the angular velocities about 
two principal axes moving in a given manner, the third axis 
being the same for both systems, then if Euler's axes fixed 
in the body coincide at the time t with the moveable axes, 

we must substitute in Euler's equations, for — ^ the value 



1 — 0.©., and for -^ the value -rr + 0^ 



dt 



d<o x 

15" ""•*■> ™; m dt ™ T ~"~ -& 

1 and t being both equal to zero, the equations of motion 
then become 



^(%-to.) + (0-^K«v-^ 
^(1a + to)-(C-^K»,=itf 



c 



dee. 
dt 



= N 



VOL. II. 



AA 



(8), 
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A being the moment of inertia about the axis of «, or m 9 
and G about that of a> : and Z, Jtf, iV the moments of the 
impressed forces about those axes. 

7. Again, the equations (7) may be used in all their 
generality wnen the three principal moments of inertia are 
equal, for in that case all axes through the point are prin- 
cipal axes: and we may therefore choose that rectangular 
system which gives the simplest expressions for the moments 
of the forces about them. And it 1^, & t , Q, 9 be about axes 
fixed in space, we have equations of motion 



^ (£-*..+'*)-*] 



^(5-* A +4. t )-jr 



-i(5-'*+« A M 



(9). 



And if a?, y, z be the coordinates of a particle referred to 
these moving axes, it is evident from what precedes that the 
velocities parallel to them are 



dx ~ 



*> = -£-; 



9 t +x0 t 



"-■%- X0 * +y0 > 



(10), 



and the accelerations are 



du * * 



dv 
It 



- t w + t u 



(11). 



8. We shall now add a few problems for the purpose of 
illustrating the application of the preceding formulae. 

(1) A rigid body is moving about a fixed point under 
the action of given forces, to determine the pressure on the 
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point in terms of the angular velocities about the principal 
axes. 

Let X\ F', Z, be the components of the action of the 
point on the body parallel to the principal axes, X, Y, Z the 
components of the impressed force on the element &», and 
Lj M, N the moments of the whole impressed forces about 
the principal axes, let A, &, I be the coordinates of the centre 
of gravity, tt, v 7 w its component velocities, and m the mass 
of the body; then by (1) 

u =s - km t + fo>„ 

v = — la> t + A« B , 

«? = — h(o 2 -\-k(o^ 

and m ( -3- — t?o> 8 + wwJ = X' + 2&nX, 

that is 

and J B^-(C f -^)a> 1 o> 8 = if, 

whence jr + aft»X-Zj- ^+(0+2»-^)* 1 (^4 ^) 

-A(a> 9 * + a> 8 *), 
whence X' is known, and similar expressions give F' and Z'. 

(2) A body is moving about a fixed point under the 
action of given forces, to find the whole force of constraint 
during the motion, on the part of the body cut off by a given 
surface in it. 

Let o> t , © 9 , fi> 8 be the angular velocities of the body about 
its principal axes. 

«/, <o ', a> 8 ' the angular velocities about lines parallel to 
the principal axes of the part cut off, at its centre of gravity. 

A, A, I the coordinates of the centre of gravity of the part 
cut off. 

a \\ *o c i) a «j \i c »* a 8i Ki c s *he direction cosines of its 
principal axes referred to the principal axes of the whole 
Dody. 

AA2 
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The force of constraint required can. evidently be reduced 
to a force at the centre of gravity of the part cut off, and a 
couple. 

Let X\ Y\ Z be the components of this force parallel 
to the principal axes of the whole body : and X, Y\ Z the 
forces impressed on the element Bm' of the part cut off. 

Also let L\ M\ JST be the components of the couple of 
constraint, about the principal axes of the part cut off and 
Lj M, N the similar components due to the impressed forces 
on the element 8m. 

Then if m= mass of the part cut off, the component 
velocities of its centre of gravity are 

n = — &ft> 8 + fe> 8 , 

v = — lw l 4 Ao) s , 

W = — Afi> 9 + k(O x y 

and ml ( -^ - 1>*> 8 + wu>A = X' + 2 S'm'X, 

' {""* lb + * 1* " *("•'+<) W^.+K)} =^'+28m' X, 

whence X' is found, and Y\ Z are found from two similar 
equations. 

Again, if A' y B\ C are the moments of inertia of the 
part cut off, we have, for the rotation of the part about its 
centre of gravity, 

A' ^ - [B' - C) « = L + 2oWZ, 

<?' ^ - [A - J?') « = N' + SoW JV, 

and <©/ = a l (a l + i^ + c x a ai &c, 

<&*/_ d& t , rf(» 2 <?a> 8 

from the above equations X', F', Z* and X', J!f' , ^T may be 
found when o> l7 o> 8 , a> 8 are known. 

(3) A sphere rolls on the surface of another fixed sphere 
under the action of gravity, having been started with an 
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angular rotation about the line joining the centres of the two 
spheres, to determine the motion. 

Let D (fig. 9) be the highest point of the fixed sphere, 
C the point of contact of the two spheres at the time t CA 
CB arcs subtending a right angle at the centre of the spnere, 
and lAGB a right angle,. DX any fixed vertical arc, then 
we shall refer the motion to axes joining the centre of the 
fixed sphere to the points A, J?, C on its surface. Let 
lCDX— <f> aod the angle subtended by CD at the centre = 0. 

b = radius of fixed sphere, a = radius of moving sphere. 

X F, Z the components of the friction and pressure 
parallel to the three axes. 

Then A approaches a fixed] point coinciding with the 

instantaneous position of B with 'angular velocity -^ cos0. 

C separates from" a fixed point'at B with velocity -^ sin0. 

V moves from "fixed point at A with angular velocity 

d0 

-j- , hence referring to equations (9) we see that 

And the equations for the motion of the sphere about its 
centre of gravity are 

■*($-^-*-*5) - Y -- w ' 

mV ("3? ~ *» ^ 8in * + *• dt coad ) — Xa -W' 

»* , S' + ».f + »-f *•) - • w- 

And the coordinates of the centre of the sphere are 

a? = 0, y = 0, s = (a + J)=c say, 
hence by (10) the velocities of its centre of gravity are 

- *.— •£ «' 

v = — c0 l = — c -j sin0 (5), 

w=0 ; (6), 
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And for the motion of the centre of the sphere we have, since 

u> = 0, 

m (-jr — v -^ CO80J =X— mysinfl (7), 

-S+4M -* «»■ 

And from the condition of perfect rolling we have 

i*-afl>, = 0; therefore o> 8 = — - -r- (10), 

v + aw^O: therefore a»=-8in0 -r- .... (11), 
11 * a at 

hence », g + «, sin* § = 0, 

whence (3) becomes -r-* = ; 

therefore ai 8 = constant == n. 

Again, from (1) and (8) combined with (10) and (11), 
1% (da>- dd> ~ d0\ *(d<B t dd> J\ 

therefore (tf + rf) (*£- m% 4* costfW'n 5g, 
and © g -^- cos0 = — o^ cot0 -7- and i* = |a s ; 

therefore 7 ( -7- 1 sin0+ a> l cos0 -y-j = 2n sin0 -r- ; 

therefore x 7©, sin^C- 2n cos0, 

to simplify the constants we shall suppose that initially 6 is 
indefinitely small and <o x = © 2 =f ; therefore 

7o>j sin = 2a (1 — cos 5) ; 

therefore w t = $n tan £0. 

Again, eliminating X from (7) and (2) taking account of 
(10) and (11) 

= — o<7 sin#, 
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or {V + <f)(^ + <* 1 Q C OB0}-nk t QBmd = -qganO } 
and (tf + a ')(^-«,,§ cos*)-«*»g =0; 

therefore (** + a") (^ -^» + *» t -^J «£c Bind -g ; 

therefore 7a* («*/ + o>, 8 ) ■» (7, — lOyc cob 5 

= ltyc(l-cos0), 

and o^-tan**; "t 3 —-^; 

therefore <? J]' + ^ toV-?^ rin'i', 

, , 7c r decode 

whence f - j ^ ,g V(35 ,, 



sin±0 V(35^c cos^fl - aV) 



an expression which can easily be integrated, and thus the 
time of coming from any one position to any other may be 
found 

Affain ^ - a "i » 25 aerfitf- 

therefore ^ » sm0V(350c cos^-aV > 

whence the path described by the point of contact may be 
found. 

Again, to find where the spheres will separate, we have 
from (9) 

Z=mg cos0 + w(t*-jr + v -^ sin0J 

= «i^ cos0 — m — (a> t * + a,*) 
c 

= W0 {cO80- V(l - CO80)} 

= ^(17cos0-lO), 
and therefore they will separate when cos0 = {$. 

(4) To determine the motion of a sphere on the surface of 
a perfectly rough cone having its axis vertical. 
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Through the centre of the sphere draw a line parallel to 
the generating line which touches the sphere, meeting the 
axis of the cone in the point 0. Take as origin, the line 
so drawn as axis of x, and the axis of z perpendicular to it 
in the plane through the axis of the cone, the axis of y per- 
pendicular to the plane xz. 

Let \*ir — a be half the vertical angle of the cone, and 
as in the last example let A, B, (7, D be the points in which 
the coordinate axes and axis of the cone meet the surface of 
a sphere whose centre is at ; DX a fixed vertical circle. 

L CDX = <£, a = radius of sphere. 

X Y } Z the components of the force at the point of contact. 

The coordinates of the centre are a?, 0, 0. Also 

therefore, for the rotation about the centre of gravity, we 
have by (9) 

■*($-*$—) - * •••<"• 

"*(t + «.f H - • «• 

and if UjVjto be the component velocities of the centre of the 

sphere by (10), 

dx dd> 

M = -jr-, v = x-fi cosa, t0 = O, 

for the motion of translation 

{jt~ V ~Si <*>**) = x ~™ff «** Wi 

S^fH 357 (5) > 

wu> -~ sin a =zZ—mg cosa (6), 

and for rolling 

tt — ao) a = 0,* v + aa> 1= =0 (7). 

Eliminate Ffrom (1) and (5) and take account of (7); therefore 

dv dd> 

_ +tt _ CO8a = (8), 
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and v = a;-^cosa; therefore x -f t +v 7t£ = 5 

therefore vx = constant = G (9), 

from (9) and (3) 

a^ = tana^; therefore a« 8 = (i> + t> ) tana. ..(10). 
at at 

Eliminate Xfrom (2) and (5), substitute for -£ from (8) and 

reduce, then * 

,., * du Jc* + a*coz*a dv J9 sin" a dv . ^ ff & f 

v + ^ u 7 t + —«^r- v di +kv '^ra si—'""** 

therefore 

\P+°>)\ dt ) + co 8a rf 1 ^ 0OOB0E * 

whence * may be found in terms of x by integrating an 
expression of the form 

dt x 



dx~ </{A + Bx+Cx* + Dx*)' 

c dd> < 

_____ ___ _____ _____ • • i, __■ . 

sa oleosa' " dx x»/{A+l 

from which the polar equation, to the projection on a horizontal 
plane of the path of the centre of the sphere, may he found. 



, dA v ___£__ «*£ caeca 

"* A lb~ Scosa ~ Tenia' ''" dx ~ x*/{A+Bx+Cx*+I)x*) ' 



^jwtf, 1868. 



PROPOSITION IN THE PLANETARY THEORY. 

By the Rev. Peecttal Feost, M.A. 

THE ohject of the following investigation is to ohtain a 
1 relation between the mean distances of the instantaneous 
ellipses to the first order of the disturbing forces when the 
orbits of two planets m and m' are disturbed by their mutual 

influences. , T . 

I have communicated the investigation because I am not 

aware that the result has been previously obtained: and 1 

have employed the notation which has been used in former 
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numbers of this Journal, with some symbols which will be 
explained en passant. 

The equation for determining the variation of a, is 

HL ^i-o dR 
a? dt~ d{t)> 

which may be written 

fi d / \\ _ d /I rcosoA 

m' It \aj~ "" djt) V ?*/ ' 

Let <f> = -ATa (fig. 10) be the angle between the perihelion 
of m's orbit and the line of intersection of the planes of the 
instantaneous orbits of m and rri. v = the true anomaly at 
the time t) and let <f>\ v be corresponding quantities for 
rri. 7 the inclination of the orbits. 

The spherical triangle Nmrri gives the equation 

cos a> « cos (u 4- 0) cos (t/ + £') + sin (u + <pi) sin (i/ + ^') cosy. 

If Su denote the change of any function u due to a change 
of position of m in the time dt y B'u that due to a change of 
position of m\ 

hdt = r*8v and A'<ft = r"SV, 

A' * 

— = l-f e cost/: 

fir 

therefore — 5- = e sin vSv ; 

x i - s> c/* sinv , 6/* sinv „*, , 

therefore or = ^—r — <ft = -^=j- t — r "8 v , 

and — 7a- = 7T- SV = ^7 (1 + 6 cost/) 8V, 

r hr hh v ' 7 



/r COSO>\ 



j, rf COS© £ 

or cos© + r — = — ov 
dv 



P f • . /* . \ d cosa>) ~, , 

= tt» je smu cosa> + (l + e cosu) — -^ — > ov 

= ttt [ e sinv{cos(u+0) cos(v'+0') + sin(t/+£) sin(i/+0') cosy} 

+ (1 + e cos v) {— sin (v + <f>) cos (1/ + £') 
+ cos (v + ^) sin (v' + ^') cosy}] Sv 
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= ^p [sin («' - v + $ - <f>) cos 1 *? - sin (u' + v + f + £) sin' $7 
— e {sin^ cos(t/ + ^') — cos^ sin(i/ + <f>') CO87}] 8 V 

= £ 7 [{8in(w'-u+f-^)cos , i7-8in(u'+v+f+^)8in , i7}SV 
- eS' {cos(w' +1^' - 4>) 008*^7 - cos(u' + #' + ^) Bin* 47}] 

Now du {S+liu 

aow dt dt ' 

. /* * /1\ _ 28 W , 2/* /„ «V 8'<A 

4110 «' S W ~ ~ "« ** v ~di " "3r; ' 

28' I 
to eft U,7 " ~3T + AA' V dt dt)> 

Since <?, and # involve only v and 1/ respectively, also 

r * +p di 

= {sin(v'-i/ + ^' — <£) cos"£y -sin(i/ + v + £' + #) sin* £7} -7- 

+ {sin(v - v + <f> - £') cos'^y - sin(i/ + 1/ + £ 4 $') sin*fy} ~ 

= - j {cos(i/-v + £'— ^cos^y — cos(i;'+v+^'+^)sin , |7}; 

- ^ w m ^, 2m7» 2mm r , , , ., .» 9<i 
therefore — + — -, =C ttt- [cosfi/ - v+<p - 9) cos'iy 

— co9(i/'+v+^'+^)sin"i7+{eco8(v'+^'-^)+€'co8(v+^— ^')1 C08, |7 
- {e cos (1/ + <£' + <£) + e' cos (1/ + <f> + <£')} sin" Jy], 
whence also we obtain 

m ^a l )n l+m ^a l )n^- m [- + -,y 
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It is easily seen that if mN, m'N be produced to MA and 
MA\ so that mM^ m'M y ol4, a A' are quadrants, 

rn rri ~ 2mm 1mm' f *,*„ , .,« , »,« 

— + -r = C ttt {cos MM + e cos AM + e coaAM] 

a a fip fin - 

which last factor becomes, if 7 = 0, 

coswira' + e cos am + e cos am. 



NOTE ON THE RADIUS OF ABSOLUTE CURVATURE 
AT ANY POINT OF A CURVE. 

/consider the curve as the limit of an equilateral polygon, 
let BA* AC be two consecutive sides of the polygon, 
join BC and bisect it in 0, then if p be the radius of absolute 
curvature, 

p = J limit -j^. 

Let BA = AC*= &j and let a?, y, e be the coordinates of A. 
Then those of 2?, C will respectively be 

Hence those of are 

*+*$««•+•••>- y + *S & ' + -» •+*5v+... J 

therefore /, = * limit -— , —t — , _ 

nW + W + W + '"J v 



PH^NS)}'' 



the known expression for the magnitude of the radius of 
absolute curvature. 

The equations to its direction, from the same construction, 
will be 

g-g v - y K-* 

d*x d*y d*z 
W If d? 

N. M. F. 
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NOTE ON AREAS AND VOLUMES IN TRILINEAR 
AND QUADRIPLANAR COORDINATES. 

By G. M. SLE8SER, B.A., Queens' College. 

TN the February Number of this Journal^ Mr. Ferrers has 
determined the area of the ellipse represented by the 
general trilinear equation of the second degree; it is the 
object of the present note, to shew how the areas and volumes 
of closed curves, or surfaces, whose trilinear or quadriplanar 
equations are (riven, may be found by integration. 

Let the position of a point P, as in Mr. Ferrers 9 paper, be 

fiven by tne ratios a, #, 7 or the triangles PBC, PGA y 
*AB y respectively, to the triangle of reference ABC } so that 
a + 13 + 7 = 1 identically j let a?, y be rectangular coordinates 
of the same point, then since a, J3 are linear functions of a?, y, 
if we transform the double integral Jjdxdy y so that a, ft may 
be independent variables, we shall have Jjdxdy = C JJdadp y 
where u is some constant ; and integrating Jjdxdy over the 
whole triangle of reference we have Jjdxdy = S y the area of 
the triangle, and in integrating ffdadfi over the triangle, the 
limits of ft are from ft = to 7 = 0, or ft = 1 — a. 
And the limits of a are 1, 0. 

And m Mr*"®-** 

therefore S= £ C or G = 2S; 

therefore the area of any closed curve <f>(a y /3 y 7) =0 is 

2Sffdadj3, 
the limits of integration being given by the equation 

£(«,£, l-a-£) = 0. 

Again, if the position of a point P be determined by the 
ratios a, f$ y 7, $ of the tetrahedra, whose vertex is r and 
bases the four faces of the tetrahedron of reference, to the 
tetrahedron of reference, so that a + £ + 7+S=l identically, 
we have as before 

JJJdxdydz = Cfffdadpdy, 

and JJJdxdydz for the tetrahedron = V y the volume of the 
tetrahedron. 
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Also to evaluate fffdadfidy for that tetrahedron the limits 
of 7 are from 8 = 0, to 7 = 0, or 7 = 1 — a — /8, and 7 = 

limits of ft ... are /8 = l-a, £ = 0, 

a a = l, a — 0; 

therefore Jf f dad/3 dr/ for the tetrahedron = J ; therefore 

F= i G\ therefore C= 6 V. 

Hence the volume of any closed surface ^ (a, /S, y, 8) = is 

eVffjdadpdy, 

the limits of integration being given by the equation 

£(a,/9,7, i- a - / 8-7)=0. 



THE PLANETARY THEORY. 

(Continued from p. 107.) 
By the Rev. Pebcival Frost, M.A. 

35. It has now been shewn that the disturbing function 
can be separated into two distinct portions, differing essentially 
in their characters ; that one of these portions depends only 
on the elements of the orbits of the disturbing and disturbed 
planets and not on the relative positions of the planets in 
their orbits ; and that the other portion consist of a series of 
periodic terms which do depend on this relative position, 
each of which passes through all its values, when the planets 
have completed definite numbers of revolutions. The first 
portion has been denoted by the symbol F 1 and has been 
calculated as far as terms of the second order in small 
quantities, at least for the cases in which the mean motions 
of the planets are not exactly commensurable, for it has not 
been considered necessary to discuss at length the case of 
exact commensurability, since no such case has yet arisen in 
our system, although a very near approach to it is made in 
the case of Uranus and Neptune. 

However, it will be well to shew, in a few words, how 
terms would be abstracted from the periodic portions and 
become a part of F. 
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Thus, if n, ri were in the ratio of two whole numbers 
m, rri or nm — m'n = there would arise terms in the de- 
velopement of B originating in the product of such factors as 

cos [m (n't + e — nt - s) + a} cos {(m + ml) (nt + e) + £), 

which would be of the form 

.4 cos {(mri — m'n) £ + 7} = A CO87, 

which would appear as an additional term in F. 

We may observe also that this exact commensurability 
would only remain for a short time, being in an unstable state, 
and on the recommencement of the incommensurability the 
methods adopted will be again brought into play. 

The type of the second set of terms, called periodic, is 
Q cos(pnt — qrit + a) in which Q is of the order p ~ q in 
small quantities, and this term will pass through all its values 

2 IT 

when t has been increased by ; , in which time the 

* jpn ~ qn * 

n **' 

planets tn and m' will have revolved for , and 



pn ~> qn pn ~ qn 

of their respective periods; or, if P, F be the sidereal periods 

of the planets, the period of this inequality is — p, — p, which 

will be very large if P : P =p : q nearly. 



On the Secular Variations of the Elements. 

36. We shall at this point occupy ourselves with the ex- 
amination of the average effect of the action of a disturbing 
planet upon the elements of a disturbed planet's orbit in the 
course ot a very large number of revolutions. 

In order to do this we shall employ in the equations which 
give the variations of the elements the mean value of the dis- 
turbing function, which is the non-periodic portion denoted 
bjF. 

The variations so found are the secular variations of the 
elements, and an orbit constructed at any time with the 
elements obtained by this process, will represent the average 
of all the disturbances caused up to that time by the action 
of the disturbing planet ; and sucn an orbit would differ as well 
from the instantaneous orbit as from the orbit absolutely 
described by the planet under the action of the disturbing 
force. 
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87. For all the ordinary purposes of Astronomy, it is 
sufficient to approximate to the values of the elements by 
considering those elements, which appear in the equations for 
the secular variations, as constant and equal to their values 
at the epoch chosen for the origin of the time. 

Thus, if e x be the element in question, we have, by 
Maclaurin's theorem, 

<-v®.'+(5»> 

de 

-57 = a known function of the elements = IT 

at * 

d*e x = dU,da i dU 4 de x 

d? ~ da x dt + de x dt + 

« <*E TT —• u 

da x a de x * 

&c. = &c. 

whence -7 1 , -tt 1 , can be calculated for the origin of the 

time, and e x can be found for any degree of accuracy, and 
for a century before or after the epoch considered, the terms 

after f might be neglected, since (-^r) is exceedingly small 

being of the third order of the disturbing force, f-5-M is the 
annual variation of e t} and can be calculated without difficulty. 

Secular Variations of the mean Distance. 

38. Among all the elements of the instantaneous ellipse, 
that which claims our attention in the first place is the major 
axis of the orbit, for upon this element depend the periodic 
time and mean motion of the planet as well as its distance 
from the Sun. 

We will determine then in the first place whether, neglect- 
ing the squares of the disturbing forces, the mean distance 
of the disturbed planet's orbit from the Sun will be per- 
manently changed, irrespective of the changes due to the 
eccentricity of the orbit. 

The equation, which determines the variations of a l} is 

a\ _ 2n | g | * dR 

dt "~ fi dz x " 
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The secular variation of a 1 is found by writing F for B } and 
since 

therefore ~- 1 = 0, 

or a x has no secular variation ; hence, the major axis remains 
unaltered. 

Secular Variation of the mean Motion. 

39. Before proceeding to the solution of the equation which 
gives the secular variation of the mean motion, we shall say 
a few words on its measure. 

In the undisturbed elliptic motion of a planet about the 
Sun, the coordinates of the planet are expressed in terms of 
nt + z and series of sines and cosines of wf + e-'sx and its 
multiples. 

nt + e is the mean longitude, n the mean motion, and e the 
mean longitude at the commencement of the epoch. 

But in the orbit of the disturbed planet the longitude of 
the epoch must be so adjusted that the true longitude and 
distance, at the time t, shall be given by the elliptic formulae 
involving nt + e, the eccentricity and longitude of perihelion 
in the instantaneous orbit constructed for that time. 

Now, since we can approximate as near as we please to 
the real orbit of the disturbed planet, by dividing the time 
t into a large number of small intervals, constructing the 
instantaneous ellipses for the commencement of each interval, 
and supposing the body to move during each interval as in 
the corresponding instantaneous ellipse, the orbit will then 
be obtained by increasing the number and diminishing the 
magnitude of the intervals ad libitum. 

Hence we are at liberty to adopt either of the two follow- 
ing methods of estimating the mean motion during the time t, 
suppose f. 

I. We may consider it as the mean angular velocity in 
the instantaneous ellipse multiplied by the time or f=n/. 

II. We may consider it the mean motion during the 
time t in the disturbed orbit, which is the same as the limit 
of the mean motions in the series of ellipses corresponding to 
the successive small intervals of time from the commencement 
of the epoch to the time t. In this case %—Jnjit. 

VOL. II. BB 
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We shall see the advantage derived from the adoption of 
the second method with regard to the adjustment of the value 
of 6, if we recur to Art. 18, in which it is shewn that 

rf(?+0 2» f a/ dR 

..i Ng Li = n — l—L- 4- 

dt « /* da, + ' 

JD 

where -=- is the differential coefficient of R considering n t 

as independent of a,, f being the mean motion in the time t. 
In tne first method of considering £, viz. 

j die, _ dn t 2n l a l * dfi 

dt dt p, da x """> 

, rfn, rfn, da t rfn, 2w,a * dR 

and --^ ^--j- 1 -^^--r 1 — — 7/ , , — x t 
dt da x dt da x /* «w + s,) 

2ml/ dR dn l m 
fi dn x da x ' 

therefore ^ = — J-^ + ^-^4- , 

where -j — H ^ — j- 1 denotes the complete differential coeffi- 
da x dn x aa t * 

cient of R, considering n x a function of a, by the equation 
In the second method of considering f in which ?=/w l A, 

dfc /* da t 

The second method has therefore the advantage of making 
the terms which depend on the time explicitly disappear and 
the formulae in the instantaneous ellipse will be applicable by 
writing jn x dt + e t for n x t + e x . 

40. Adopting therefore this method, since 



2dn x 
n x dt 


Sda, 
+ a x dt 


o, 


dn x 
dt " " 


3n t 2n x a x 
2a x fi 


dR 




f[3n*a, 


dR 



therefore ?=>,*=- /"/**& ^<a». 
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and since -r- = the mean motion in the time t has no secular 

variation. 

Hence, the mean motion and the major axis have none but 
periodic variations, or their variations depend only on the 
configuration of the bodies of the system. 

On the Secular Variation of the Eccentricity and Longitude 
of Perihelion. 

41. The general equations for determining the variations 
of the eccentricity and longitude of perihelion are 

dt pe t \de l + rftsrj pe t a\ x ' 

<ft "" /*«, de x /*V(l-0 rf»i 

If in these equations we write .Ffbr S } and observe that 

& m _ ^LiS.' D f {tant, -tan*,' cos(fl/ -&)}, 

we have, preserving only terms of the first order, 
de, m'na*a _. , . , , . 

*' ~3^ = ~4£*"~ ^A--°A w ( f ! -»)}» 

and similar expressions for -^ and c/ ——• . 

a 
For m^(a) and m'V(«') write 7 and 7', and wa =V(aO> 
therefore 

BB2 
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Let h = e x sintr,, K = e/ sinw/, 

A = 6, cos«r„ 4' = c/ cob«t/ ; 

. « dh de x . dvr x 

therefore ^ - ^ ««•, + e, -^ comt, 

dk de. dm. . 

-* A /(^)y(-^+^')- 

Similarly § = * y/(^) 7 (Z> t * - !><*), 

It is easily seen, from the form of these equations, that 
particular integrals are 

A=^sin(£* + a), h' = N' sin(^*+a), 

Jc = Ncoa(gt+ a). Jc' =*N' co&(gt + a)] 

therefore substituting in either of the first two equations 

third or fourth 

therefore g^^^j [(7+y)A±V{(y-7) , A" + *r/A'}]. 

If # t , # s be these two roots, a t a 9 and -N^, the correspond- 
ing values of a and JY", 

A^iV; «D(y 1 *+o 1 ) + j»r i sin (# a * -paj, 

fc = JV t cos (^ + a,) + N t cos (^ s * + a,), 

and similarly for A', Jc. 

m 
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and from the third or fourth 



therefore 
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And if e, «jj e\ w' be the values of e x and w^ &c. for the 
epoch from which t is reckoned, as 1850, the constants can 
be completely determined from the equation 

ecos« , =-A/' J sin ^4^ sina 9 , 

e cos-bj = N X cos a, 4-^ cosa 8 , 

e sinflr'ss-W/ cos a, 4^' sina 9 , 

e' cos®-' = N t ' cosa 4 + NJ coso^, 

*■" »V(?)^ ■ 

When these constants have been determined, we obtain 
Cl « = A'+^ = iyr,' + 22V 1 iV;co8{^-y 1 )< + a,-a 1 }+iV,*, 

tan _ ^ h = N i m(ff + *,) + N, «n(y/+(0 
1 A 2V 1 cos(y,< + a 1 ) + 2V,cos(^ + oO' 

Interpretation of the Expression /or the Eccentricity. 
42.. Since e," - ^ + SA^, cos (for, -&)* + «<,- a,} + A," 

+ (^ 1 -i»D-rin»(^t+i 8 ^); 

therefore e t varies between the limits N t ^N 9 and N t + N t 

passmg through all its values in the time years, 

if $r„ g 2 be estimated in seconds, and the unit of time be 
one year. 

Now, since — is a very small fraction for any body in 

our system, g x and g % are very small angles; therefore the 
period of the eccentricities is very great. 
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43. It is easy to see the following construction for the 
eccentricity at any time, derived from the above. 

Let an ellipse APa be constructed, the reciprocals of 
whose semiaxes are N X -\~N S and N x ~> N % , and let a point 
describe the circle AQa on the major axis as diameter, jn 

47T • flt ^ GL 

years, commencing at Q Ql where A CQ = — — - at 

the epoch, which is the origin of the time. From its posi- 
tion at the time £, let QPM be drawn perpendicular to the 
major axis, meeting the ellipse in P, then CP is the reciprocal 
of the eccentricity. 

Geometrical representation of the Secular Variations of e, 
andvr r 

44. With the Sun's center (fie. 11) as center and radius 
2aN tJ let a circle be described, and let a point P describe this 
circle with uniform angular velocity #,, commencing at a point 
A when * = 0, so that AST the longitude of -4 = a, and 
g x t + a. is the longitude of P. With P as center describe 
a circle whose radius is 2aN^ and let a point H describe 
this circle with uniform velocity g 2l commencing from J?, 
so that PB is inclined at an angle a, to &Y, or &* + «, is 
the longitude of H. 

Then it is easily seen that H is the upper focus of the 
ellipse at the time *, if N X N % be positive, 

for SHcozHST 

= 2a [N x cos [g x t + a,) + N 9 cos (gjk + aj} = 2ae coscr,, 
and SHzmHST 

= 2ae x sin«r, ; 
therefore SH=2ae x , and HSr = iar x . 

If N x be positive and N 9 negative, produce HS to the 
circumference in H', then H' is the upper focus, and 
H'Sr = *r l . 

The figure is constructed for the case of Jupiter's orbit 
as disturbed by Saturn, in which we shall assume 

e x 008^ = 0.044 cos [g x t + aj — 0.016 cos^ + aj, 

e x sinw^ 0.044 *in(g x t + a x ) -0.016 sin(^-f a B ), 

g x = 3". 7, and ^ = 27°. 21' nearly, 

# fi = 22".4, and a 2 =126°.44' 
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so that the small circle is described with a little less than 
six times the velocity of the large circle. 

On the Secular Motion of the Apsidal Line. 

45. Since 

tan*r = ^ an (fl* + (Q + florin (ft* + <) . 
1 N x cos [g v t + aj + iV, cos (#,* + a 2 ) ' 
therefore 

sin 2tJ t e t * sin«r 1 C08«r t ' 

therefore 

K^N^+gJf* do not lie between ± {g x +gj N x N t , the 
apsidal line moves constantly in one direction. 

Let (&-&)* + «,-Oi~^ 

dvr, _ ff,N? + fft N t * + (y, +g t ) N,N, COS^ 
dt N' + 2V,» + 2 ^.J^ cos^« 

is the angular velocity of the apsidal line = a>, suppose 

<od+ = "^ t^, 4 + 2V,' + 2iV;iVr s cos^ 

t , 5^" +9M + (9, +9,) ^,N t cos*} ' 

therefore 

dt " {N* + Nf + *NiN t m+)* ' 

Hence, when the eccentricity is the greatest and least, the 
motion of the apsidal line is fastest or slowest, different arrange- 
ments occurring according to the sign and magnitude of N t 

and N % . 

46. In the case of Jupiter disturbed by Saturn, taken as 
before, N x is positive, and N 2 negative, and N x > - N 2l when ^r 
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increases through zero, e k passes its least value, and -j changes 
sign from - to + ; therefore a> is a minimum, 



which is negative, since — g^N % > g v N x ; 
for N % : JV;::-4: 1 
and g % = §g x nearly. 



To find the angles through which the Apsidal Line Regredes 
and Progredes. 

47. The apsidal line is stationary when 

ffW+sW + h + ti W. ««*, 
and if r be the least positive angle, whose cosine is 

< -J = fa + &) N i N * (oob+ - c 081 "') ; 

therefore if j^ a be of contrary sign to N^ g x , g % positive, 

—jr 1 is negative when cos^r > cost, 

or since t is between and 90°, when ^ increases from 
r360° — t to r360° + T, r integral, in which case tx, is de- 
creasing- and the apsidal line regredes. - 

Therefore the apsidal line regredes from the time 

,_ r360°-«, + tt 1 -T _,, 

i — i 

to r360°-a,4«, + T 
9i~9i 



ft- ft 

If w", «r' be corresponding values of «,. Let 

«7/ + a, = r360"-T+/8'.; ^ 
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Then, 



therefore if 



Similarly 
therefore 
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N l coBfi' + N i cos^-t) 

__ [N t + N 2 cost) sin^ff - N t suit cos/8' ^ 
~~ (AT, + 2\£ cost) cob^ + N t suit cos£' ' 

— N 9 BUXT 

^^JV. + JV.cosr' 
«' =y8' + 7 = ^/ +a, + 7. 
«" = ?/' + «, "7 5 

2y,T 
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:2 7 - 



?.-& 



which is the angle through which the apsidal line regredes, 

during years, t being in seconds. 

Again, it progredes from the time 



<" = 



rSffl-aj + ^ + T 



to 



+ «', 



ft- ft 

t ,„ _ (r + l)360'-« t + a,-T = 360° 

ft-ft ft~ft 

w "'=^"' + a 1 + 7; 

.•.«r'"-«r"=^(r-0+27 

„*!«£_. 2&L. + * 

ft-ft ^.-^i 

which is the angle through which the apsidal line progredes, 

, . 360.60.60-2T 
during ■ years. 

8 ft-ft 

48. In the case of Jupiter disturbed by Saturn, employing 
the numbere given in Art. 44. 

t = 45'25'4", 

7 = 19" 10' 32", 

360° = 71° 13' 48", 



9*-9> 



-&— t = 8°58'14"; 
ft-ft 



Digitized by LjOOQ 1C 



370 The Planetary Theory. 

therefore the apsidal line regredes 20° 24' 36", in 17456 years, 
and progredes 91° 38' 24", in 51849 years. 

49. The motion may be exhibited by fig. 12, where, at the 
points a, the eccentricity is the least, and the apsidal line 
retrograding most rapidly ; at the points ft, the eccentricity 
is greatest, and the apsidal line advancing most rapidly; 
at the points c and <2, the apsidal line is stationary. 

In the case of Saturn disturbed by Jupiter. 

-tf; = <W)35 and N t = 0-048 nearly ; 
therefore -^4 is always positive, 

since gA'+fffl^fa + gJN^ 

therefore the apsidal line of Saturn's orbit moves constantly 
in one direction. 

The figure can be easily constructed by the student for 
the values of N xJ N t given above. 

General Relation between the Eccentricities of the Orbits of 
m and m' independent of the time. 

50. Since e* = N? + Nf + 2N x N t cos {{g t - g,) t + a, - aj, 
and **'-N x * + N?+%N;N; coeKft-fl) * + *-«,)}, 
andt(7-70A+V{(7-7?A a + ^77'A B }]^ + 2yi) ir iv'/ = O, 

f(7-7^ 1 -V{(y-7TA , + ^77^n^+27^A' = 0; 

therefore ^iD;N x N % = - 4y i 2) t , ^ r 1 , ^ r i , ; 

therefore yN x N t + y'N^ = ; 

therefore ye* + y'e x ' % = constant, 

or m V(a) e x + m' \/(a) e* = constant, 

which is only a particular case of a more general theorem, 
which will be established for the case in which all the planets 
mutually disturb each other's motions. 

Example of the Annual Variations of Eccentricity and 
Perihelion. 

51. As an example of the annual variations, the student 
can calculate the disturbances of Uranus and Neptune by the 
principal disturbing planets. 
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de 
In making these calculations, the expressions for -^ and 

-^ contain B x and Z> 2 , which are the coefficients of cos0 

and cos 2$ in the expansion of (a 1 — 2aa' cos0 + 0~*> an ^ ^ 
ft, ', i/*' be the corresponding values in the expression of 

(i-2acos0 + a7**, 

^i a' 8 ' ' ■ a" ■ ' 

— , V, loga, and n, expressed in seconds per year, will be 

found in Astronomical Tables. See PontScoulant or Le Terrier, 
Annates de Vobservatoire imperial de Paris. 

It must be remembered in employing these variations to 
find the longitude of perihelion at a given time after the 
epoch, the precession of the equinoxes must be added. 

The-results will be found nearly as follows : 

Orbit of Uranus. 
Annual Variations of Eccentricity in Seconds, 

By Jupiter - 0"'0061 
Saturn - -0460 
Neptune - -0024 

- -0545 

Annual Variations of Perihelion, 

By Jupiter l"-25 
Saturn I -19 
Neptune '47 

2 -91 

Orbit of Neptune. 
Annual Variations of Eccentricity in {Seconds, 

By Jupiter -0"'001t 
Saturn + -0031 
Uranus + -0094 

+ -0114 
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Annual Variations of Perihelion, 

By Jupiter + 0"'006 . 
Saturn -0 -174 
Uranus + '954 

'786 

On the Secular Variations of the Inclinations and Lon- 
gitudes of the Nodes of the Planes of the Orbits. 

52. The general equations for determining the variations 
of the inclinations and longitudes of the nocks of the orbits 
are 



^h - _ n * a * f 1 dE \ fdE dE\) 
dt~ fi V(l - O (sim/ dO, + ,2 U t + dm J) ' 



and 



di _ 

d£l t n t a t 1 dB 



dt fi V(l - e*) sint, di x " 

If in these equations we write JFfor E and observe that 

dF ina.a' -. , . #f ._ . _ v , 

, (lF tna.a.' ~ . . . , • .^ , - x 

and -^r- = — ^-i- Z\ tantj tant/ sm (X2/ -X2J, 

we have, preserving only terms of the fust order, 

di. mna*d n ., . , , ^ N 

■J t = j£- A tani, sm^ -OJ, 

tant, -^ = — Z>, {tan^-tam, cos^ -12,)}. 

For m V(«) and m V(a') writing 7 and 7' and na = \/(a0, 

S=-V(?') yz>,taniV8in(li/ " Ii,) ' 

tant, ^ - - i y^) 7'D, {tant, - tanz,' 608(12/ - fi,)}. 

Let p — tani, sin^, y = tani/ sinflt/, 

j = tan i x cos X2 l9 j' = tan t/ cosX2/. 

Therefore -^ = -^ sin 12, -f tani, cos 12, -t- 1 
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■— * -J cos&, — tant. sinXl -j-* 
at at l at 

Particular integrals of these equations are 

^ = Psin($tf + a), p' = F sin(jtf + a), 
j = Pcos(0tf + a), j' = P cos($tf + a). 

Therefore, substituting in either of the first two equations 
and from the third or fourth, 

•Wore ^J^yz.,}^^)^,}- ^ «D>, 

^ +i V© (ry+y)i> ^ !=0; 

therefore ^ = or ~iy/(^) (7 + 7) A? 

therefore P=P or 7P+7'P = 0. 

Hence, if a„ a 2 , and P 2 , P % be values of a and P cor- 
responding to the roots g and 0, we have 

p = P x sin^ + aJ + P, sina,, 

q = P i cos ($tf + aj + P, cosa 8 , 

and similar expressions for j/ and j'. 

The constants being determined from the values t, 12, i", 
12', atthe commencement of the epoch, by the equations 
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tan* sin!2:=P l 81110,* + P t sin a,, 
tant cosfi = P x cosOj + P % coso,, 

tant' sinXl' = — -=7 P x sina, 4- P t sina,, 

tant" cos&' = — —, P x cosOj + P t coso,, 

and where these constants have been determined 

tan"t l = P l 8 + P t , + 2P,P t cos(^ + a, -*,), 

tanX2 = P| sinfot + cQ + P, sina, 
' P 2 cos^+ a,) + P t coso, ' 

and similarly for tan"*/ and tan &/. 

(To to conrt nttfrf.) 



THE END OP VOL. II. 
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Errata and Addenda. 



Page 306, lines 5 and 6 from the bottom, read 

x =* ± (- 1)»6 cos{(2n ± l)a - 0h 

y = *(-l)"b sin{(2» ± 1) a - 0}J ' 

Page 307, the fourth paragraph should be expunged. 

Page 308, insert the following as a note at the bottom : 
When the Caustic is wholly within, there may be drawn 2n - 1 tan- 
gents parallel to x and terminated by the reflector, and it may be 
inferred from (20) and (21) that the sum of n of these is equal to the 
sum of the remaining n - 1. There are also 2m tangents parallel to y, 
and the sum of the distances from the centre of n of these is equal to 
that of the remaining n. It appears too, from (20), that a cubic may 
be very simply solved by the second caustic; for if x* - qx + r = and 

b be taken = V (?) and a = |- » the tangents parallel to * are the roots 

of the cubic. 

Page 309, line 7, read 

2n - tan2na cota. 

Page 309, line 20, read 

2n + cot2na cota. 

Page 309, line 22, read 

AO 1 + 3 tan«o 

2n + cot2na cota = — ^r— — = — . 
2 tan'a 

Page 310, last line but one, read 

x m - (- l)"a cos(2na - 20). 
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